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SFP & — W L EE Wi i i@, By EFAEREE FoashaET iz
(R % ) R L Y Censor A1 Elfving'™ 78 1994 4E42 H 1, & f X AE— N )L, % €, Q
532 Hilbert 25 [0 H,  H, LB AEZS I EE ) A H — H, &2 — A AL E T B
TR« e H, i

x" e C,Ax" € Q. (1)
ARSI SFP (1) S A 1Y, H Q Fon B fisE 1

ND={xeC:AxeQ} =CNA'Q,
HopA™ FRBET A R T,

R TR SFP (1), 34 , AR 2224 A Ak 10 17 SR A 12 ) R %) 22 R B0 (3 D0 Sk [ 5-
10])  EAERARE FEARZ T, A —FJE Byme #1149 CQ BIE XA FIE R XY
XTAEREMWIIRE x, € C,

%, = Pc(x, —)\A*(I—PQ)Ax"), n=0,
X P RIP, 3 IFRBIES C RS Q IEGE, A™ FoR AWHERSA T, A > 0 B— 4L,
HR 0 <A <2/p(A7A) ,p(A7A) HAMREF A" AWM, [HEBAIHF.5Z2 Byme 1 CQ
B Xu " YRR iR B R &, 2014 4, Deepho Al Kumam' "' $8 7R 1% X6 FAE
WAL x, € C, & L EMIEIVFI N
=a, f(x,) + (1 =a)P(I-A"(I-P)A)x,, n=0, (2)
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Hr {a,} C(0,1), f:C— CRR—RAEMEAMANTUERA T M { o, } W52 IR,
()hma—O 112a= iiii\a -a,|<w.

’5{%(2)1@%4&%?@@ SFP( 1) f)— A%’q’: &, H & RN ARG AN E— % .
((I-HZE,x-%) =0, x e ().
ASCHIEGE T R AR B

xn,+l :an‘f(xn> + (1 _an>P(,<]_)\A*<I _P()>A)yn7
n=0,1,2,,
Yo =B, + (1 =B)P(I = A" (I = Py)A)x,,
9.4
=ax + (1l -a)P.(I-MXA"(I-P,)A)x_,
{yn, n™n ( n) L( ( ()) ) n n:0’1,2’.--.

=Bu+ (1-8)y,,
ASCIEA TS BH {, } F{B, } L —E I, X PA BRI SR SFP B — M.

1 fl 2 AR

W H &5 Hilbert 25 [H], WAFIVEE 5 E (-, ) R || - || @i, Ty FRRBET THIAS)
MEES BTy = {x € H|T(x) =} ASCH-RRMIEL, SRR TS
FEARLRAE ST HT T, 1 22 SR it S B [ R P 502 A TR 3 W DS ot B Ak il B SR R PR T AN
Bl S R, 3 AT A TP ) R, W DA A R 55 38 I AN Bl i IR, AN 2 1L SFP (1) i o™ gl
PRIV N iy 0] AR
Pl =AM (1 -P)A)x" =x".
e R B E LM ) SORME T, DA R SR B ) — BB A DG 2518
EX 1 % C /& Hilbert 23 [0] H i) —PAES 74,4 T.C — H HAEL R T, )
@ TIRELEA T WRAFAETEE p € (0,1), 15 | Tx - Ty || <pllx-y|,Yx,y € C;
QTR KET AR | Tx - Ty || < [lx-yl,Vx,yeC.
EX 2 —ANEF THAEIERET, DR T DS BUE ST TR — DR R A7 S 1
AT, B
T'=(1-a)l+as,
Hepa e (0,1) H S:H— HRZR—NIEY KB F 00k #b, 24 F0usri #R 702 o- BHEE T
NP E R AR Rt 5 37 NIUE | EE /| S A
EX3 WCCHREESTHE, xe H, by e CRRAM xEIE C LB, RIHMERE S
2e C,ARERX |y -al < |lz-x WO« B C LB IEIE Pox.
WHERAE € RAEA PN, W) P ox EAFTE R I ELUEME— B AT 80, B R4 7k 1
I HA R
(x =Pwxx,z—-Pex) <0, Vx e H,ze C.
I R CNATN(Q) # D HU=1-2"(I-PHA,HET 0 <A <2/p(4A7A),
p(A*A) FAMEET A A B4, WAT A0 R 2598 0T
QU RHEET; U=(1-B)I1+pV, HtB e (0,1) Z2—MHEFH V.H—HZIE
Pk g,
Q@ U, =A"(Q);MH(P.U),. = (P NUy =02=CNAT'Q.
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5132 REAE RIS {a, ), WL

