M HEFAN 52,58 38 & =F 12 3 Applied Mathematics and Mechanics
2017 4F 12 A 15 H IR Vol.38,No.12,Dec.15,2017

X E4S:1000-0887(2017)12-1377-12 © N FHECEEFN 124025 2, ISSN 1000-0887
F17 181 T B R T & & K g
Navier-Stokes T &

Lk, Bas@', #woaw, X =W

(1. AR 2B $2r 515 BRkF24BE, BRVE BSH 7120005
2. PHAL Tl R2: Milg2#Be, Pi% 710072;
3. VHLH PR RS BUF S5 240E, P54 710071)

CELES YN EL )

TE: (AW Galerkin A7 FRIC T IR ARH il & AEAR S5 AR I =ik BE SR Navier-Stokes J7 78, 2R 1M JE

TR SRS BEIRCA T S TR R L T SR MIMD JRAT R AR FH B XA ) B GMRES

+LU-SGS #5205 22 1 AR Jr i, 2 LI (8] 25 S e 8 1 DRAIE 45 b SR A 18] £ 80147, R

FAD B 5316 — P 700 43 PO A%, S 30N A2 3R TE, B0 A AH <08 Ak 341 2% TR] 4% 33 B (E A 4D T

RAE2822 AV M6 RiPELEU , ik bb A R 2 vk AR fb B i SUABVEL 25 R R ] T IR B VL RE A B0

RS AL N AR, BUA B I LU RT3 36 A T MIMD R R 2= 1AL

x @ if: [ Galerkin AFRICT L ;  Navier-Stokes 72 JFATHME;  XUMBR L

FESES: 0246 XHrtREE: A doi; 10.21656/1000-0887.380077
5 5

[T Galerkin A FRIT 74 (DGFEM ) Sl 7 KR A BRC I ik sk el , HE5 G T
TR R BRARR 5 i A R AR s i AR A B IR Tk AR RIS S T
REIEAT A W i OB IE | 2 T AR AZ 2 X3 H A —Bms BAS B, B I AF R AR B 13 3 & R,
Bassi %" FHTR A A BRIT 7 iR g 26 v o P (9 6 B DGFEM B B FH TR k-0 T A5
I Navier-Stokes 77 R85 37 5125123 SR H DG/FVM IR& 8 5118 T =4k Navier-Stokes J5 T2,
FIL T AE S MR TR B

A S HE) XA XoF 5 2 IX Sl i) S RN 240 R4 T A AR 5 94 oy M R LA R TE A, s IR T LA A
AN BB I AEAT B AR AT 2 AT 30 23 B Bl LS T DGFEM TEAR S5 14 W b 5230 = A BE A%
XA YR A PEE, AT DLORFE B A AT H0RE B2 4R B0 m i B AR e Ve, T DAw (B T
SR o PR SR AR AR S A P RS T A A0 s A bR L R bR R B TT ] B AR QB I OC R, /R 25

« UrFSHEHEA: 2017-04-05; {&iTHHE: 2017-05-03
EE&WH: EEAKPAIES(61401383) 5 BRITAHF T A KRB A4 (17JK0831)
EERN: DRE(1980—), o, A GREI/EE. E-mail: mxayx1021@ 163.com) ;
BOR{@(1980—), B, RI##Z, 11 (E-mail: zhijian_duan@ 126.com) ;
AR (1980—) , B, #H#%, 1 (E-mail; xgn@ nwpu.edu.cn) ;
XI=BH(1959—) , B, #H 45 (E-mail: liusanyang@ 126.com).
1377



