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Abstract: The large deformation of flexible structure can decrease the load. The relation between the large de-
formation of the flexible beam and the gravitational load was studied. Based on the experiments, the distribu-
tion mode for the gravitational load was built. With the large deflection constitutive model for Timoshenko
beams, the governing equation for the large-deformation beam under the gravitational load was derived. Two di-
mensionless parameters were defined, i.e. the Cauchy number and the deformation coefficient. Through numer-
ical calculation of the governing equation, the quantitative relation between the Cauchy number and the deform-
ation coefficient was discussed. The theoretical results are compared with the experimental data to confirm the
reliability of the theoretical model. The model was used to analyze the snow load data in previous literatures to
verify the applicability in reality. The research indicates that, the proposed method applies to the design of de-

flection and bearing capacity of flexible beams in engineering systems, as well as the prediction of the lodging
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resistance of vegetations in sand storm or snow storm.

Key words: flexible beam; deformation; bearing capacity analysis; large deformation governing equation
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Fig. 2 The schematic of load distributions for the triangular pile and the trapezoidal pile
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The deformation and forces of the flexible beam under the gravitational load
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T8 x,y 7 10], 3 AT A G 2%
d(Fsin6) —d(F,cos0) =0,
d(F,cos 0) + d(F,sin0) =pghdx + mgdx,

(6)
(7

Horp, Fy O BB B IR YT 19 97, F | D9 OB i 35 aURR R IT 10 B A1, d (+) D9 JT 7E UL ik

EESTH il
dv 5 ds ZIEAFTEI TR AR
dx = dscos 6.
H () RARK(5) 153
F.=EI0".
(9 RAR(6) 153
F,=Ftan0 + C =EIlf"tan 0 + C.

BRI 1 SR RS AE N FL = F, = 0, fRASR(10) \TRSR IH %L € = 0, WX (10) B 545

F,=Elf"tan 0.
B X ) ACA(T) Al Z )5 S AR B i) -4 1 7 7

(8)

(9)

(10)

(11)



5 6 ] EH S BT ARSI SR8 H 615

EI9" + E16"6"tan 0 = pghcos 0 + mgcos’0 =pg(h + ZLJ cos’ 0. (12)
i EEN T E LA T Jo i N
L=t H=ht, cy =P (13)
EI’ pl
B (13) A (12) , AT LIS B TE i 49 P s o O
0" +60'0'tan 0 = C,(H(t) + M)cos’0. (14)
HERE, T AR R AETE 6 {05 Cauchy X €, SN H () FIA EHF M A X
X T =M HEE SRS H () SRR o BERN
dH (- tan acos § + sin 6, 0 < a,
:{ (15)
dr 10, others ,

X TR S AP AE— I P B b, = tan - w/2, Fo o S0P I AN A 5 BE H (1) FRBRECH
dH _ — tan acos O + sin 6, 0 <a,h <h,
dr {0, others .
R T TGRS 5 RS2 AP BT B U | E R TR AR SZ () e B i W SR R RUBE R I P SRR 52
ST E R W, Zttﬁ,nﬁ}iﬁ/éﬁ( N, X T = MIEHEE G RIE SR T34 00051

(16)

W 2f H(t)de
_ f _ 70 (17)
(pgl’tan a) /2 tan «
W JIH(t)dt
RN=_'= - : (18)

W. h(l-h/tana) +h, +h/(2tan )
Wk AR (14) AT LIS EIZEASIEEL R 5 Cauchy #1 C, Z B BRI R, NI Mr 46 S 800 T A8 1K
FA L 05200,

2 HBUE K R

21 =ZAREMRNENERSERENSH

K H MATLAB 11 bvpde pRECW N (12) A TEUER i, T LA AT EEE M o 52 H E N+ M | Cauchy #X C,
HEAIESHN Z R R Y #A 2 I = ARG S ARSI (15) 0 4 Bos  FE— e (I EE
il o HEKTZH M 5 Cauchy £t €, T, i KA (12) 5 (15) , 7T LA 52 A9 A8 T8 5 3 18] (1] 4
(a)) R HEE A (B 4(b) ) 52 i BE A (18 4 (e) ).