a,.,<(l-vy)a, +6,, n=0,
Hp {y }=,C(0,1),{8,}7, & RHHFH HiFL
DXy, ==,

n=0
5n >, -
(I lim sup — < Oﬁﬁz 16, < =,
n—® ’yn n=0

0 lim, ., a, =0,
SI3B 3(FAMEMM ) ) % H 252 Hibert 2518], € 2 HWAEZSHAN T8, T2 C—CIY
—IAEP kM N RFA {x, b7, C C,HWR v, >z fw, - Tx, > 0,384z e F(T).

2 FEGR
EE 1 % SFP(1) &Y, € J&52 Hilbert 25[0] H rPRYAE2S N T4E./. € — C &—4
JE4E 25 p e (0,1) MIEGEMLG ST B RIIER IS x, € C, ESGEIRFFH {x,} A
%, =, f(x,) + (1 = )P(I-AA"(I-PyA)y,,
Yo =B, + (1 =B )P(I - AA" (I - P,)A)x,,
HA0 <A <2/p(A"A),{a,} C(0,1),{B,} C (0,1] HifE FHI&M:.
(i) lim a, = 0,

(i) Y a, =,
n=0

(i) D e, <o, D [B, B, <, HfFfEa > 0 fif3 lim inf, = a.
—0 n—ow

M2 3) ERTFE) {2, } — &, Kb & e Q2T RE A E—FfF .
((I-Hx,x-%) =0, Vx e (2. (4)
R HTOPEIER, & T=P(1-A"(1-P)A) JERFIFM0 <A <2/p(A7A),
G TET - A" (1 - POA RBENIFH T, =02=CNA(Q).
2 FORMUERA 43 5 55808 .
E1E WM {x, b,y b AT, b (e b x, = T, } LR f(x,) = T(y,) } #R2A
L.
YHEEW z € Ty, =02 EIHHE
Iy, =zl = I (1 -B,)Tx, +B,x, -zl
[ (1=-B8)(Tx, —2z) +B,(x, —2) |
(1=-B) I Tx, =zl +B,llx, -z
(1=-B) llx, =zl +B,llx, -z =
%, =z . (5)
gt b2
[ 2,0 =2l < (1 —e)Ty, +a,f(x,) -z =
(1 =a)(Ty, —2) +a,(f(x,) —2) || <
(I=a)ly, -zl +a,(If(x,) =fC) | + [ f(z) —z[) <
(1-a)lx, -zl +alpllx, -z + [f(z) —z])=

