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Ay S FROTY F S R 5 AR5, 2 T3 () U W SO T3 EEP fif #5002 [ 8latk A7 3 8 1,
L Z AR I 25 S T Bl 5 B i 250 5 WA S =2 ) ) 15 22 328 Tl J2 4 1R 22 BR SR AR U
S AR A REH Galerkin A7 BRITORAE J7 1k 5 SR 5 4 Y REPROR it FEAEUF X I3y FROT A 3 17
23 () 5 EEP WS 20 X PTG R R HEAT 1 IR | I 94 & (A SR s 5 i J o ok M R 59401 fe
TN TR SRS I, Hoh 46 EL Centro 7= 3 40 AT B4 %l 1] 2 38 4% oh [ 851 114 25
S35 38 ] Euler 221 Timoshenko JEA 1] 3230 4% 3l L K Bl st B2 (W 41 2l ) 222,

1 (e A & Galerkin A PR IGf#

1.1 &
UNTEL 1 Bz, 25 AN T SR AT A BEL e il a) 5230 4k 3l R st A — o =X
Lu=- (p(x)u') +m(x)u +c(x)u =f(x,t), 0<x<l,0<t=1,
u(0,t)=0, u'(L,t) =0, (1)
u(x,0)=0, u(x,0)=0,
ool FEPE RO BIREDOES w = u(x,t) BOMIRR £ = f(x,0) A5 AT x FOFHAL AT ¢ 19— 7
BREL p =p(x) ,m =m(x) e = c(x) ZF BIRATHRIPTHLRIEE 4340 Bt i A RH e 240G 00 o =
du/dx i = du/dt i = 0*u/or*, H L R R LM 5T
1.2 Galerkin BFRITHE
ARSI 1, 2 — S 23 SR A SE 1Y) Galerkin 4 BRITHEAT >R A ™ 15 5 fi AT 5 1m0 1)
Galerkin A FROTEI LS iz 8 I B4l SRS iz 3 FEAL Y Galerkin £ BRIGHE.
1) B[] {5 ) SR AP IR AR 8] 2 () BT s i X3 02 = (0,1] x (0, ] SRAFIZIN) AT 5
fERR u'(x,t) e S8 C H), #i75
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a(u" ") =(f2"), Yo' eS CH,, (2)
Hrp

alu,p) = jﬂ(pu'v' i + i), (fiv) = fnfvd(). (3)
R IR R B S N H, = {u(x,t) Uﬂ(u2 +u”? +07)d2 < o ,u(0,t)=0,u(x,0) =0},
TS5 PRESCZS [ B HY = {v(x,t) ‘L}(vz +0"7 +07)d02 < o ,w(0,1)=0,0(x,1,) =O} GXH A

FH v(x,t,) = 0 X —551F 1 Galerkin 558157350 #5015 21, 424 T Hamilton J5 3 ip 47 F8 7E4F
I ] ] B R A s 221, He— B8 43 0.

), c(x), m(x)
ﬁo f(x’ ’) —>X

B AT 5200 RS R

Fig. 1 The model for the bar under axial forced vibration
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(a) The solution domain (b) A typical space element (¢) A typical time element
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Fig. 2 Schematic illustration of the solution domain and the typical elements
AR T I 2 A BROTES B 70 N, s Tl 50, Hoh R 28 [ BT [ ,x, | W08 2(D)
JIE7R IR eR BRI, 56 o 853331y
m+1 m+1
u'(x,0) = ZN( Y1) = Nd°, " (x,1) = zN(x)v (1) =Nv", (4)
Hrdr, m Az IETJ$7E{J\§5( N=[N,,N,,~-,N,,,] ﬁﬁjﬁﬁ/uﬁiﬁlﬁ N(i=1,2,-,m+1)H
m K Lagrange fi{EE BRE; d° = [dS,dS -+ ,d, ] XA () (i=1,2,,m+ 1) HES [
JUZE KB ENOIRS LU R RO BICEE f B LR s v = [of 0,0, )T

s ¥m+1
AR () AEZHTE e LR K (4) AU SR IR 1 v B fEREHERT 1
Md +Cd +Kd =P, )
s
= ftszTNdx, C = szcNTNdx, K = JIZPN'TN’dx, P = f”Ndex (6)
¥ ¥ 1 N