40 0.10
0.1 ‘
30 0.08
0.1 0.06
I 6 20 H
) 0.04
-0.3
1 0.02
0.5 0 0
0 0.2 04 0.6 0.8 0 0.2 0.4 0.6 0.8 1.0 0 0.2 04 0.6 0.8 1.0
x/1 s/l s/l
(a) BT S55: F48m (b) BEMYEESA 60 Bl ARBRAE A 73 A0 (c) BE 1 38fnr S B H AR AR AR AL 1) 23 A1 1]
(a) The flexible beam deformation and (b) The distribution of rotation angle 6 (c¢) The distribution of pile height H

the external load
B4 Yo =30°,M=001,C, =10000N, =MHEMERTFZHRNLBIE
Fig. 4 The deformation of the flexible beam under the triangular pile fora = 30°, M = 0.01, C, = 1000



616 A R~ G SO | ) = 2021 4 42 5

E 4 Fa] DUE RS GRS AR T AR 7R R L 0 o3 i B H AR TR, A — e o B AR
ESRIPEEAR LG, PGt 1 A a7 B 2 Ay Sk 2 AR T T, DRy 1 AR 5 2 A 788 T T 488y 728 A 1) 5 T 38 o R — o 1 JEE
P o 5 HERFT M, W5 Cauchy 31 C, 5458 TEEC R (X RAF = AIBHED: 258 N MTHEA
LA (17) R WA 5 Fs.

10° —

K107}

1072 | | \
107 10° 10° 10*
C,

B5 Ha =30° M =001, EHELE N BE Cauchy 3t C, MAELE

Fig. 5 The variation of reconfiguration number ) with Cauchy number Cy fora = 30°, M = 0.01

M5 ] L, 24 Cauchy 8 C, /NS, N-C, IhLRFIEAFIE 3230 F 1, O 52005 dth K EE B 8K,
Cauchy £¢ C, B/ BERYARIEAR H /I | PRI R 32 80ms 5 MM GRS A AR [F]L 64 Cauchy % C, B, BIBEAS
LNIEE B 1080, 200 A T A SRR B | I R AR 52 18 2 At B B/ | R 5 A0 AR T2 % sl N2 ¢, 3
REN—EM LG (B E 100) , R-C, BXTHOCRMZGE I T — K H L i G S8R RI LL T IERIOCR .

N =cC,". (19)

MR (19) , AR TR Cauchy 2L C,, L, 7T LATIIN S0 32 BT RE 7K 32 1) fie K 3 A

FE(19) B — & WEEM o 5AEFRT M MR CRL M TARMEEMA o« SHEFET M,
XF M-, ik pyszm, anE 6 Frs.

10° 10°
107" 107}
K K
o )
10 a:30° 10 I
- —q=45
....... a=60"
10 2 " 5 4 10 2 0 2 4
10~ 10 10 10 10~ 10 10 10
Cy Cy
(a) %M = 0.01 0 FREHS o FR-C, M2k (b) o = 30° B, R A EET M F RC,y WLk
(a) The R-C, curves with different friction (b) The R-Cy curves with different gravitational
angles a for M = 0.01 factors M for o = 30°

6 M o 5HERT M X R-C, LA
Fig. 6 The effects of friction angle o and gravitational factor M on R-C, curves
MIE 6(a) AT LA, ¥4 Cauchy 5K C, B/, BVRASTR BN BESE AR o YRS W 2. L ¢,
i 100 I, BEEHEREFR o R MR Cauchy BCF AOSS MO O ke, BV 9 280 1 14 B £ e | 25
A7 A F) A7 8 A 0 FEE A0/ N AELIR I TET 6 () R T LR HY B 488 0 0T 28 R AP RE JBE (0 B2 e A S 35 A BT 6( D)
H1, 24 Cauchy 1 C, WCEU/MET, B0 F E A7~ M OS5 AT 8 O AT 52 3= DR O 2459 /Y A R MR
AR e A AR 2 & ARSI RS Cauchy £ C, FIBEK, A E P MR AR PEGE, G2 A0 i R



55 6 1] FH S FO AT AR RIS AT SR S b 617

K, R B S5 F9 AR TE 5 R o),
2.2 FREIMRMENTRERBE ST

MRRK LR T 1B, 5 =AM B HEVOE X #ifar 25— I AL S B b, 2065 2015 1
R FZA R (16) SRR 2.0 AN HILE 7 R T HC—E fH 1Y) Cauchy $8 EE# M K FEL S AER T
T RARIE S8 A (B 7 (a) ) RV L A (B 7(b) ) HaE iy B oA (B 7(e) ).