n:0’1’2’...’ (3)
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(1-(1=p)a,) llx, -z || +a, [ f(z) 2] <
max{ I, == | lip 1) =1}
i 2 60
o, =21 < max| 1, =z | ,11_p||f(z) —:lIf. =0
Wl (v, } AP FEAEDT (), (Ta, ), {Ty, } A P90 LT o, ) 004 M B p e
T ZEAR(S) H Iyl < Doy =pll + Upll < Nxy=pll + Ip I ULy, } 4551
T < U Tx, =pll + Ipl < lw —pl + lp I B T, b 5 5 S0 T 144550
Ty I < 1Ty, =pl + 1ol < ly=pll + Upl < I -pll + Ipl JKBEI Ty, } 4
B S HEHT ) | < 1£(x) =) |+ 1) | <pllz, =pll + [A(p) | AT
fx) } RATRE BT ARE] | x, —To, | < [, | + || T, | RATRET K | fC,)
ST < 1A |+ I TCr,) | A .
g£2% WEW |x,, -x, [ —O0.
st
Ly, = ol = 1B, + (1 =BT, — By = (1 =By )T, || =
” (1 _Br,)(Txn - Txn—1> + (Bn _anl>(xnfl - Tx,rl) +Bn(xn _xn—1> ” =
(1=B) %, =2y |+ 1B =Bos | 2y = Ty | By 2y =y || =
lay = xps I+ 1B, = Bocy |l 2y = Ty ]
T HHCIE |, - 7o, | RERRLE | f(x) - T(r) | MR R, A
Mo=suptfCx) =Ty, | T, = x, 0} s
TR
Loy =2 1 = oy f(x,) + (1 =) Ty, =y fx,) = (1=, )Ty, || =
I (1 - an)(Tyn, - Tyn—l) + <an - au—l)(f(xn—l) - Tyn—l) +
o, (f(x,) - fx, ) || <
(U=a,) Iys = yas |+ Loy =ty | 1 (xy) = Ty | + e, =2y | <
(U =), =y |+ (1 =) [By =By | Iy = Ty | +
‘an - anfl‘ ”f(xn—l) - Ty, ” +ap “ X, =X, ” =
(1=, +ap) 2 —xpy |+ (1= B, -y | lxey = Ty | +
oy =y, | (2 ) =Ty, || <
=l =p)ay] llx, = vy | +MCla, —ap, |+ 18, - B, ]) -
G 25 S G) G B 2 7 [, - x || — O

E3% ik
Ix, = Tx, [| —0. (6)
S {x, b BEXK(3), HEEZM) lim, o, =0, HitA
la, =Ty, I < llx, =20 [ + T2 =Ty, || <
I, =20 I + e, [[/(x,) =Ty, | =0, (7)

PLK
lx, =T, | < I, =Ty, I + [Ty, = Tx, || <
lo, =Ty, | + Iy, —x, [ = I, =Ty, | +(1=B8,) [x, —Tx, || .
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M B, 2, = Tw, | < llx, = Ty, |, =Ll RG]

1
[x, =Tx, | <_—l«, =Ty, | —0.
g4 LW
lirzlﬂiupﬁf -x,,% - f(%)) <O. (8)

%it,ﬂl?ﬂ {xnk} C {x,,}, 5
lim sup(% - «,,%¥ — f(%)) =1irzlﬂzup<9? - %, % -f(®)).

n—o

Wh Ax, b BIAFE, Bex, —x, ha(6) KGIB3 I, x e T, A7 (4) 152
lir,flﬂiupQ? -x,,8 —f(%)) =(x —x,8 - f(X)) <O.
E5F Wy, — &,

Ix =217 =11 -a)(Ty, -%) +a,(f(x,) -%)|*=
(=) lly, %" +a I Ax,) %]+
20,(1 —a,)(Ty, =%, f(x,) - %) <
(I-a) lx, —%[*+a I Ax,) %]+
20,(1 —a,)(Ty, =%, f(x,) —f(%)) +
2a,(1 =) (Ty, - &, f(§) —%) <
(L-a)lx, %" +a; [f(x,) %]+
20, (1 —a,) lly, =& I x, -%| +
20,(1 —a,)(Ty, - %, f(¥) - %) <
(I-a)’ lx, -%* +allfx,) %[+ 2pa,(l —a,) |5, -5 |7+
20,(1 —a,)(Ty, =%, f(¥) - &) =
[1-Qa, —a, - 20,(1 —a,)) ] |x, -+
ala, llfx,) -2 +2(1 —a)(Ty, - &, f(R) -%)] =

(1-a) v, - +ap,.