1378 ik B oin @ WA E Xl =

LG, RS A 2O S TR R AT R R IR TR R AR 45 Fh s sk i B0
PRI K R, e RS & T FEAE LM R T B AR A AN 3245 ) 5 RS [B] RN 2 [a] 25
R A BRI, 1 LI R B D kM S5 19 22 T A% ( multigrid, MG) J7ik Y 22 55 W% 7 3 BR AT
(23 [ RIS R AR O (n,, ) , ASSZ2 B O XA BRI 38 G oK i 2 Pk /A 42 1 [n] L AR T AR 471
HELAREW L TR, S TR ALY & R, RIUBHAT IR T Y i Rk2A A 2k
B ZEFED LR T AMG Al GMG JFiER R shAs , I B 4s T 2ROt BT a s Bom it 4 ¢,
S FEAEZE R A% L, BE NS PR FR R B AN USSR ) R BRI A 71158 A 4 e R 58 14 7 ] . Carré
A7 SPMD AR B TARSEMIRIRE BV IR GMG kIR T SR il T e )R e
it NACA0012 38R Al i S8 RAE2822 3 K [m] 51, Lambropoulos 457 7 AR 45 44 W K% b 1E— 2
SEEL T 4E 4 RANS FRRRIIFAT R A MG A BRARE T, BUERHL T ONERA M6 A3 &
P . Dolean 458 FEAEREHL R 48 N AL T NACA0012 32 AU 2 4 nl 45 b M 2837 n)
R S5 DDM/MG ik MG J5 ik 8 YR T RS IR TRCR (R MBS
DDM/MG FiEAET MG J5 . Luo 4517 3 i $12 i B s 22 101 =X bR A0 B B3O T 2 25 DGFEM 1)
AEE  AE SPMD R, 22T DDM 347358 Navier-Stokes J7FEHYEE A DGFEM , DGFEM £ 31
T Ak RS R T RS AE MO L Beek 251 #E HLRS SEBE b £F %) HALO  STRUKTI , FLEXI #/1
NoisSol PURH MPT ARES 434 b4 T DGFEM s tERE T B HAT80R.

H T DGFEM #53FIT iy [ Wr Pk 5T, R 1 SR g B0 N ER Y 18 |l BE AU AR SEAH AR BT Y B
FH B X FEAD RS (0] A5 B AL R E i/, BARIE A T L - AT 45 6 X8 i ik
A LA R /N, JE 75 2R PSR — SR A%, - DX s ) ml DABE RO 6] 9 25 18007 1, B &
FEFFATHE.

WU, A2 VA ) 8, BT 5590 B8 [ T, 2047 5 0 A R T R R I DG BEF R N 45, BT
FE BT RRCR B FAMERE RO B > AR SO e 45 A PR 07 38T ) BT, 7 DA R A L i <1 1
S B BER I R DX R o AR B KB B PR UE B A B A it e/, B A3 LA
AFAR A PR TE] A7 35 pRECRN 1 F P A9 38 BB SR A% R A RO AR 2 7 AR B K R B2, E ] LU
WM IS BEHUE S8 3L R AL, 2455 2 M . GMRES+LU-SGS [ =X B[] 2 iR vk £
FEEEROCR  fHH SA T AR R SR % v 46 Navier-Stokes J7 FEAL BT A 45 R T AR
SCHEE AT A TR R
1 [a]#r Galerkin A PR JC /7
1.1 =HARE

A5 JEARF I RSN AR, B A A AR 2R T B9 € B T R4 Reynolds (‘35345 ) “F-44 RANS J7
(E)

oU

E+V-Fi(U)=V-F‘,(U,VU), (1)
oo ver (o) = 5 00 M escm Rt U E
ox  ox 0x
pu pv pw
pu’ +p puv puw
F = puv ,G=| pv“+p |, H= pvw ,
puw pLw pw2 +p

(pe +pu (pe +p)v (pe +plw



FEAT IR WA BRICS:K % Navier-Stokes 72 1379

K, p B, w,v,0 8 x,y,z AR T I EE A3, e BN i SR I B RB i, p WIESR.
V-F(U,VU) ZZEmisss F, = (F,F ,F) WBUE & XWF .

0 0
T Tx)

F; = T , Fi = Ty ,
T T,

ut,, T, +wr, +q, ut,, +or, +twr, +q,

0
TAIZ

F = T,
TZZ

ut,, + vT . +wr, +gq,

FELV = ui + o + wk NI WIREE ST TINS5

d d d
T, =8(VV) + 2w 7 =8(VV) +2u 7 =8(V-V) + 2,
ox 7 Jdy 0z

61}+6u 6w+8u 61/+6w
T = Ty = P’ o ’ T*cz = sz = N o ’ T Z = Tzr = o o ’
N R o dy ’ Mlox " oz ’ r ~H oz dy