MUK A BT Tt BT REL A B0 O 4 AR A A 288 7 L Bl o A o 0 o A 77 2%
[l i, ALAS A0 B E R s sh T
Ld=Md+Cd+Kd=P, e (0,,], (7a)
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d(0)=0,d(0)=0, (7b)
Horfr d JE LA IE] ¢ Ay F AR S SR ARSE S B AS nl i L, 24X (7a) LT3R
o I Galerkin A BRICIEER M (7) W ESTHURGLZ 3 ) #2240, Q0 SCHR[ 17-19 ] i | 4 if
W) R4y R N, AT, SR BT [ 7,,7,] W0 2(c) B, % B oe bl 2540 75 )
Galerkin 558 .

jfz(— () 'Md" + (v')'Cd + (v')"Kd") dr =ﬁ2(13f‘)TPdt. (8)
[ BT 4R PR ESORTIARE 565 bR ERC. 3R 7R B m IR Lagrange JE PRESIR(E Y TE L, H

m+1

m+1
(1) = ;Ni(t)dj;, OE ;Nj(t){}fﬁ, j=1,2,, mN,_+1, (9)

Heb, di (o) o (0) 535009 d" v, E"J%j/l\ﬁi;cifi,ﬁf; S df (o) v (0) FERFTEEAOT B3 i A
SES A A (9) R (8) BRI A g 2 (A iS5 R 7oK At i) AR B0 B 4L, I TSR 4532 2
IR Galerkin A FRITHE.

TR R i 25 W R G242 21 )y BRI 7 B FR M 36T Galerkin 55 A= A9 B[R] B4R 30
BR[181XF m = 1,2,3 WIS A EUEAR E AT T 1R 204, 48 8 RO HZ SR R A A%
PEREE Y, IR4 T AR XTR) A% BRSAL S B% A SO m = 4,5 YCERIT I RRE IX [R]#EAT 1 S
T S B R AEGOR GO AT 3R 1 b A B RIASTREE ) T, S R IR R A
e RSO0 L RS ), SCHRL 19 T8t A SRAE TR0 W B R O e AR FDRS B AR 0, TR
FHWAR Gauss BUMN, 1Z07T R To R MR E 1Y, SEMIPRUE 13X —J7 ik B PR A SR B AN
HBIAT ZE RS E Tk (RIS TSR RS RA AHL 0 ) RT3 JE A AR Sk A 45 2R 5 IR 2R ALl
L ik 28

R 1 Galerkin Ik FEM HE{ERE PE 2% AT
Table 1  Stability conditions for the time-dependent Galerkin FEM

degree of elements m stability condition

1 Au/T, <0.5513

2 A/T, <0503 3, 0.551 3 < Aw/T, < 1.2328
3 A/T, <0500 1, 0.503 3 < Ae/T, < 1.031 4, 1.2328 < A/T, <2.0759
4 A/T, < 1.003 6, 1.031 5 < Aw/T, < 1.608 4, 2.075 9 < A/T, < 3.103 5

A/T, < 1.000 2, 1.003 7 < A/T, < 1.520 1,
5
1.608 5 < At/T, <2.253 5, 3.103 5 < Au/T, < 4.326 2