X
a,=a,(2-a, -2p(l -a,)),
_ o lf(x,) =&+ 2(1 - a)(Ty, - &, f(R) - %)
B. = 2-a, -2p(1 -a,) )
XAELEEA(T) FI(8) A

lim sup(Ty, - &, f(X) - %) =
" lim supl (Ty, - x,, (B) — %) + (5, -5, (%) - D)) <
1i1:Lsup<Tyn ~x,, f(F) ~ %) + lim suplx, - %, (F) - %) <
lim sup | Ty, = x, | A7) % |+ lim sup(x, - £, f(7) - ) <0,
BB A ) Tim, o, = 0 LUHTCE {/(x,) | 0045 FLHE B30 lim sup, . B, < 0;
NFEB R @, —0 TG Y, jzla,, = , XFEATLIEH @, —0, Y, ::ldn =, HJEH

g1 2 38 x, —> X
TEEH 1 4 B, = 1, AR LT e,
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IS 1Y R SFP (1) AT EY, € 52 Hilbert 238 H FHAEZS N T4, £.C — C &
— MG R E p € (0,1) BEZEMLG 3 TAL R AIIRER T x, € H, 2 SGERIFH) {x,} N
X =, fx,) + (1 —a)P.(I-AA"(I-P)HA)x,, n=0, (9)

H {a,} C (0,1), HiRE T

(A) lima,l :O; (B) ian = > (C) i ‘anﬂ _an‘ < .
MB2MBLE () ERWFI {x,} — &, H & e QRWT A ARE A ME—FF .
((I-Hx,x-&) =0, x e (2.
EIE 2 (Ri% SFP(1) 20, C 252 Hilbert 25[6] H i dE 23 ™ T8 50 TAT Z 40
G v, € H, ESLGERTH) {x, } N
v, =ax, + (1 —a)P(I - A" (1 - P,)A)x,,
%, =Bu+ (1 -8y,
HAF0 <A <2/p(A"A), {a,} C(0,1),{B,} C (0,1) HiE FHI &M
(a) lim a, =0, leB" =0;

© o
(b) zan,:w, Zan:w;
n=0

n=0

n=0,1,2,, (10)

2 9 b

(C) Z ‘an-H _an‘ < ® ’ Z ‘Bn+l _Bn,‘ < @ .
n=0

MAMFIE(10) LEBIFES] {x, } — &, Ho & e QAT AE N HE—f
(R —u,x—-%) =0, x e {2, (11)
ERE AT OFEIEM, & T =PI - M*(I - P)A) . HGIH 1L &40 < A <
2/p(ATA) YT =A™ (1 = P ) AJRYIER JEH T, =Q=C NAT(Q) LT RIEN 7> 5 28
TN
15 W {x, ) ly, )t e -y, b lu =T, ), {x, = T, b B S
MEEW p e Ty, =02, A
Iy, =pl <o llx, =pll + (1 -a) [Ty, -p| <

a, llx, =pll +(1-a) |z, =pll =z, -pl.
UNIEE]
I —pll <B llu-pll +(1=8) Iy, -pl <
B.Mu=pll +(1=B)llx, —-pl <
max{ |x, =pll, lu-pl ;.
Ry REL IR
Iz, =pll smax{ x=pl,llu-pl}, n=0

FRLL Ax, b oo AA NI Ly, 3o WA

R {o,  BAREHE [T, | < 1T, -p I+ llpl < e, =pll + [Ipll ,iXUH
{1, } S E—=P TSR] u = Toe | < ull + 1T I 5 o, - Tx, | < Jlx, || +
| Tx, || XV {w — Tx,_ } Al {x, - Tx, } #EA A

F2% if ||«x,., -, 20, n— .

BEHECM R T
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M > max{sup llu = T,y [ sup 2,0 = T |
n= n=

