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B O BRI A 3l 2 A b i RO T 0 — ROy e R R P B La-
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[31UEM T Newton-Euler I Lagrange J7 15 1E A5 S AR (L FA L2540 14, {H Newton-Euler
D7 S FA E H Lagrange J5 %5 B 58 %%, Cheng %51 F| Fi] Lagrange 3 T3 1 d° Alembert J5F
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1 Udwadia-Kalaba J5i%

U-K J7 15 S — PR A 52 29 R G2 1T i 0 5 i A — A TR DI R G A n
ANIREASEE g = [q,.02.05, g, 1", HHE Newton JJ2-EH Lagrange J1°# 7] 5 % RS M5 3
JrREe,

M(q,1)g=0(q,q,t), (1)
HApWh &N q(1=0)=q,,4(t =0)=¢q,,t € RERHE], g € R &) LHHIR, ¢ € R" &
JUSGHRIE, g e R JE)TSUINEEE, M(q,0) =M'(q,t) e R ZEBWERFE, 0(g4,9,1) € R"
Fhil T E ) 4508 1 (BUET7) MRHR 1/ 8.0 015 R 520 7.

BHERGAEE m(m < n) D—IERAZA R,

A(q,t)g=C(q,t), (2)
HiA(q,t) Jamxn VAR, C(q,t) 3 m x 1 3 55— 200 29 ot i 1) sk — ik &
IS BN H A B Plaffian FRifERMERAF

A(q,1)§=b(q,q,1), (3)
HAA(q,t) AmxnBIERE, b(§,q,t) A m x 18 8545 8 AR iy, W ws 2o 1
XFHF TSR R Y R G5 | NIRRT Z AU RGN “ Z A RMM RS, Hiz sh2x
FEh

M(q,t)g=0(q.,q,t) +0°(q.,q,t), (4)
Her Q°(q,q,t) AHIMNAH A BN AR T MR (2) H Aq,t) MR TAET 1, HIBWE
SEFRAERE M(0,0) w3, WIARYE U-K 777k, EidUR RS AHGE o BB S =,
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M(q,1)§=0(q,q,1) +M"B"(q,1)(b(q,q,1) -
A(qg,))M'(q,1)0(q4.q,1)), (5)
A B(q,t)=A(q,))M"*(q,t),B*(q,t) }B(q,t) i Moore-Penrose |~ S [ X% HE 3 (4)
F(5) , A4S Tt 2 o A= Y B 29 R 7 R
Q°(q4,q.t)=M"B"(q,1)(b(q4,q,1) ~A(q,))M '(q,1)Q(4.q,1)) . (6)
M ESRAH S Rt BT LA 1 M B Lagrange 7786, U-K J5 B AN ( B &0 21 ) 4l B A5 1
KA, R T R AR, AR T 5 R R 5 MR RGUIRE L H ¢

2 e

A2 EETTASREI LA AN 1 A 3T R SR AT R G —
S A 1 S8 1,3 /1S8R E 36 15t 3 A LB BRI 2l ) L 5 — i
TE— RS L

1T 2 [ i ETTARKE IR BL A 2 TRG

Fig. 1 The planar 2-DOF redundant drive parallel robot Fig. 2 Subsystem ¢

T HAES 2 Al BEETURIKS IR s A3 ) 2 05 B2 43 IROE , A SCRR I U-K 5 72
MR, R B PCEBIR Jr 45 3 2 A i BETCAR YRS IR &8 AN 3l ) 27 05 Fe 8 ek 2
FI 1 BETCAR IR SR IRALAS A3 F 3 7 REE(ANIE 2 R ) il Lagrange 177 A4 515
BT REM S I F TR AT AT REGE TARRG”, [R5 A SRR
AT AR 290K, F) U-K T REAR 3] 2 | i BETUARBR S IR 8 A3 ) 2 5 72,

SEFIH Lagrange 77 F215 tHh — A+ KRG 0 8l J1 % 5 1. Lagrange 1% FZ LIPS FEA T 2
R Fh  H— R B 4RE B H TR X RS 2 s 3R AT e X Lagrange PREICH

L=K-P, (7)
Her LK Lagrange PREL, K N RGWEShRE, P RGN ESFGE KA P A] LU AT I s iy Ak b
KFR.TRERGEN N 1% 72K Bl Lagrange HHRUNT .

d (oL oL a(aoT oT
Fo=— - = |~ (8)
ot \ 0x; ox; o\ dq, aq;