2 T EEP Wi H IE W oK f# ik

2.1 EEER

LR 1.2 /N1 i WA A R (1) STt 1 s TR T[] P47 6] B9 A FROT S 1L, 44 21
K3 Fs IS 25 000 0, = [ &, ,%, ] X [1,,1,],Q(x,,1,) AHICHATE— . — 3 BN
L AT S AR B AR SRR A 2 AT S R R RS T X a2 B 5 R (7 ) EAT IR
ATBRIT B & VR A, 3 B2 G S R 1 B FOE NI d = [ dy (1) ,d5(1) -, dy (1) )" 5 OR)E
¥ d' A (4) TBEVRICAIE— R Q IS LR A FRICHE  7E S R 4B bR BT R i) EEP
RS R 22 15 ( Zienkiewicz-Zhu method ) ' LUZ AN T2 (B A FROTAR 1913 22, XA TG
R ZE PR B FATCHEA T A0 73, 45 2B 04 25 8] WS | 12225 1] s ) o Bl R 2 4 i e 2 ) A
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RN o 125 Lo i 1 28 R 2 N2 RIS 8% EEP fif FIAT BROTHE A 1R 250 12 45
SERZER TR Ik

AL B B R GRis sh R ALY Galerkin 38 W AT BRIT /- BT Rl 2[RI 48 1 (1) EEP 8
W S RS figp BT B 2 ORI B A SRR ER 1Y
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Fig. 3 Schematic illustration of a typical space-time element

2.2 EBEHHEMAR Galerkin FHE B iEMNE %

Xt T2 (Rl B S B AN (7) Frs B BCR Geis s s R4, SCHR [ 17 ] 45 1 H A o3 A
TR T A AL R A DL =2

1) ARICM 7RISR A (F 3R 1 m RGN E X TR 23k 24 431 R4
AR ) T HEATIF IR Galerkin A BRITTHE, 148012 3y FR2H K (7) WA BRITH#E d" .

2) BISUR  BHOCRH TR IT L2 7, e (7,,7,) F(7) B9 EEP @ I8L
fitd”

d' =d' +M*1((fv,am) ff"fvz(P - Ld")di + (N, A1) fizl_V](P —L,d’l)dt), (10)

HoFhrca”RELE 1, e (7,,1,) WM, Ac=7, - 7,,N,(i = 1,2) NI Lagrange JEiRL
3) W44y FHEA SIS (9 EEP SOl T A4 il A BR oG iR 22, % ot

G50 2 75 W JE T SR 2 s o
max |d° -d'|<T, j=1,2,-n, (11)

Horr, TR E IR ERR , 47 d! 530 d™ d" 5 j Ao n i d T Fld" AEE(A
S n=mN, + 1) SFTAANE R (1) B EATe IR 22E T BET 45 A3 2R A I e A%
R AR 1), BT T R R 2 (1),
2.3 —#=[ENg I EEP B AK

sk FSE AR 2] d (1) J5 R (1) RS A BRICHE o' (o,0) AT (4) FRIER 2], T
T2 u' (x,0) B9 EEP USSR T2 3000 T 32 A1) £ 28 i i 0 AT s ey B vh i 42
E BAE SRR 0T I UGT , AT HOZ S B R — B LA EEP B SO i 1T
B DR T HACS A BRI 2 7 B — R, T LA e Al ) Sl B0 R 1
(RE2 L& Ga R /AW

e =u—u", M (2) 512 2 RGO RS 5E E BEL

a(e" v") =0, Vo' e S (12)
R Z B AR B 23 [ R TT AT U, B (12) AR X ERAE BT [ &, ,%, ] 115
a’(e" ") =0, Vo' e S, (13)

YRR 56 R R o S Z P R
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o (,t) = XN () v (1) (14a)

Ni(x)= (%, —x)/(%, —%,), Ny(x)=(x —%,)/(%, - x,),
x € [%,,%,] . (14b)
FRAS(13) AT 43RS, AR 20 300 w8 B WS S A T — 52 1 i B 5, 75 3 S o0 AT — A5 sl 7
BH EEP A3
w'(x,,1,)=u"(x,,i,) +

(562 _561>

s () fj:rh(x,IZZa)dex + Ny() fzrh(x,tZZa)Nldx), (15)
o™ SIS, " = Le" =f - Lu".
3 L R

IS LR AR B bR S — ARt -2s WA 7, A I M L B4 BTG o AR
FEf w IR ZEF I KM 2 S e IR ZE IR T th TR S JE R0, DL EEP B IS
w” PRGSO AR, B4k 2 = (0,1] x (0,¢,] B2

m{a}lx\u*—uh\ﬁT]. (16)

FEFH LAY Galerkin B2s FEM , B&4A [ 18 W R i SR Mg B 250 .