XFTRRIE oA, G 92 M 30— B EE I, AR A [ o 1) A P o, A7 S DA S = BE h, A AT, SR 5 38 T
REAR, R — 7 BAL AR B, S R AR L, 7K 32 2 far th KRR AIR.

U, B A o KIE w5 AERT M, 0] LA BIZEAIEE R 5 Cauchy $X C, Z AKX R, 41
Kl 8(a) 7R Bt B ILA , K S = M HEDR A A 2 R

N=cC,’”. (20)

K (20) M R%0.43 5=AEHESR(19) Z2800.8 I EL , 2 B0H B/ XIEH TEEMERERX T,
ARSI A7 A 1 5D 2k B AT R 2 L = R T HE S 2/,

& 8(b) R T EEHEM o MEEHAEIEEL R 5 Cauchy % €, MUK RN, Ha3 5 = ML MR 568, 78
AHIA] Cauchy %% CY—F,J’%%@ a K, G5 AR TR AL R A I 8 (¢) R T ZEAHIE] Y Cauchy %X Cc, I, HH A
T MR, 572 TR H NN a3 5 = AR SRR R 58 L 1w XF R-C, B2 R 7EE 8(d)
JRAELEARE Cauchy 21 C, T, Z5 A9 728 T 40 bt 45 1< T LU A RT3 A, (R i 2R i R S SEA AR ), BRI 58 LA
BUE(20) TR E R AL

01 40 . 0.06
30 0.04
-0.1
\A 0 20 H 0.02
-0.3
10 0
-0.5
0 -0.02
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
x/1 s/l s/l
(a) BERYARIE 55 a1 & (b) %L 0 BMEAFRAE (I 5310 (c) B a8t B H W AL BRAE AR 43 A B
(a) The flexible beam deformation and (b) The distribution of rotation angle 6 (c¢) The distribution of pile height H
the external load of the flexible beam

7 Ya =30°, M =001, /w =5, Cy = 1000 i, BIEHELE T MRS
Fig. 7 The flexible beam deformation under the trapezoidal pile fora = 30°, M = 0.01, l/w = 5, C, = 1000

10° 10°
xn X
107
107
107 10° 10° 107 10° 10°
Cy Cy
(a) Ya =30°, M = 0.01, l/w = 5B E5HAIEE R (b) M M = 0.01, l/w = 58, R-C,
fifi Cauchy %% C, H97AE4b 2R REEEHE S o 754K
(a) The R-Cy curve fora = 30°, M = 0.01, l/w =5 (b) The N-Cy curves with different friction angles a

forM = 0.01, l/w =5



618 A R~ G SO | ) = 2021 4 42 5

10°
g 107
/w=1
-=l/w=2
...... w=5
107 2 0 2
10~ 10 10
Cy
(¢) Ba =30°, L/w = 50,R-C, £k (d) Ha =30°, M = 0.01 B}, N-C, Mk
Rl 5 M ARk Bt 8 L 1w (1978 AL
(¢) The R-Cy curves with different gravitational (d) The M-Cy curves with different gravitational
factors M fora = 30°, l/w = 5 factors M fora = 30°, M = 0.01

B8 SitBIEE N 5 Cauchy £ €y ZIAIMIKHR

Fig. 8 The relation between reconfiguration number i and Cauchy number C,

3 SEEXT S AR

T B E AR B IE B SR T B (0 B B D AR PR B A B AR BR A T S5 AH S S I Rl A
C AP S 5 B PO 2R A0S LA P 9 J 7R 25 R 3 S B (DR 22 | BRIE 1 20T S 50 10 A PN 45 Ay B
A, NTTIE B T B A Ay T HE M,

0 0.1
v
0 M v
-0.2
v
-0.1
9\ _04 .‘)\‘
-0.2
-0.6 v experiment -0.3 v experiment
— theory — theory
08 04
0 1 2 1 1.5 2 2.5
Cy Cy
(a) WEBACHE SR RIIEMEE (b) ¥ EAETA I S /NS ATk
(a) Results of the yellow abrasive paper support and (b) Results of the yellow abrasive paper support and
glass microspheres with larger radii glass microspheres with smaller radii