Horb F o« JT BT SN I 200, T, 077 A g, D5 1 e BT SN2 0, «, il g, S R GEE
N TRRLE SR, W R S R TR, XA IR IR (8) X Lagrange pREL(7)

M T RGUKT-, B A BRI AL e R ST AT 11 0 0 VRETHT, 5L P = 0. RELE
ZhiE K AP IEFTRIBIRE K, A K, Z A A AT B B oA o L 5500 1 A
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I PR B BRI B R SRS | T RENSENER 1 R,
F1 BITTFRENSE (i = 1,2,3)

Table 1  Parameters of the i th subsystem (i = 1,2,3)

parameter physical meaning
Xgi s Vi x- and y- axis coordinates of point A;
Xt > Y mai x- and y- axis coordinates of centroid 1 C;
Xpabi > Y mbi x- and y- axis coordinates of centroid 1 C;;
i the angle of connecting rod A;B; with respect to the horizontal line
Qi the angle of connecting rod B E; with respect to the horizontal line
Ty the center of mass C; relative to active joint A,
Iy the center of mass C,; relative to active joint B;
L the length of link A;B;
My My, masses of links A;B;, BE;
1,1, the moments of inertia of links A;B;, B,E; relative to the center of mass

WRIEEE i DT RESEL S R PHEFFFUR BT

Xmai = Xai ~ Tai9aiSM G4 5

(9)

}‘/mai = 5/(11' + rm-(}m-COS qai ’
9‘6"1[11' = 9‘6(11', - L(jaiSin q. ~ rbi(q‘ai + q‘bi ) Sin(qai + qbi> ’
‘mbi = yai + Lq.(”-COS q. + rb[< éai + (jbi ) COS( q.i + qb[> .
BT LR G L BhReE

K=K, +K, =

1 . 1 1 . . 1
?]aiqii + ?mmvmz + ?Ibi<qui + ‘]m‘)z + ?mbivmbiz' (10)

X} Lagrange PR%L(10) 3K 5 1] 15

afaLy oL _

at\dq,; 9q,,
I.+1. +m.r’ +m, (L* +r. +2Lr,cosq,)]q.+
ai bi bi bi bi qu qaz

(1

[ <m(zirai + mbiL> singq,; + mbirbiSin( qu t ’]bi) }xui +

2 .
w T mbi(rbi + Lrycos qbi) qui -
[(ma[r(u' +myL)cos q, + mbirbicos(qai +q,) ]yai -

myLry,q,q,8in g = myLr,(q, + q,) 4,510 g4, (11a)
d( oL oL
i) 0"

1, + mm‘(rii + Lrycos q,;) 14, +

2 .. .. .
(Ibi + mbirbi>qbi - myr,x,sin(q, +q,) +

myryy,cos(q, +q,) +myLr,q,q,sinq,, (11b)

oLy _ oL _
ar\ox,,) ox,

- [(mairai +myL)sin g, + m,r,sin(q, +q,) :l(.].ai -

myr,.qusin(q, +q,) + (m, +m,)x, -



1188 i 7 et EHH - [ i

(}al[ (malrm mbiL) Ccos g, + mbirhicos( q. * qhi) J(jni -

mbirbi(zqui + ‘}m)‘)mcos(‘]ai +q,), (12a)

oLy ol _
Bj/ai ayai_

[(m,r, +m,L)cosq, + m,r,cos(q, +q,)]q, +
My, cos(q, + q,) + (my +my)y, —
qul (mgr, + myL)sing, +myr,sin(q, +q,) 14, -
myr (24, + 4, qu5in(q, + qp) « (12b)
XD M) H, W g, = [q,,9,.%,,7. ] FREH i(0=1,2,3) MHIE T RLEH
RSB IE TS Lagrange 751 45 HH 55 i MUE T REEMIE s R R AEFIEXNT .
M(q;,1)q; + C(tL,q,,t)d, =7, (13)
A M, FC o T RGO AEO ) BHR ) 7, SR AR AR D DG
T A ] Sl A% I Y SR AR M %D C, WFPR:

Mill Mi12 Mi13 Mi14 Cill Ci12 Cil3 Cil4
Mi21 M M M Ci21 Ci22 Ci23 Ci24
M, = , C = , (14)
Mi31 Mi32 Mi33 Mi34 Ci31 Ci32 Ci33 Cz34
M M M M Ci41 Ci42 Ci43 Ci44

y
iy

My, =1,+1,+ m(urm + mbi(L2 + rii + 2Lr,cos q,,) ,

M, =M, =1, + mbi(rbi + Lr,cos q;,) ,

My =My, == [ (m,r, + m,L)sing, +m,r,sin(q, +q,) ],
M, =My = (m,r, +m,L)cosq, +m,r,cos(q, +q,),
My, =1, + mbirii’