XHL S = (- 2/3)p, Vi& Hamilton ( FG%5000) B AR Stokes %, Sl J12# B R B w W 2 p =
wy +p,, AR S IR R Fourier 21
T T ﬂ

G Z 7K G ST =T (2)
TE N-S Jr R4 P AFTE 6 DoRRIE O T B ] N-S J5RRd, (& LN —SeIe A L OC R X
SEATRET N
p =pRT,
h=cT. (3)
LA R R R
_ )4 W+t +w’
“To-bp 2 ()

B FEER w(n =y +p,) SRR FE S RELZTRE T A EME R B w, 7T DLE
Sutherland 2AZ3K 45 R

/-L _ T L5 TO +T5 (5)
Mo T, T+T, ’

A, T, =273.16 K, X FRRARSR A w, = 1.716 1 x 107° Pa-s, T, = 124 K X TSN, 1
i 1L 26 1 R e, 3 S SRR i A AR R4 ),

TEA5 1] [ P S M A% S R B TCT5 I M, (B U B8 R0 s T B Ak, — MGdE ot Pr BOR
|

Ty

o <P - kYR
Pr (y-1)Pr’
XFE L RRARET Pr=0.72, 1 o 9 HUERIAE R AR AL

(6)



1380 ik B oin @ WA E Xl =

X F Navier-Stokes /7 &, A R H DGFEM #4725 [B] 2 #5 B (8] 25 850 2k H B =X GMRES
5=
1.2 [E#F Galerkin B BR T 5 A B ]

DGFEM £ FEM, HAK BB A AN F.

Xt F IR Galerkin A FRIC 3K fi# Navier-Stokes /7R, B Jo 75 2o B 1158 X ¥l 43 il B AN
E%E@?Ebﬁ.?@ﬁﬁ%ﬁﬁﬁ&%ﬁ% AL AR T AR e SCIH] W7 R B0 A R DT 25 1)

={v, e [L’(2)]":0, | o, € [(Vy];V0 e O}, (7)

Hr o, jﬁ‘i& S, Ve R R e s ] AR p(p = 1,2, ) IRESTES.

1&&[@%@?&?”%5&)3 [ AR R U, , FIRER s @ e L5 78 9 A 5% FH 4358

ﬁ/\fj TSR

f F.(U,) n®dI" =

fFL(Uh,VU) n @ dl - fF

, Vb, eV, (8)

ho

Hrb v, , @, 735 ki U FiXER sk g & E’JFBEELU% n,=(n,,n n,) BITHA T, HH
(VRPN = Uh,(1>h A LU R B R N

U, = 2U<t>goﬂ<x> D, = Zcb/cp, (%), (9)
ﬂfnqo(x)zgpmzrﬁﬁ i3 5 g&nﬁé{wat(w a5

j —_—
anB-fUth B J{LFi(Uﬂ 6751 d + IQFi(Uh> ‘nBdl" =

. _ JB.
| Fi(u, ,vu,) npar - | Fi(U, vU) - 40, 1<j<N, (10)
I, 1) ox,

F.(U,) *n, & Riemann (22 ) @R ki H(U: U n) 0B, XH U;,UY 205 950 5w /2
AT, i b R R AT AR R AR

M i—U =R(U), (11)
JRE R RE MO LA M, o SR R, R(U) k22 0 T84k p ,pu,pv pe, X FIHEFE M,

fsolqo dv fqo.so’;dV f@oﬁqo’,&vdV
phdV sphdV sehdV
M,.,j:fg“o fpmqoso fqoqo . (12)
fso\so dv f%so’édV . f@\@\
SR PR 1E A2 ik o AR 9K T A M, B i =X, T LA TS A i, 7 AL

%WU\W/UZ/ R TR A
H PRECR T Roe @

1 ~
FROCZ?[FI,—FFR_‘A‘(UR_UI‘)]’ (13)