B9 SEEEd 5 Ee T thzk
Fig. 9 The experimental data and theoretical prediction curves

L FA TR B AR N B SR IR R A S G L MLIX, RFXAEY) R AEE BUE  T Rl
Je QL 5 AT R 7K A2 L3k, PR e, 3000 s AP A 7K 52 149 3 5 Xk 7 5 KA o T A4 L Schmide 55
T RIS 105 T 56 RBAARI AR S R LA Y AS R BRI S BB i B 2 TR
BR T BB S A RE XU S A PR 2R 2 R B AR T Ll T OOk B SRR A E R TS S
WREMIA G AR | BRI 1025 I EE A | S8 A8 Kt AR DG BEEASEY  ARERIT T4 M AL T 0 N 5 4 1]
IIPSEA

_on _(PEINY _
R=C) = 2 =Cp". (21)

SCHRHIE R T T RISFRLRE (hyye ), BIRRASE b 35 BB SR LUARASE ) 5050 T RRURIK B8 88 2, TR s SCE 7%



55 6 1] EH S BT ARSI SR8 H 619

h"‘-ranc\ — Sl
BHCH R = S Hovh e, TR AR S

hSWE-ground
BRSO 25 MBI S i LA S5 SR A 10 FTR.
1.2
v experiment
1.0F . — theory

“seo. —m- 90% prediction bound

0.8
I 0.6

0.4

(a) 1L A v R ARAS 1 S 3 s 5
WAL R = 0.14p 707
(a) The comparison between experimental data for

subalpine fir and fitting curve R = 0.14p "2

1.0 v experiment
. = theory
0.8} .~ =77 90% prediction bound

E‘R

(c) e EEHNR AL 1 SE I8 5
AL R = 0.06p 07

(¢) The comparison between experimental data for

BEIE g ot RO E 0T S50 5 FE R

1.0F, v experiment
. — theory
0.8t ~._==--90% prediction bound

(b) BB TR Bl
WAL R = 0.06p77

(b) The comparison between experimental data for

lodgepole pine and fitting curve R = 0.06p ~*"

v experiment
1.2 — theory
Ve, =777 90% prediction bound
08N . T
R 2 . v v
0.4F=--__ R v ¥
e
0
0.04 0.06 0.08 010  0.12
P

(d) NGB 9256 Hd 5
WAL R = 0.21p 704
(d) The comparison between experimental data for

artificial branch and fitting curve B = 0.21p -0.40

Engelmann spruce and fitting curve i = 0.06p ~%™
B 10 HBHER R RS 5 ) T
Fig. 10 The predictions with the theoretical model for snow on branch
M 10 ol LI, f FARORR IR KGR AF R R, BRI BIR AR AR R R , I,
USRS 4RI AR R, AU B, 15 B8ORS 5 B T 0 1B S A — 2, Mt —
APUESE T PRI ARL B TR L L TR T B A2 e B SR ) B3, 5 2 SRR AR B PR I HAB S ROk 1B 1E 2 .,

4 4 e

ARSCWTE T Fe Mk AR RS2 B 13T R IS A I 5 R E0H Z A 5 2% | i BRI A5 B (EDR A
CEIDRIN o

1) RPERAEE BT VE T8 KA B B BRI 2 i 7 32 ) B ) 28k

2) TIRFNERZ MY Cauchy B i IR 4 M AL AL TR E A LS H IR B 2 [RIAF A AR U R &

3) BATHIEESE AR MR A ST LU R B H Y 2 R0 B G 50 S K ERE ) X S e 7R B Y rh b
AL EL.

M R A

R ALGI T B ARG RO B AR AT S M, SR R, b i (RIS SE R 0.04 m, A
AR PETERE N 0.041 m, UG HHZANIET AT FR. Al UL, B (D AROR 5 A 35 L 100 8 R TS LB RIS B =