1) HEDRZEMR T, DL BT F IS AT R0 R 2 RIS GEH AN FFRER 1 A Bs D
ALY A MET RS =, HATS TR NV, .

2) TEXMHTMAE o b, BT (6) T HICH: M K, C MLk & P, FFE
S EEARRE MK, C Rk R R P, A EIEER(7) B EUR Stz o RR 4.

3) Xt b — BB B EUR G598 2 )y FRATHE LA T A BRI T H 3l R A

(3a) L VIERIHE A 7 (FE32 1 m URPRIT R e/ INRRUE DX [EDKE 42 38025 A A W Ui et
(RIS ) , 2> 7 =7, .

(3b) AMRIGIE A SRATMAE 7, LI THE Galerkin 4 FRICITHE 15 24 BRICH# " .

(3c) Mlsm  ZFHICHE(10) HAH BEEP fiZis B iksuin d - .

(3d) MIkEAHSY  BETTE S A I A R 20 (1) X F A Al 2 1 SR, i 35 22
S REAT ] R 4143, A5 55 A e E) A, I B RO Ry r R BB BR (3b) 5 ELEIFT A 4 i
¥ e (11).

4) A RITCHR B d RAK(4) IHES A R o .

5) ZEMIBUBIS S HITHE o RASR(15) SRAHFF T LIS u

6) A RIPIAE A4 1245 (] BAITAG 02 75 05 I 2 (16) BT ATl 2 19 B0, 1 FH 24 22 %
PEA T2 ] WO AE 4143, A BT A 2 8] A, 4 B OSSR 2SR A% o, SR B ER 2) 35 P A ot
Prs s (16) , MEE 1k et S o B ar, AR e 8 1) 1 3 07 B 25 A ©

4 HE B 1

T IR HAE RIS, L FORTRANOO 2l 1 FF -4 1a] 52 18 YR 30 19 [ 38 MR fFE Y | 517
TR RIS AN 5 Hrh 3 A SR (5] A S 8 AR B 1) 30 SR R T AN S0 45 o LR Y 25k
OB HACA (D) SR AT f(a,e) , PO B AR FISEAT FE N AT, B RS R 5 Bt
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B, VASGIEASEE I T 58 5 55 =N 0Ks Bl Centro b 52 I VE by il 1) o7 2840 FH T — 25 988 i TR Ot
FFFE A SC A TR RN EE TS SAP2000 THRLAE SR TR L.

i 1 F 2 SR FHTC AL LAF 28 6] _E R AR R 1 AR TT , B 38 0 s P A 4% 3=
1 m TG I e/ MRE DX [E)HE 2 3838 4345 31 hm, é}jﬂJ%/TE ﬁf”ﬂ*% w’ '43EITIEU$
JUE A MPATTI R K /RS, el =
BB 28— IR BR A — 25 B 35 F 3B I, 25 (] W*%%iﬁﬂ%‘—b’tﬂﬂﬂ—*ﬁ*fﬁﬂiﬂi F 3 .

Bl 1 E AR AT ICBE e SZ 3 PR B — R = 0 U [E E = 1 v 38 T A A A AT
P St A E AR A T4 BB AL RS (R A 2k 0k

u = (cos(ztj - lj (S%HT - x) 2. (17)
WIBE p RIS m 91, 528K f(x,e) BHX(1) iR IRZEBRBCY T, = 107, SRR 1 = 10 s,
m=2~4 WHICHEMN ITTE LRI TE 2, K4 4587 3 K. 4 R¥ITTARITHS B
(17) 0 EL R 22 0 A5 R DL KT 45 1 AR 45 B Z0 0 Bl RS AT FIR T At RS 88 34 2 1R 22 PR
F2 W1 SKATT HIE N R R 2