Myy =My, == myrysin(q, + q,) ,

My, =My, = myr,cos(q, +q,),

My =My =m,; +my,,

My =M,y =0,

Cy == myLr,q,sin q,,

Ci == myLr,(q, +q,)sing,,

Cpy =myLry,q,sinq,,

Cy == q‘ai[ (m,r, +myL)cosq, +m,r,cos(q, +q,) 1,
Cip == myr, (29, + q,)cos(q, +4q,),

Cyy =~ qai[ (m,r, +myL)singq, + m,r,sin(q, +q,) 1,
Cip == my1, (29, + q,)sin(q, + q,) ,

Cpy=Cy=Cp=Cpr=Cy=C1=Cs =C,p=C, =0,
HIRAR GRS LR q = LGt i > %a1 Y1 292 912 %2 >V a2 s Qa3 2 Q13 1 u3’ya"5:|T X 3 M
YR RS2 ) 5 BRI U TR X
M(q,t)qg +C(q,q,t)q=T, (15)
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Hrp
M, 0 0 c, 0 0 7,
M=|0 M, 0|, c=|0 ¢, 0|, r=|m,|.
0 0 M, 0 0 C, T

—J7 1A 3 AT RGN — S LA F EE AR — 2R b B T RGN K
FBNITTH A, K RHEIE AT AR A (0 (AT) ,y (AT)) « 1T F2 Bl 01 8 i@ e 59 5 Bk e
F DS @ A F2 3l I 22 8] 9128 B 29 Rl e

x(A) =x(A)), y(A) =y(A)),  i=1,2,3 (16)
TR R BB K (16) XFIER] ¢ BEAT PR A5 3] B A A

A,(q,1)q=b,(q.,9.1), (17)
001 00O0O0O0OO0TO0O 0
0001000O0O0O0O0O 0

A1=000000100000,b1=0.
0000O0O0DO0T1O0O0O 0O 0
0000O0O0DO0O0OO0T1O 0
0000O0O0OO0O0OO0O0 1 0

H— LA 3 A TF RGN S —i E.(i = 1,2,3) i BERE AT ERR K KR I AT A
[ ETEIERRAL E B x(E,) Ry (E,) FaRRImhdT e £ i DT REH R AR BT 3
M RGWIB B LR N

- f) o)

y(E) ) (B ) \w(E) ) (k)

IRE b TR BI 2 1 B2 42l (18) WPt IR) ¢ A TV Ay , A9 8 B 9 s F
Ayq,0)G=by(q.q,1), (19)

Hrp
A,=(4, A, A23) ’

- Lsing,, — Lsin(q,, +q,) - Lsin(q, +q,) 0 O
Leos q,, + Leos(q,, +q,,) Leos(q,, +q,) 0 O

An = - Lsing,, — Lsin(q,, +¢,) - Lsin(q, +gq,) 0 0|’
Leos q,, + Leos(q,, +q,,) Leos(q,, +q,) 0 O
Lsin g, + Lsin(q, *+ q,,) Lsin(q, + q,,) 0 0

A, = - Leos q,, = Lecos(q, +q,,) = Leos(q, +q,) 0 O ’
0 0 00
0 0 0 0
0 0 00
0 0 0 0

An = Lsin g, + Lsin(q,; + q,;) Lsin(q,; +¢q,;) 0 0}’
- Leos q,; — Leos(q,; +q,3) = Leos(q, +q,,) 0 O
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2 2

c0s(q, + 410)

Ltjilcos G + L q T ‘1171 Cos(qal +‘Ih]) L‘] 208, = L(q,, +‘1b2

2 2

sin(q,, +q,,)

2 2

( ) (¢ )
L(}ilsin Gua t L(q a7t qbl) S]n<qal + %1) - L‘] 2810 ¢, L(‘] 2 T %2)
( ) (4.3 )

Léilcos Gu + L4, + 4, Cos(qal +tq,) - L‘I 3€08¢,3 = L +q13) c0s(q,5 + q53)