620 | Mmoo 2021 4F B 42 45
El/w = 0.012 86 N-m .,
RAL BESE S RSN TE E H R
Table A1 The end moment and curvature of the yellow and black supports
yellow support black support
M, /(N-m) R/m™! M, /(N-m) R/m™
0 0 0 0
0.006 3 28.571 428 57 0.005 316 923 51.587 301 59
0.017 33.333 333 33 0.007 194 203 55.645 161 29
0.020 9 36.363 636 36 0.008 289 855 61.607 142 86
0.024 3 50 0.008 553 02 79.255 319 15
0.027 2 53.333 333 33 0.009 374 648 84.523 809 52
0.029 6 57.142 857 14 0.010 064 93.75
0.0315 61.538 461 54 0.008 871 91 148.333 333 3
0.03 v experiment )/ 0.010 -
— fitting curve 0.008
E 002 y = 0.006
& &
S S 0.004
0.01
v f002 v experiment
0 0 = fitting curve
0 20 40 60 0 50 100 150
R/m™ R/m™
(a) ¥ 304% (b) MEIHH
(a) The yellow support (b) The black support
B A1 STEERES ) EE LG 1R

181

W/g

121

10t

Fig. Al

The fittings of supports’ bending moduli

M & B

& B1 FRA T W SO AT BE AR S2 KBRS/ NER b B R E W S [ Z I &R R TER (1) AN (2) , iAo BRI
BEHE AR R 30.1° , /NER Y BEHE £ 29.1°.

14}

v experiment
= fitting curve

0.12 0.14 0.16 018 020 022

[/m

(a) 500~600 wm HIAEE
(a) Larger microspheres with diameters of 500 ~600 pwm
WP SR ) Joe R T AN B o

The maximum weights of glass microsphere piles on the rigid body

& B1
Fig. Bl

wW/g

v experiment \5
20 = fitting curve
v
16
12
8
0.10 0.15 0.20 0.25

[/m

(b) 125~166 wm f/NEE

(b) Smaller microspheres with diameters of 125~166 pum



%5 6 1 EH S BT ARSI SR8 H 621

M x C

FC1LE Q2 aRIFIH T KR ANERE NI ZetE 2 LA R E S W, W, RSN KE 1 s p K
F 1/w I Cauchy ¥ €, %5 B350, Hod KER A/ NER 5 B 73 5102 1 540 kg/m® F1 1 530 kg/m’ , 46 52 820514 0.095 m F10.02 m,
L MIEERH 0.012 86 Nom &, oM 324 AR 2 B = I S g A~ 2 1L
RO RERTERIM: 30845 F 0 S0P 1 ) e R 2 o o

Table C1 The maximum weights of larger microspheres on the rigid support and the flexible support

Cauchy number length ratio of length to width maximum load on the fiexible maximum load on the rigid
Cy 1/m V/w support W,/ g support W./g
3.315 039 538 0.023 0.208 877 28 80 383
2.775 032 615 0.022 0.243 802 14 88.1 361.358 6
2.303 851 846 0.021 0.263 940 7 90.3 342,122 3
1.895 384 615 0.02 0.291 743 84 94.2 322.886
1.543 802 615 0.019 0.314 013 15 95.35 303.649 7
1.243 561 846 0.018 0.358 214 29 100.3 280
0.989 402 615 0.017 0.402 749 71 106.8 265.177 1
0.776 349 538 0.016 0.459 460 16 113 245.940 8
0.599 711 538 0.015 0.515 869 78 116.95 226.704 5
0.455 081 846 0.014 0.578 883 9 120.1 207.468 2
0.338 338 0.013 0.633 792 68 119.3 188.231 9
0.245 641 846 0.012 0.654 385 96 111.9 171
0.173 439 538 0.011 0.716 483 05 107.3 149.759 3
0.118 461 538 0.01 0.756 188 56 98.7 130.523
0.077 722 615 0.009 0.777 720 97 86.55 111.286 7
0.048 521 846 0.008 0.796 846 08 73.35 92.050 4

R C2 /DBRAENIN: SR 5 M SO b o g i

Table C2 The maximum weights of smaller microspheres on the rigid support and the flexible support

Cauchy number length ratio of length to width  maximum load on the fiexible maximum load on the rigid
Cy I/m 1w support W,/g support W,/g
70.374 304 0.26 1.3 9.237 5 22.5
51.093 504 0.24 12 10.487 5 18.2
36.075 424 0.22 1.1 11.412° 5 17.45
24.64 0.2 1 11.962 5 16

16.166 304 0.18 0.9 12.337 5 14.1
10.092 544 0.16 0.8 1.7 13
5.916 064 0.14 0.7 10.737 5 10.8
3.193 344 0.12 0.6 9.725 9.4
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