FEAT IR WA BRICS:K % Navier-Stokes 72 1381

y
+

a,

ua, +n.og + o

Al(U, -U,)) = ve, +nas + a, ) (14)
c/)Z
ha, + AMMas + uay +vo, — ——a,
5 '}’_1
) Ap A"+ ¢ | (Ap +pc’AX)
al:/\(Ap— ,2ja 2 = 2 )
(c¢") 2(c")
A= e [(Ap - pe' AN 15
0132‘ 62((1'))2110 ),a4=a1+a2+a3,a5=c'(a2—a3), ()
c

ag=p A |(Au-nAN), a, =p|A'[(Av - n, A1),
A IR E AR o i B
1.3 BESRIHE
SR B TR FHAG IR GMRES (m) #8208 G BT IS B2ty 24 AAU" = R" .
FiE Keylov F25[8]; K, = span{r,,Ar,,---,A""'r,} ,L, = AK, L, = span{Ar,,A’r,, -,
A"ry ), FIH Arnoldi B H 1 — 2 Ar i 1E 28 AR TR L BRINT
1) B2 U, e R", itH2ZEr, =R - AU, &v, =r,/ |1, | .

2) BEEAIE R/ m, 5ER Arnoldi I FRAG R M {v, } 7, HI ifm , X EREm =501
N ] SR Rl ORI TRl R[5 PO 0 = s w0 NI/ (10 B 1 B3 2 N QTN el ST PR I
Ktk ).

3) H/ME (| Be, - H,y | 135y, .

HHEU =0, +V,y .

5) & e, |l = R -AU, | R, WEIE B U, =0, v, =1,/ |1, | Fm$
% 2).

MRS cond(A) = A | AT || BEREF, M RIS THERCR S B TR,
BB A R B, NI A SCR I LU-SGS B AR FilAb 3L 06 T M5 FR2H Ax = b i 55, — %
A AREATZE ATALBREE AR | LA ZE A B A 451

WM, R TR PSR [ SRR M 'Ax =M 'b & Ax =b, Hith A =M'A b =M 'b .5
PR M AT, (R M, R KRR HE R, o O A i R i 5 AR iR 22,
JITDAANBE ELHER MOS8 M M =1, S50 TR UL ML Ry B4, LR R LU-SGS
A7 Ab AT LA g A A B B A P S, AT B e B8R
2 FATERETT
21 MRS RiaFRLE

S A G LA N T 5 X A w0 AR e 5 B 0 A4k i
PR TS R4 XA S, B AR A e A T i ( LR 1),

BT 2R X D5 X AR S5 AE RS E 7353, PRAIE T RS X B e Bl SEA A 55 | R B
TG T DX Sk s B T A i /L A IR R R Bk B A, DT AR R A TRICR. S B L S R



1382 ik B oin @ WA M X = M

SRR TT AR IXAR R R T A Y F DX R A ST A TSR i A b, R AR R P A
—HF R I ELACHE AR RT3 o) Rt A% 338 | SR A5 0 X B i 2 F .
------ partition boundary

¢ partition boundary unit
A virtual unit

boundary units

/\

1 XS 2 NACA0O012 3H Y43 X i 5t
Fig. 1 The boundary of domain partition Fig. 2 The boundary of 4 domain partitions of the NACA0012 airfoil

2.2 Mg RHEER

PN A EARRR T DX R P I A B A5, 420 kAU A v, 32 B M B
H(U; U} ,n) M oH(U, U\ n) /U K ILTESI TSN ZS 0] KA s 4y XA T Oy
PRI 2% 3t 25 JFL T X 7 R 608 DX P A% 14 R AL BT, A S AR & DX I % 43 DX 3 Bt | BT
Uy WBHE , IR a2 ] A BERRAE R A0k AUE W18 25 2 A% 38 S SRR, B 300 R AR 45
1EOR A I BB AL s I 3 .

\ \ ....'u ".-: v

AVAVAV, - 4/ AVAVAV
N NN N @Y NN/
/NN N \Jo® a8\ /\

local grid 1
local grid 2

boundary units

data transfer

>
-

local gri:\‘ %cal grid
f

of process 1 of process 2

3 AREE A AR AR X S SRR e 1

Fig. 3 Data transfer across adjacent domain boundaries on unstructured grids
3 HHEAR SiHE
T R UEAR SCHA I AT A THE AN B8 b | X RAE2822 38 ONERA M6 HL3R 1) 24 58 I i
AL ETR
3.1 % RAE2822 BEIFETR N
PHADIRAS ORI Mach ( Zhibh ) 2 Ma,, = 0.729, Mtffi a =2.31°, B 4.5 @i T /\Jr X 4 Jm M



