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Abstract: A size-dependent quasi-3D functionally graded (FG) microbeam model was presented within the
combined framework of the modified couple stress theory and a 4-unknown higher-order shear and normal de-
formation theory. Then the model was applied to analyze the static bending and free vibration of FG mi-
crobeams. With the 2nd Lagrange equation, the corresponding motion equations and the appropriate boundary
conditions were obtained. A 2-node 16DOF differential quadrature finite element combining the Gauss-Lobatto
quadrature rule with the differential quadrature rule was constructed to handle the general static/dynamic
boundary value problems of FG microbeams. A comparison study was performed to show the efficacy of the

proposed theoretical model and solution method. Finally, the effects of the gradient index, the intrinsic length
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scale parameter, the geometrical parameters and the boundary conditions on the static and dynamic characteris-
tics of FG microbeams were examined. Numerical results reveal that the developed beam model and element are
applicable to the analysis of mechanical behaviors of FG microbeams with various slenderness ratios. Besides,
introduction of the couple stress effect can significantly change the static and dynamic characteristics of FG mi-

crobeams.

Key words: modified couple stress theory; 4-unknown higher-order shear and normal deformation theory; qua-

si-3D functionally graded microbeam; differential quadrature finite element
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Fig. 1 Geometry schematic of an FG microbeam
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Table 1  Material parameters of FG microbeams

material E /GPa v p /(kg/m*)
Al 70 0.3 2702

AL, 0, 380 0.3 3 960
SiC 427 0.17 3100
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U, 72 B A 43R, DQFEM A1 FEM Bt Al IRl AR 2 AT LA H DQFEM 5 FEM [ i 2% 51 5
Navier 410G LA, h/L/INSE L/h WSR2 8w, WIS, 3100 B 22008 RUBE 5800, 23 (A 25 R W1
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Table 2 The dimensionless central deflections of the SS FG microbeam for various gradient indexes

L/h =5 L/h = 10
n method
h/l = 8 h/l = 4 h/l =2 h/l =1 h/l = 8 h/l = 4 h/l =2 h/l =1
DQFEM 0.213 6 0.173 4 0.099 0.036 4 0.201 6 0.164 6 0.094 9 0.035 2
0 FEM! 0] 0.213 6 0.173 4 0.099 0.036 4 0.201 6 0.164 6 0.094 9 0.035 2
Navier 0.213 6 0.173 4 0.099 0.036 4 0.201 6 0.164 6 0.094 9 0.035 2
DQFEM 0.426 9 0.339 1 0.186 1 0.066 3 0.405 8 0.733 1 0.179 2 0.064 2
1 FEM! ') 0.426 8 0.339 1 0.186 1 0.066 3 0.405 7 0.733 0 0.179 2 0.064 2
Navier 0.426 9 0.339 1 0.186 1 0.066 3 0.405 3 0.733 2 0.179 2 0.064 2
DQFEM 0.800 8 0.666 9 0.402 0 0.156 5 0.323 9 0.619 6 0.383 3 0.152 1
10 FEM! 0] 0.800 8 0.666 9 0.402 0 0.156 5 0.323 8 0.619 5 0.383 3 0.152 1
Navier 0.801 0 0.667 0 0.402 1 0.156 5 0.323 9 0.619 6 0.383 3 0.152 1

3 45 T DQFEM F1 FEM Fr il (1) AL O,/ Al TIREAR AT KR 1 B .5 B 15 Bi JC 5 49 [ G 450 %
Bk, L7k =5,h/L=1Fn = 1. A3 ATLUE I, RN ik BT i 1 B A 40 e i 84, Bl S B i) 7
150, P I T A A0 3 P WA S A T AR % T = B [ 350%  DQFEM. A ISC skt A (2. 47 F FEM .k T f# B¢ DQFEM
MITHEARCRIL S, B 3 A T DQFEM 1 FEM 7£ 438 D) RE A6 B2 17 S i % [ b 31 20 B BT X 107 1% ot 4 2 (T
B RAR)G ) FAEBEIXTBLAL , L/h = 5,h/0 =1 Fln = 1,105 5% 5%, DQFEM FIF X1 A6 5 B8 2 P 251
A /N T FEM T 7 il AR R 45 VR 8, i DQFEM (4 Jot 2 0 I o WL 25, DR 7 9 A 31 3 Tl B i B A
R TR TE T DQFEM Fl FEM 7E 797 ;AL & LA 7E 25 5%, DQFEM #EHY Gauss-Lobatto K B A5 877
S TED DA M AE T A TR 4R s TSR RCR TR AT DQ v IR B B G AL R ASCFE AL s A 1
B SCHR [ 19-20 1 BF X6 4% 1] [F] 1 137 2846 BF Mindlin A1 Kirchhoff AR 500 2R B4 FRIC A9 RCR b itk A 7o
FARA 3T

F3 AFHITTHE T RORY 1B .5 B 15 Bk 49 A %

Table 3 The 1st, 5th and 15th dimensionless frequencies of the SS FG microbeam under various numbers of elements

N @ Ws @5
DQFEM FEM DQFEM FEM DQFEM FEM
4 10.224 0 10.224 0 64.623 6 64.637 9 170.441 0 173.455 0
10.221 5 10.221 5 64.548 5 64.548 8 169.147 5 169.149 7
12 10.221 3 10.221 3 64.539 5 64.541 1 169.091 8 169.092 0
16 10.221 3 10.221 3 64.539 1 64.539 5 169.078 9 169.081 8