Ly sing,, + L(q, +q,)7sin(q, +q,) - Liasing,s - L(q,5 + ) sin(q,5 +q,3)
TATE L4538 T R AR A ST AR 2R B X ARG 7ER (15) b RIS 1A SR
LR AR I PAT AR AW 3@ U-K I, AT LIS 2 il BT AR 3K S - BRHLas AN B3l 0127 05
FE I
M(q,t)q=0Q,(q,q,t) +01(q,q,t), (20)
Horp
0,(q.,9,t)=7-C(q,q,t)q,
Q) =M"(q,1)B"(q,1)[b(q,q9,0) -B(q,))M "*(q,1)0,(4,9,1) ],
B(q,t)=A(q,1)M "*(q,1),
A=(A, A),b=(b, b,).
2 [ EETUARIK ST ERALE N3 ) RO AR A I .
AR ¥ 2 AR EITTRIKSIFRRALE A3 3 DS TC AR T R G AR Lagrange
TR oS ST T RGN BN )5 5 R IR AR 3 A BRI ST U PR L
AR 2 RIS AR S T i FLRL A8 1) 29 5 B 29 S i Bt Pfaffian FRIERUME .
B3 R U-K A8 45 SRR 2 B i R TCARIK S I BRI A% A B 29 5 7 e A fige. BT
B LR B RE R 2 B iR TUAR IR SRR BLAS A3 ) A,

3 BT R AR

TEAG BN 7 HER Y 2 [l BETCARIKS IR BALE N 3 1A 85 O 1 Lk IR BRLAS A 5¢ dh
RIIRE , FATRCAL U0 HHEA T PO 4 1], 6 H A S BRI B AT A G A9 B R B 47 i DR 22 S )
FHVE 0 8 B8 A SRS ARAT A S A T 45 A 67 R B AR 5 M 2 5 BB J8 R AT BE S DA T 4R
BRUR 2% di e R AN TR 7 ik (A PID P i) 8 P il | Aol 9 o 45 ) oG 0 22 il e £ L
YU FE AL, DATTT S S0 BB A SR FH— ORI 2 1 el BE TUAR IR I B AL s A e R o S
BN U-K J7 3 1 A Tt R 1) 0 (8 ) M fih R R UL 24O, SR % 2 e
A Plaffian FRIEE, 1A U-K 7 RIS HLE A6 2 i B30 20 R i 2 i) 3R 8l 3 5, DT
s R NOL RIS ZS oy

ARG FA P h BT AR, AT PR BR B P N, Skt 2 B b BETU R UK SRR L A A
“TARARGE” MR

0.(q,9,1)=0,(q,9,t) +Qi(q,q,t) . (21)
F20(20) BAE RAR RS ,E A RIEA .
M(q,t)q=0:(q.,q,t) . (22)

BT(22) 3h 2 E0r AR AT B R A B0 L) — I AR TR 20 AL BAE FRAT T B2 R ik
Frds E B« AeBRA y ARARIR 0 8] ¢ B RS, (0) FIF(0) , T 3 DT RECETEA M T
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LA R T TG F R AR b5 ALY
(k) =f(1),
y(E,) =f,(1).
W3 (23) XFEHE] ¢ SR RS R O SRR R A AR
A,(q,1)g =bs(q,q,1) . (24)
ol 1A (22) B R AR (24) T B4R X TR R G TN I AN 295 71/
FIFE NN LR T3/ IR Q5(q,q,¢) , WAE U-K T FEr] I
M(q,t)4=0:(q,q9,t) +05(q4,q,t), (25)

(23)

Hrp
B,(q,1)=A(q,0)M "*(q,1),
Q;=M"(q,1)B;(q.1)[b,(q.9,t) —B,(q,0)M "*(q,1)Q:(§,q,1)].
2, FRATH BRI Bl P s ZE LI 1/ 1R Q5(q,q 1) .
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Table 2 Link dynamics parameters

length distance from the center of mass mass moment of inertia relative
L/m to rotating joint D /m m /kg to the center of mass I/ (kg+m?)

L, 0.244 0.1150 1.2525 0.012 4

L, 0.244 0.162 1 1.077 1 0.009 8

L, 0.244 0.065 7 1.366 3 0.012 2

Ly, 0.244 0.109 6 0.413 2 0.003 6

Ly 0.244 0.065 7 1.366 3 0.012 2

Ly, 0.244 0.109 6 0.413 2 0.003 6

TEHEA TR BB Z JT , 0 77 BRI A RGN HE AT Z R0 46 FA B2 (R =S R A 11
PLE AR, 76X B FRAT MBI s P T/ S R M 5/ 7 I B AR ) A i 208 0, FF
U — 20 R AR R IR A T B BRI 0k ¢, = [ 1.301 5,-2.175 2,0,0.25,2.910 5,
-1.459 3,0.43,0,2.981,1.877 6,0.426 9,0.500 51" .54k, A VA Z R G — N A 150, LISGIE
3T RGN AR I U 2 5 E G DA e 5 R AL S A [, A (1) RS 14 7 =
[0.1cos(wt),0,0,0,0,0,0,0,0,0,0,0]", &l 3 4 AEUET LR,