Table 2 Results of the adaptive solution for example 1

number of number of
m € ax dimension P B
final elements adaptive steps
space x 3 0.400 0 0.240 0 2
2 5.512E-4
time ¢ 51 0.460 0 0.100 0 6
space x 2 0.600 0 0.400 0 1
3 7.618E-4
time ¢ 37 0.080 0 1.250 0 6
space x 1 1.000 0 1.000 0 0
3 8.763E-4
time ¢ 12 2.100 0 0.400 0 4

8x107™
-4 A
p07] a M40 M o ﬁ n
[ & |
Eooo y 0
= -4x107 "v
—4x10 A
L . v
] -8x10
4 > 8.72
-8x10 0 10
0 w 5 087.52
7.0 5.0
0.6 5.0 X 35
x ™0 25 T o 21 /s
(a) 3 WEAITCARDR2E S5 Ai (b) 4 WHTTHRRZE M
(a) Error distribution form = 3 (b) Error distribution form = 4

4 1 AERNARICH S EMNIRESGE (n = 3,4)
Fig. 4 The error distributions of the adaptive finite element solution for example 1 (m = 3,4)
Bl 2 ASETAAT A B Sl ) AZ 8 IR BN p(x) =1 —a i m(x) =2 -« FHIE REL
c(x) =, M LB 0 Ry 1) i b ol
u = (cos(2mt) — 1)sin(mx), 0<x<1,0<1t<y. (18)
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WRZEMRIBCN T, =107, SR ¢, =4 s SR m = 2~4 WHITHAT A & DR, 45251890 T3 3,
K5 250 T 3 4 I A G NA BROTHE AR 22 0 A0 1 DL AR U 7R AR5 s A4S I
ZN B L RS AT BROTAR AR HC T B AR 22 24000 1L 25 e IR 22 PR,

R 32 AUERTT H & R AR RS R

Table 3 Results of the adaptive solution for example 2

number of number of
m [ dimension [~ B
final elements adaptive steps
space x 11 0.140 0 0.050 0 6
2 8.262E-4
time ¢ 77 0.060 0 0.050 0 7
space x 5 0.280 0 0.090 0 3
3 7.809E-4
time ¢ 32 0.1250 0.1250 5
space x 2 0.600 0 0.400 0 1
4 9.539E-4
time ¢ 16 0.250 0 0.250 0 4
8x107* ) ] ‘
\ 8x107™{ ‘ ‘
s ; ‘
4x10 L 4%10 4 |
R < J
= 0 ! 0
¥ = ]
s _ —4 4
—ax10™ ‘ \ 4x10 ] '
L Wy
-8x10™ | ' ' 8x10- | "
4

4 1
3 3
2 - 069 " 2 0.6
‘s 1 025 X 7/ 1 .

00 ’ 00
(a) 3 WEAITCARDR2E 5310 (b) 4 WIATTIERZE M0
(a) Error distribution form = 3 (b) Error distribution form = 4

5 2 A& A IROGHES FURATRZE M (m = 3,4)

Fig. 5 The error distributions of the adaptive finite element solution for example 2 (m = 3,4)

4r
| 600 ft | @
| | g
I
S
-------------------------------------- Tso fit g
s
- 35
]
B

B 6 i3 piRE AR EE & 7 El Centro HiFE
Fig. 6 The concrete bar in example 3 Fig. 7 The El Centro earthquake wave

B3 [ 6 Hr 2 b [ A2 A SE A TR EE T, 4 600 fi, BP 182.88 m, #1f1 Ay HH 25 R R TR, Ab
BAR 50 fr, BE 2.5 fi, TREE T HSAYERE £ 4 3.6x10° Ibf/in® , B B N 4.69 Ibf-s*/ft*, He 8 H [
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BREA I A RN EA = 5.98 x 10° N, % 8 8.33x10* kg/m AFJEFHJE , AT
S %A El Centro iU (B 7) JTEMEKE 1, = 5, IRZERB T, =107,