20 10.221 3 10.221 3 64.539 1 64.539 1 169.078 9 169.078 9
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Fig. 3 Comparison of the common logarithm condition numbers of the DQFEM and the FEM
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Fig. 4 The through-thickness distribution of dimensionless normal stresses

in the SS FG microbeam under various gradient factors
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Table 4 Dimensionless shear stresses ?X}(O,O) in the SS FG microbeam

n=0 n=1 n =10
i DQFEM Navier relative error /%  DQFEM Navier relative erroré /%  DQFEM Navier relative error 6 /%
o 0.719 2 0.724 0 -0.661 8 0.709 9 0.719 9 -1.383 9 0.627 2 0.628 1 -0.139 0
8 0.654 8 0.658 2 -0.509 6 0.641 6 0.651 3 -1.4910 0.550 8 0.555 3 -0.8150
4 0.520 4 0.524 0 -0.695 0 0.505 3 0.513 6 -1.619 9 0.4110 0.414 3 -0.792 5
2 0.290 6 0.292 6 -0.686 0 0.279 6 0.284 0 -1.533 1 0.197 3 0.199 0 -0.865 4
1 0.106 0 0.106 4 -0.380 9 0.101 8 0.103 6 -1.722 3 0.060 1 0.060 2 -0.101 0

F5MAII TR L BRI b x b B AL O,/ Al SIREREEEWERTE SS Al CC Y 5 R B 4N iR k%
JE 100E, bh*w(L/2,0)/(qL*) RMEER TR, SBEEEHEE n 8038 h/L B INET, Tt 4958 B 1 K, i 2 R
WIS 38 K 2 S BOR N BE /N I Ak, T N B R A K A0 H Lk B93E R ImsN.
F5 B HERCT SRR SO 19 T R A

Table 5 The maximum dimensionless deflections of the SS and CC FG microbeams for various parameters

h/l
boundary type L/h n . . . 5 |

0 3.204 3 2.978 8 2.459 7 1.450 4 0.551 6

5 1 6.242 9 5.739 6 4.622 1 2.600 4 0.950 0

10 10.984 1 10.258 8.574 4 5.207 6 2.047 3

0 2.959 8 2.758 3 2.290 5 1.364 8 0.521 7

SS 10 1 5.8300 5.3719 4.347 1 2.465 7 0.903 1
10 9.868 1 9.274 9 7.860 9 4.891 8 1.9529

0 2.898 7 2.703 1 2.248 1 1.343 5 0.514 8

20 1 5.726 8 5.279 8 4.278 1 24322 0.892 3

10 9.588 9 9.028 1 7.681 5 4.813 4 1.9315

0 0.858 5 0.789 7 0.645 2 0.386 0 0.161 6

5 1 1.613 5 1.4723 1.182 4 0.686 5 0.279 9

10 3.2107 2.9107 23126 1.323 8 0.534 3

0 0.644 7 0.598 2 0.496 0 0.301 1 0.123 8

cc 10 1 1.252 4 1.150 7 0.933 1 0.543 8 0.215 8
10 2.223 8 2.067 5 1.722 6 1.056 8 0.435 1

0 0.591 6 0.550 6 0.458 0 0.277 2 0.1112

20 1 1.162 7 1.070 6 0.869 0 0.502 3 0.193 6

10 1.974 6 1.852 3 1.568 8 0.983 4 0.404 2

3.3 et ERERM B BIRIIS
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Table 6 The 1st dimensionless natural frequencies of the SS FG microbeam

n

method

0 0.5 1 2 5 10
FEM[?!] 5.161 8 4.424 0 4.007 9 3.644 2 3.4133 3.290 3
DQFEM 5.161 6 4.4253 4.009 4 3.645 1 3.4109 3.286 6

7 FIH T AR JC R 4R EE TR D REAR B RS IR AT HT 10 B Jo i AN A R AL Lk = 20,0 = 1.8
ER IR, ROV A R FE A AR BAT W50, 24 h/1 = 1 I RBERON B, 24 h/1 > 20 I RUBEON X [
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Table 7 The first 10 dimensionless natural frequencies of the CF FG microbeam
h/l
mode
1 2 4 8 20 40 100
1 3.824 1 2.328 7 1.758 6 1.583 6 1.530 9 1.523 2 1.5211
2 23.788 6 14.467 7 10.914 7 9.823 2 9.494 7 9.446 8 9.433 4
3 53.424 5 39.978 3 30.109 2 27.073 3 26.159 1 26.025 8 25.988 4
4 65.846 4 53.407 6 53.334 1 51.714 3 50.035 9 49.783 6 49.712°5
5 126.984 9 76.969 6 57.891 8 53.604 0 53.500 6 53.493 1 53.491 2
6 160.229 3 124.532 3 93.287 6 83.621 4 80.703 1 80.277 3 80.157 7
7 205.975 4 160.257 5 135.757 0 121.432 9 117.100 2 116.467 7 116.290 0
8 266.881 7 181.877 2 160.111 8 159.625 9 157.498 7 156.829 1 156.629 3
9 301.304 1 248.159 0 184.585 4 165.163 8 161.252 1 161.039 4 160.991 3
10 373.402 8 266.882 8 238.622 6 212.380 4 204.384 3 203.214 9 202.886 2
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Fig. 5 The Ist dimensionless natural frequencies of the SS FG microbeam with different gradient indexes
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Fig. 6 Size effects on the 1st mode shapes of the CC FG microbeam
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Fig. 7 Effects of the gradient index on the lst mode shapes of the CC FG microbeam
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