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(H2) fFAE—IEHE S, War
max[ f.(X,Y) +f,(X,Y),g,(X,Y) + gy(X,Y)] = 0;
(H3) FAEIEHE C (i, j=1,2), WREAFERX
‘f%‘s Cy, ‘ﬁ‘g Cy, ‘gx‘s Cy, ‘gy‘g Cy,
a-C, b-C,
HAERE (C ¢, d-c,
i1 BRI, )7 X Lienard & 5245% 30 AIGTHN REE(1) L (2) HBLEIE
ax + by = f(x,y), (4)
cex +dy =g(x,y) (5)
AT —2H %
x=Xo(1), y =Y, (). (6)

1 J~ X Lienard R4GtYNELf#
W X Lienard #F 54820 FHATY REVMEIEL(1) ~ (3) BIMTME (X,Y) K
X(t) = Z:)Xi(t)ei, Y(t) = Z;)Yi(t)a". (7)

He3(7) (RAZE RN (AR RS (1) (2), I & RLRORTF LA & MR
MEREL, % " MARLCE 0, MNIBILRE(4) ((5). TREMMATH(6) FR.
B (D IRAT RS AR RLE(1) (2), He' IREN 0, 1] 17

J AR AR B S0/ N T2

dX,
(a+f(Xy,Y)) X, + (b +f:¢‘(X()’Y()>)Y1 =¥’ (8)
dy,
(C+gx<X0’YO>)X1 +<d+gy(X0,Y0))Y] =§. (9)
BAR, ERBUITRSE(8) L (9) WIfE N
_All _Alz
X1<z)_T, Y1(t)_f’ (10)

Hor A AL, b
a+f(X,,Y,) b +J(;*(X0’YO)
c+g.(X,,Y,) d+ gy(X()’Y()) ’

o s (x,70) f(K vy Do
. +/,(A, ¥ a+f(Xy,Y, .
A, = dt ’ A, = dt .
dY, dY,
; d+gy(X05Y0) c+g.(X,,Y) 5
A7 AN FEAR B
(H4) A # 0.
FRE, ¥R (D IRAF BB HIAHSRLE(1) (2) A
dx,
(a +f(Xo,Y))) X, + (b +£(X,,Y,))Y, = d;_]+Fi, i=2,3,, (11)

i—1

dt

d
<C+gx<XO9YO>)Xi+(d+g3(XO’YO))Yi: + G, 1=2,3,-, (12)
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HWPF,G(i=2,3,-) WRT i BIRCHRE, EN15050H
Ff?LWA;mw&;nmﬂ} LAY X, + (X Y)Y,

L! e=0

:i'l{;‘;g(ZXi(t)ai, 2 Yi(t)ai)} ~ [g.(X0, Y) X, +2,(X,, Y)Y, ].

TRMAERG (1) (12) fEHN _

_Ali _AZIT .
Xi<t)—K, Yi(l)—X, L—2,3,"', (13)
/E\:quli’Azl(i:Z,?’,'”) ﬁ?}'%uﬂ‘j
Y ) Fy e
tr, +/,(A, ¥ a +f.(Ay, ¥, + I
A, = de ! A, = de
Cdy, ' dy,_,
+ G, d+g)(X0,Y0) c+g.(Xy,Y) A + G,
2 HIRRGAGE RS
W) X Lienard &7 5258 AR RGEAMERIE (1) ~ (3) (IfE (x,y) N
x=X+X, y=Y+7Y, (14)
Ho (X,Y) I RGE(1) ~ (3) BN, 10 (X,Y) AARR BRI EAEDT, HEEiTh
X(T) = Zfi(r)ai, IN/(T)= Z?i(r)ai, (15)
X H 7 jﬂﬁﬂtﬁrﬂ T=t/8.
B (15) AT REWMERE (1) ~ (3) , 15
jé—(ﬁm?):f(xu?,m?) -f(X,Y), (16)
j—f—uiw?):g(xn?,m Y) - g(X,Y), (17)
X(0)=x% - X(0), Y(0)=5 - ¥(0). (18)

PR (IS IRAK(16) ~ (18), 1% & IRBEURIT , 571 ¢ HRIWKEHREL, H " MR
Bk o,15

i—mx +bY,) =f(X, + X,,Y, +Y,) - f(X,,Y,), (19)
(ZT—(CX +dY,) =g(X, +X,,Y, +Y,) - g(X,,Y,), (20)
X,(0) =z - X,(0), Y,(0) =5 - Y,(0). (21)

HUBEEH, E(19) ~ (21) A (X, (1), V(7)) .
B (1) AT R SGE(16) ~ (18) ,H1 &' MERECH 0,715
- (aX +bY> f(x,y>X +f<x’y)Y1’ (22)

dX

T
a, o o
di - (X, +4dY)) =g (2,7)X, +g},(x,y)Y1, (23)
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X,(0)=-X,(0), ¥,(0)=-Y,(0). (24)
AHERS B AT REERE B (22) ~ (24) IfE N