SR a,,, -«
X — %, =Bu+ (1 =By, =B, u-(1=B,_)y, =
Bu+(1-Blox, +(1-B)(1 -« )Tx, —B,_u-
(1-B,. Do,_x,, —(1-8,_)1 -e,_)Tx,_, =
B, =B ) (u—=Tx,_ ) + (1 =B)a,(x, —x,,) +
[(e, —e, ) (1 =B,) = (B, =B, [ (2, =T, ) +
(1-a,)(1=-B,)(Tx, =Tx,).
B
v~ IS (=) (1 =) [ (T, =Tx,_) || +
(1=-Bla, [x, =2, | +
(e, —a, ) (1 =B) = (B, ~ B | lx = Tw || +
By =Byl lu=Tx | <
(1-a)(1=B) [ (x, —x,.) | + (1 =B)a,llx, —x,_, [ +
(e, =, ) (1 =B,) = (B, =B, [ lIx, = Ta, || +
B, =Bl lu=Tx, | <
(1=B) I Cx, =) I+ e, = [, = Ta, o I+
B, =Bl Ny = Tw |l +
B, = B. ‘ fuw-Tx,, | <
(1=B) I (x, =%, ) | +M(la, —a,_ |+2[B, =B, ]).
(D) F(e) ARSI B 2 455 || x,,, —«, | 20, n—> o .
£34% ik
| x, = Tx, || — 0. (12)
A {x, b B LIRS E %M (a) A
[ % =y, I <B llu-y, 1 —0,

I

PL&
Iy, =Tx, | < e, |, -Tx, || —0.
LNIOEET
la, =Tx, || < llx, 2, [ + M2y =y |+ [y, = Tx, [| —0.
£445 LY
lim sup{u - %,y, — %) <O. (13)

SEIER lim sup, . (¥ —x,,§ —u) < 05 | y, =, |l — 0.3 L I, B3 {x”k} C{x,},
s

lim sup(% - x,,¥ —u) =lim sup(% — X, X = uy .
b ]

PR {x, ) A RE B x, 2, B (12) ROIEE3 AlLx e T, AR A

limﬁsup(ﬂ? -x & -u)y=(f-x,¥ —uy <O.
Nl {x, 3 BE L IHEER2) A8 ly, —x, | < (1-a,) || Tx, —x, | —0.HE#E—
H153

n
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lim sup{u - &,y, - &) =

n—o

lim sup[ (u - X,y, —x,) +(u —F,x, —%)] <

lirglaiup<u -X,y, —x,) + liTHiup<u -X,x, - &) <
limsup | u =% [y, —x, [ +lim sup(u - ¥,x, - %) <O.
F54% UWEHx, —x.

l2 =% 7= Bu+(1-B)y, —%|"
IB,(u=%) +(1=-B)(y, —%) =
Billu=xl*+1=-B)" Ny, -%I*+28,(1 -B)(u-Z%,y, -7 <
(1=-B)llx, =&l +B,[B, Nu-%]*+2(1 =B,)(u=-Z%,y, -%)],

Rk G X (13)F1 B, — 0, E—215 5]
lim sup(B, [lu =% * +2(1 =B,)(u - %y, - %)) <O,

FHRAEAME (D) X7 B, = o DI 2, SEAI5E) 5, — 7.

3 45 1w

TETCRRZE Hilbert 25 18] Hp | SR 73 22 AT A 1R L9 5 52 5800k 0 2 S MO8y, Ol 17 4 105
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MR > 2T AT PRV 58325, IFUERIT T 25 200 2 — 7 AR Lﬂﬁﬁ%&ﬁ%”&%ﬂﬁﬁ”
Fr Pk — /\ﬁ’q’: JEARLE AN E] T —Se B p a5 R (BB A 1R 2 [ R A5 — 20 22
FE, a0, AR R Ik IS 5k IE IR S AL B | PR R A B R A ,a‘%ﬂ?é‘]ﬁﬁﬁ Cik)
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Modified Halpern Iteration and Viscosity Approximation
Methods for Split Feasibility Problems in Hilbert Spaces

YANG Li, LI Jun
(School of Mathematics and Information, China West Normal University,
Nanchong, Sichuan 637002, P.R.China)

Abstract: In infinite-dimensional Hilbert spaces, the modified Halpern iteration and viscosity
approximation methods for solving the split feasibility problems ( SFPs) were proposed. When
the parameters satisfy certain conditions, it is proved that the sequences generated with the
proposed algorithms converge strongly to a solution to the split feasibility problem. The main

findings improve and extend some recent results by Deepho and Kumam.

Key words: split feasibility problem; modified Halpern iteration and viscosity approximation
method; strong convergence; Hilbert space
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