FEATI T BROE S 1R A Navier-Stokes 778 1383

FEFIJRI TR RA% | RS BATTAE 22 842 A, AS T mi 3L 13 937 A AL 4H M FDLEATT A 1 DX I (9 % BT
$k 12 215,2 232,2 257,2 674,3 471,3 782,3 633,3 611 A% 1T 540k 1 1 882,1 869, 1 852,
1.919,1 806,2 004,1 909,1 895 ; A% FAICEUAN T i BUEALREE — 2. T, Jy o & AL 3 &5
[, 7, 7 n GALFRES I .

IYAY\% IPORERIRNS
RIS DRI
RIS

VAVAVAY,
vV
e ONATATATAY JAVAVAVAV A Vs
AVAVAVaY,
sVAVAVAVAVAY
sV AVAVAVAVAVS
S

AVAVAVAVAVAV/

>
<>

bg
S

\/
4‘0

PAVAVAVAN S rAvaTat N I

7 SARLEK]
POORHLEEL
YAVAVAVAVAVAATS NN
AVAVAVAVAVA'Q,«'AVE

YAVAVAVAVAVA oV,
VAVAVAVAVAVATAAVAVIY

B4 RAE2822 FLAI\ 53X 225 % B 5 RAE2822 FLAI/\ 53X Rk
Fig. 4 The global 8-partition grids for Fig. 5 The local 8-partition grids for
the RAE2822 airfoil the RAE2822 airfoil
Ma
1.2
1.15417 8
1.10833 " .
{8?% 27 I —=— ideal results )
. Lo
095681, 7 E computation results
0.925 L
0.879167 = 6F
0.833333 i -
0.7875 ~ I P
0.741 667 R e
0.695833 a | e
0.65 2 ,4F e
0.604 167 o 4F s
0.558333 2t -
0.5125 @ i
0.466667 3r /
0.426833 - S
0.375 2k 2
0.329167 r
0.283333 r
8%8’{ 267 1 v 1 1 1 1 1 1 ]
. 1 2 3 4 5 6 7 8
8'%45 833 processor number n
6 RAE2822 3 #I Mach (= &l 7 RAE2822 FLALNE H.
Fig. 6 The Mach contour for the RAE2822 airfoil Fig. 7 The parallel speedup of the RAE2822 airfoil

R 1 RAE2822 BRIBPEGER A IFATIE AR
Table 1  Parallel performance of viscosity fluid around the RAE2822 airfoil

processor number n computation time T'/min speedup T, /T, parallel efficiency ¢ /% iteration number N,
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8 13.240 9 5.517 6 68.97 2279
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Table 2 Parallel performance of viscosity fluid over the ONERA M6 wing

processor number computation time 7' /min speedup T, /T, parallel efficiency ¢ /% iteration number N;

1

473.251 1 2775
2 249.229 0 1.970 2 98.51 2773
4 140.086 8 3.378 3 84.46 2 820
8 88.342 3 5.3570 66.96 2 676
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Abstract: Based on unstructured grids, discontinuous Galerkin finite element methods ( DG-
FEM) are very suited to realize high-order approximations of Navier-Stokes equations, but are
rather demanding in computing resources. In order to improve the computational efficiency of
the DGFEM, an efficient parallel algorithm on distributed-memory multicomputers coupled with
the multigrid strategy based on the GMRES+LU-SGS procedure was presented here. The domain
decomposition method was employed to handle meshes properly and make each processor
maintain load balancing. Moreover, the LU-SGS and the local time stepping techniques were
used to accelerate the convergence of the solution of Navier-Stokes equations. Numerical tests
were conducted for viscid turbulence flow problems around the RAE2822 airfoil and over the M6
wing. The parallel acceleration is near to a linear convergence and up to the ideal solutions. The
results indicate that the proposed parallel algorithm reduces computation time significantly and
allocates memory reasonably with advantages of high acceleration and efficiency, and is very

suited for coarse-grained scientific computation of MIMD models.

Key words: discontinuous Galerkin FEM; Navier-Stokes equations; parallel algorithm; domain
decomposition algorithm
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