X1(7> == X,(0)exp(A,7), (25)

171(7)=— Y, (0)exp(A,7), (26)

Hepa (i =1,2) MHRE
(a ~f(%,5) b —ﬁ,(a’c,&)j
c-g(x,y) d- g}.(i,&)

ARFIEAR.
X (15) AT RGE(16) ~ (18) , 4% &'(i = 2,3,-+-) HIRECN 0,75
dx, L - -
dXTL—(aXL.+bY£)=fx(5c,5f)Xi+f),(5c,5f)Yi+F,,, i=2,3,-, (27)
dy
T—(LX +dY)—g(x y)X +g (%, y)Y +G 1=2,3,--, (28)
X( ) == X,(0), ¥,(0) == ¥,(0), (29)

SO B G = 2,3,0) HRT EKE AR, SN
P [ (E e s Reme, 3 000 + Tiene) -
AZxwe rwe))]  -fGHT +fGHT,
6= [ (e[S onm + Xene, 3 nm + T -
& i=0 i=0

€ ( ;Xi(t)gi’ ;)Yi(t)si ) ) ]O - g.(x, )X, +g,(%,5)7,.
PRI Z A R GERIE IR (27) ~ (29) BIfif A

X(1) == x,00) [ F(X (7)), F(r.))exp(A,(r = 7))dr,,  i=2,3,+, (30)
V(7)== Y(0) [ C(X(r),T(r))exp(Ay(r = 7))dr,,  i=2,3,. (3D
P AR IR ASME RIS , 45320 0] b6 E R IETLEA IR s BUR A .
X(1)= 0(exp(~ k) = O(exp(— k, ;jj ,
r=l 1e[0,T].0<e<1, (32)
&
IN/I.(T) =0(exp(— k7)) = O(exp(— k, ;jj ,
r =‘£T,t e [0,7T],0 <e<1, (33)

Hoip k(i =1,2,-) RiE 24K IEF %L
L, 53] 7)Y Lienard 77 5485880 AR R GOMEIE (1) ~ (3) B9f# (x,y) ROHT
i I
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x(t) = i [Xi(t) +Xi(;j}8i’ te0,T],0<e<x1, (34)

0

i

8 n

y(1) =, l:Yi(t) + i.(;”gf, te[0,7T],0<e<1. (35)

3 b e M
EXA BHERGR() x(0),7(0) (0 Tt e [0,T] FRTERIEH 1, f 2 (1) <

2(1) < x(1),y(1) < y(1) < y(1), ML

dx dy
o~ (ax +by) ~f(x,y) SO, & g = (ex +dy) =g(x,y) <O, 6
8%§—w&+w>—ﬂxg>ao,g%—<&+dw=guy>>0, (37)
£(0) <% <#0), y(0) <y <7(0), (38)
W (x(e),y(e)) A (2 (o) ,y(e)) S35IFR) X Lienard #F 5745 31 H A > REHIE RS (1) ~
(3) 19 e L .
SRAIE A H e B

FE1 fEE%(HL) ~(H4) F,Y Ve e (0,e,] B (e, NIEHE) , %) X Lienard 7} 5%
s AR RGWNER (1) ~ (3) A —AL T (x(0) ,y (1)) M—HL LM (2(0) ,5(0)), N
J” 3 Lienard & 57 45% 3l AR RGVMAFIRL (1) ~ (3) FAAE—AME (2 (1) ,y (1)), FHFHMGE

x(t) sa(t) sx(e), y(r) sy(r) sy(e), t e [0,T].

R & (2°(0) () R — AW iR AR e R A G o R G A 1 — L S

{2(0),7(0) } -

e U= (aP + ) £ N =N AP e 0.7,

eV - (¥ vy N =N (5. e [0.T],

x(0)=x, y(0)=y.
XH N RS RIIERE I u, =x° - "0, =5 - 5", WHBH RS (36) ~ (38) F
di

ST:_ (al—bo +b1—’0) + Nu, :N(l_l’() - u,) +f(l_to,1_]0) _f(l_boﬂ_)o) =0,
dv, B B B B B o o
3@ - (cuo +dv,) + No, :N<1’0 - vy) +g(ug,v,) _g<uo,vo):O,

1,(0) =0, 5,(0) = 0.
Hita, = 0,0, =0, BIx°(t) = x'(2),57°(¢) =5'(1) .
W, =& -&,5_, =y -7(=2,3,~), MHAMIRLE36) ~(38) 4
da,_,
¢ dt
NQit_y =i, ) +fa,,0,,) = fi,,0,,) =0,

- (au;_, +bv,_,) + Nu_, =
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di_,
‘ dt
NCoy = 9,) + gl ,0.,) - g(i,,,0.,) =0,
i,,(0)=0,4,_,(0) =0,
Wik a,_, =0, 0, =0, 1
) =), Y () =Y (), j=2,3,.
KA, TS P (2/(2) Ly (1)), 13
(o) =), Y () =y ), j=2,3,0
BNl
)y =),y =y, =12,
Lu =) - A), 0=y -y (), TRA