037 0.010
02} F i
0.006 |
£ 0.1 g L
~ ~
Z 0y = 0.002}
= S
£ 0.1 5
g Z -0.002}
Lé_ -0.2 g
B 03 . °
— = — adaptive FEM solution % .4; —0.006 |
~04F ——SAP2000 solution h o ,
-0.5 s : : : : : ‘ : ; -0.010 : ‘ : : : : : : : ‘
1 2 3 4 5 0 1 2 3 4 5
t/s t/s
(a) HIERA FRICHEF SAP2000 fiff (b) F N A FRITAHFAN SAP2000 fiff ()15 2%
(a) The adaptive solution and the (b) Errors between the adaptive solution
SAP2000 solution and the SAP2000 solution

B8 IREETATMF H Ay FENA BRITHR (SAP2000 fift B — K iR 22511
Fig. 8 The adaptive FE solution, the SAP2000 solution and the errors between the 2

solutions at the free end of the concrete bar

A BROT R FHER A SAP2000 X i [l AT T3 AR 532 300 N45 43 50T, FH 1k % 48
RA% R B9 SAP2000 2R 1 S 1258 1 ) AR AR v SR R T HEAT S SR A | e AT G
FEJT 4003 A 4 A4S B0 IR BRI 1966 AN BT, B JE A I E] BT K BE DR 0.001 25 s,
A T B TTHC B 0.02 s R HA5 Y FIE VAT BRITHES 3R SAP2000 HOM#HEAT LLAEL, 42
SR R OR A X R 250 9.29% 107 m, 1/ 45 72 1% 22 BRERL I 8 4 AT 1 A g il L B2 7 1Y
ARSI SAP2000 fiff, LK Mgk 22 18] ) 158 22 P PT35I D R 1) 52 2 1y 280 1 HKAR
i .

5 4 15

ARSCLA ATl 1) 3230 PR3y [ RECA AR | 458 11—l B SR — 4 2 ] X3 [R] i i#E 47 EEP
P B M R 30 AR A I 2 P2 JEE 2R T B Galerkin A7 FROGHE SR A, WA 4 B2 L 1)
EEP S5/ sUHEAS— B0 SRAT IR AR5 i 45 5 20 14 19 O IO A PR Gk 00 A 4 7 R
ZEBRAGZER , HATRGRE PRIE 2k U R AR 1] 9% 3l T 2R S5 A IR 30 55 (R LRI A0, T DA
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An EEP Adaptive Strategy of the Galerkin
FEM for Axially Forced Vibration of Bars

XING Qinyan, YANG Qinghao, LU Chenyu, YANG Xing
(Department of Civil Engineering; Key Laboratory of Civil Engineering
Safety and Durability of China Education Ministry, Tsinghua University,
Beijing 100084, P.R.China)

(Recommended by ZHUANG Zhuo, M. AMM Editorial Board)

Abstract: Based on the successful applications of the element energy projection (EEP) adap-
tive method for the static problems of bars and the dynamic equations for discrete systems, a
strategy was proposed to adaptively solve the axially forced vibration problems of bars in both
the time dimension and the space dimension. In this strategy, the continuous space-time Galer-
kin finite element method (FEM) was used. Based on the idea of semi-discretization, through
discretization in space first, the governing partial differential equations of the model problem
were transformed into a system of 2nd-order ordinary differential equations with initial bounda-
ry conditions, which were called dynamic equations for discrete systems hereinafter. These dy-
namic equations for discrete systems were then solved with the proposed EEP adaptive FEM in
the time domain. After that, the EEP super-convergent formula for dynamic displacements in
the space direction was derived, with which errors of the conventional Galerkin FEM solutions
were estimated and the corresponding adaptive analysis method was established. Finally, the
presented EEP adaptive strategy gave dynamic displacements with high accuracy point-wisely
satisfying the pre-specified error tolerance, together with the automatically produced space-
time mesh. The basic idea, the key technologies and the implementation strategy were elabora-
ted. Representative numerical examples including seismic wave input demonstrate effectiveness

and reliability of the method.

Key words: forced vibration; space-time finite element; adaptivity; Galerkin method; element
energy projection
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