Bl 3 R 3 N F REA N ETE «0y P LS. RATE R R G  R 3 T R%RE,3
DR GEA AT LA H Sz 3BTRS | AR SRZY RS, B 3 AL 3 D5 RETEIMIN I3 7 1)
TEHT , Kuis shal E A

FRAVE S, R o Iy B 5L 5 1 R Gt B8 i 5 A AR AT [ 1, A & —
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ARG FEEAE 3 IR BT HAR (K 4) R 1 3 A1 R G Ak 4 Ak 1 AR A B I 1]
M AE AL .3 AT R G TR A AL i 5 | AL AEANINTTHE = BRI, AR AR T
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Fig. 3 End traces of 3 subsystems( verification ) Fig. 4 Trends of state variables over time ( verification)
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BBy AR AR Al 2 A, A AR Y SR iz 20 B S KPR B s B i 2k AR 4l =X
(23) Fll(24) w14

x(E,)=x, +0.0lcos ¢,
{ (26)
y(E))=y,.
B2 (26) XFEF] ¢ 3R R T 8 B 5 IR REIE R 295
A3<q’t>q :b3(q.7q9t)5 (27)

Hrr
- Lsinq,, - Lsin(q, +q,) - LSin(‘]a1 +qy)
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1 00 00O0O0OGO0OO
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L cos q, + L(q, +q,) cos(q, +q,) — 0.0lcos ZJ
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K (26) P (x,,,y,) RTEBRRIIRFEE S B0 E AL AR MRS R IA 07 8 T , Ry 4K
FEVAT IR I R A 6 X (20) AN 7, B HEAE 0, FIH U-K R
K Q5(q,q,t), Wit Q5(q,q,t) W2 R B R ZARAL RSN 156 7 .4.2 /N B0 5 A)
HARE AT R G 12 S0 4.1 /N FLARTE (22) A1 (27) BB 5 545 R AN 5 .
Kl 5 2R 3 DT ARG AR ImA TR « FlARFRFN o Rl A Bl s ] ) 28 Ak AR 95 20 (26)

b,(q.q,t)= [
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—— the actual trajectory - —- the desired trajectory
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Fig. 5 The end coordinates of the subsystem over time
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Modeling and Control of Planar Redundant Parallel
Robots Based on the Udwadia-Kalaba Method

HAN Jiang, WANG Peng, DONG Fangfang,
XIA Lian, CHEN Shan, LU Lei
(School of Mechanical Engineering, Hefei University of Technology,
Hefei 230009, P.R.China)

Abstract: The redundantly driven parallel robots were considered. The Udwadia-Kalaba ( U-K)
method was used to formulate the physical connections of the parallel mechanism as system
constraints, and the closed-chain motion equations for the planar 2-DOF redundantly driven
parallel robot were established. Firstly, the 2-DOF robot was divided into 3 unconstrained open-
chain subsystems. The dynamic equations for the subsystems were obtained with the Lagrangian
method. Then, the kinematic constraints were used to describe the physical connections be-
tween each subsystem and the end effector, and between each subsystem and the base. The
constraint was differentiated and transformed into a 2nd-order Pfaffian standard differential
form. With the U-K equations, the analytical solution satisfying the physical constraints was giv-
en. According to the U-K theory, the constraints can be added to the unconstrained open-chain
system equations to establish the dynamics model for the planar redundantly driven parallel ro-
bot. In the trajectory tracking controller design, the desired position or velocity trajectory was
formulated as a virtual constraint, and the constraint condition was transformed into a standard
Pfaffian differential form. Then the U-K equations were used to solve the output torque required
for each driving joint to satisfy a given trajectory constraint. This method does not require auxil-
iary variables such as Lagrangian multipliers or pseudo-generalized speeds, and can handle both
holonomic and non-holonomic constraints. The numerical simulation and analysis results show
that, the modeling and controlling method can effectively, systematically and quickly establish
the dynamic analytical decoupling model for the planar 2-DOF redundantly driven parallel ro-

bot, and realize the high-precision tracking control along a given trajectory.

Key words: Udwadia-Kalaba method; redundant drive; parallel robot; dynamics model; traj-
ectory tracking control
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