= (eu_y +dv,_,) + Nv,_, =

u.
&~ (aii, + bi,) + Nii, =

de
N(ﬁj—l - ﬁj) +f(izj’17j) _f(lzj—l’ﬂj—l) =0,

V.
gd—t’ - (cii, +dv;) + No, =

N(v_, —v,) +g(u,v,) —glu_,,v,_,) =0,
7(0)=0, 7,(0) =0,
B 7 = 0,5, = 0, B
o) =A@, Y =), j=1,2,
H BIRREER, (4
(1) < '(1)
y(1) <y'(1)
RS, A
lim /(6) = lim () =x(2), lim y'(0) = lim ¥(0) = (1), ¢ € [0,T].
BRI S Lienard a7 5 45% 8 AR REVMERIRL (1) ~ (3) FFAE—HM (x(1) ,¥(2)), IS
2(1) < x(1) <), y(1) <y(0) <) ,0 e [0,T] EH 1 UEE,

4 R —BCE ROk

EHE 2 )7 X Lienard 77 5 8&3) HIA WM REEVIMEMIE (1) ~ (3), 7EiX(HL) ~ (H4)
N —R (x() ,y(2)), HHEt e [0,T] FST—ECA R R IrR (34) ((35).
R B, s AR B PR (e, ,B,) (i =1,2)
o =27, —re" B =2, +re",  i=1,2, (39)

im

X N—A R KA IR R TR TS, m AT R KA IE B, 1
Z, = 2 {X[(z) + X(;j }g", Z,, = 2 {Y,.(t) + Z(;j }ai.

i=0 i=0

AR, mABh R (39) AHER H
a(t) <B(1), i=12,1el[0,T], (40)

<) <x°1), tel0,T],

<y <500, t e [0,T].

=
=
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a,(0) sx<pB,(0), 0,(0) sy <p(0). (41)
kA

da,
83 - (aa; +ba,) - f(a,,a,) <O, (42)

da,
8; - (ca, +da,) - g(a,,a,) <0, (43)
gdftl - (aﬁl +bﬁz) _f(Bl ’:82) =0, (44)
3df; - (Cﬁl +dﬁ2> _8(181 9:82> = 0. (45)

b, MBI RE(39) , FAAE—HIEER M (i=1,2), A
gd:tl - (aa, +ba,) - fla,,a,) =
dz,,
€ A -(aZ,, +b2,,) -f(Z,,.,2,,) -

I:f(Zlm - r8m+l’Z2m - r‘9m+l) _f(Zlm’ZZM)} =

LaX, + bY, - f(X,,Y,) ] + i {AA]L}E +

dX . - - -
[d: - (aX, +bY,) - f(X, +X,,Y, +Y,) +f(X0,Y0)} +

i[_ (a +fx<Xo’Y0>)Xj - (b +fy(X0’Y0))Yf * d);;_l B F/:|8j i

(F(ZsZ0) + (20 2o T+ M) ™ < (M = 18)e™" .

BEHr = M/S, KB (42) AT

FHIRRERY 5 2T IEA AR 5K (43) ~ (45).

HIZU(40) ~ (45) FIZEF 1,)7 X Lienard &7 5453 FIAHT REWERIE (1) ~ (3) Fr1E—
W (x(1),y (1)), 15

a, (1) sx(1) B (1), ap(t) sy(t) sB,(1), tel0,T].

PR (39) 50, i (x(2) ,y(1)) T e [0,T] FWAr—BCARAIHT IR (34) . (35).

FEHH 2 JERE,

5 4 1w

J7 X Lienard 21 578580 FIA T REAELEA U177 BERAYYHL W L SN 1S
7 THPARAT B AT R SR A AR LR PR B3 2R B8 X B BT S RIS g HAT AR IR B4 5 {1
PSS PR BRIE T 455 77 S 45 Sl 7 10 KSR A T et 1% 3 30 gk A A, T LA e 8 A0 T A 144 5 0%
BT A — TR AMBER T AR S PR AL 7 | BEAS HOMTTR AL T i AH 5GP B A i A 1R 25,
PR B BT B AR E 2L, kb 1 Bl FRUEARAU 5 A1 2 B0 ik 1A 2.
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Asymptotic Solution to a Class of Nonlinear Singular
Perturbation Autonomous Differential Systems
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(1. Department of Electronics and Information Engineering,
Bozhou College, Bozhou, Anhui 236800, P.R.China;
2. School of Mathematics & Computer Science, Anhui Normal University
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Abstract: A class of generalized Lienard singular perturbation systems were considered. First-
ly, the reduced solution to the system was obtained. Next, the outer solution was constructed
by means of the singular perturbation method. Then, a stretch variable was introduced and the
initial layer corrective term was found. Finally, the arbitrary-order asymptotic analytic expan-
sion of the system solution was given and the uniform validity of the solution was proved. The

proposed method with the basic theory has wide application values.
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