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Elasticity Solutions for Cylindrical Bending of Functionally
Graded Piezoelectric Material Plates

SHEN Lulu, CAI Fangyuan, YANG Bo
( School of Civil Engineering, Zhejiang Sci-Tech University, Hangzhou 310018, P.R.China )
(Recommended by CHEN Weigiu, M. AMM Editorial Board)

Abstract: Functionally graded piezoelectric materials (FGPMs), combining the properties of functionally graded materials
and piezoelectric materials, provides a new idea for multi-functional and intelligent lightweight components, and has broad
application prospects in electronic devices. Based on the elastic and electric equilibrium equations, the Mian and Spencer
functionally graded plate theory was extended from elastic materials to piezoelectric materials to study the cylindrical
bending of FGPM plates, where the material elastic constants, piezoelectric and dielectric parameters were assumed to vary
continuously and arbitrarily along the thickness direction. Accordingly, the elasticity solutions for cylindrical bending of
FGPMs plates under the uniform transverse loading were obtained. Numerical examples were given to demonstrate the

piezoelectric effects on the static responses of the presented FGPMs plates.

Key words: piezoelectric effect; Mian and Spencer plate theory; cylindrical bending; elasticity solution
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B, 1987 4, FACRRE SOBEFE 2 3 U BB BDRE (FGM) 3 —HE&™. FGE R B0, 20

Ji FUBARH DA EL [ 1) 7 - R 6 A S T 18 TR 2 P RE AL, T 2 A i SR sl A REAR 1, 2
P REFIE A7 i

DIREM: BERE &S | A HRTRL, TE B RERR EE F fa A4 RH (FGPM), DU He H 52 G R 2 43 RO 45 46 Bt 2 [ 7T LA
ke, BEMS RS s i 52 5 BAORE rP DRLAS [ A A8 ) 180 AN 2 25 T ol ) 87 8 w85 Tl e, AT B e e A A

=]
S R R FGM S5 M S B AR 1 ) et 22—, R, X FGPM Al 254425 it ) R A 5 LA 22 1
FS RN A E. 14, SAHDES BT Soldatos MBS, SR HZ A RIAYHLRAS 25 ML IFIE T s sl 2 15 1E 2845
] S PR DT RS BEAR AL TR S AT B TG 19 2 U2 GBI, Almajid S BT TR FI2E R B Bl 451

I S35 R AM A%, I A BROTASE A HEAT T 50 3IE. Zhong %57 i #d: BR R RS 25 R 45 1R 1 U4

%

X FGPM H (kG . Navazi 46 LK Tahani 57 @435 A von Karman JEZ&ME R AR, BF5T T 1 S DI RERS AR
AR LR AT TR A5 . Wang 251 LT =2 Fe FU IS, P A Ak Bt T 8 A A ) [0 A ) Sl ke ks i 2647 T 4B it
55, A58 T A TH 120 2% 14 RS B e A ] S S A D 5 s R B0 AU, (Pl 20120 Pk BEE, SRFR
BASEE, IRAG T 1E 2845 ) St ME T B R B A A I T 2 1 g 28V FH T A% 180 25 il 7] i /) Peano-Baker 28 Li
LGRS i, XD Re R R AR R AR 9 2 il R T TR, AR T A el R S SR T ) = G A
Mrfife. Li A1 Pan' B T1& IE ARG 0 S FIIE SZ M6, W9 1 17 2 1R FR S RE B BE ot 0 2525 i, 7531 T HLI
X RS . W7 IR, Zenkour A Hafed™ ST = 4E1E 5% Y V1A BRIS, X FGPM A A0 25 i 45
PEVEAT T VR A5 HT. Dehsaraji S50 56T =5 B 85 UI AN 1) nT AR TE AR RIS, 1] FH K D) R A4S 4316 FGPM Al i)

AT R EIEA T T OF5E. B S TR R SN AL b BEY, WIS T DI REA EE G A A AL ) 25 i ) A
VP2 TREXS G 0T LR AL SR Al A i 2 iR L AE Z BT AR b, ZE#06 Mian Fil Spencer LI fiE
1

BREEAR St AR b T 3R JE I JPIRAS T 8 7RI L2 ) AT 4R, B4 1 IEAS A 1) S I RE A AR

R TR 25 A 10 B0 1 30 2 A0 % S ) F T R 3 A B RH S T FGPM, 3 T4\ 5 9 Mian il
Spencer DIHEREEEHTIIE, 44 H T RE I B A5 AR VEFI R FGPM MOk I3 i FOO M )20
FGPM A T 25 i 44 i)

% JE—NAF R BL ) FGPM A, 75 LT K1 73 VR I AT 4K g, F1 go, WAL 1 PR 0w <, —c0 < y < o0,
B, 0, Ters 072, Dy DIPNFTR O LRI S FIRL A% 704

—h/2<z<h/2, AR R xOyF- -SRI LT (2 = 0) B4, BUAFZARAL TAE T2 #PRES. 7ez = —w/ 24, o, = -,

T =0,D,=0.TEz=h/20, 0. = —qp, 7.x = 0, D, = 0. wHllw 53578 xJ5 81 Ml 7 1] B 73 i, 37 HaL 3 Y F,
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Fig. 1 Schematic diagram of the FGPM plate under uniform load
FERIASCWTFE B IE AL 4% 1] S PE A SF TR FGPM A, LA y J7 1] AR B NS oz KT x Al 2 J7 1], £EA [6]
P BRI, AR SO FE B IR R n] LA S — 4 A2 [RDER T R, BRI RS o, L, )
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ZMEARTRT, SRAfE 12— Ak ) R 35 g 21 g ™)

Oxx+Tuzz =0, Tygx+0,,=0. (1
Gauss Hi, -1 5 FE ™

D,,+D,,=0. 2
1EAE A% 1) S e H S AAR ) A Ay i A )

Oy =Clillx+C13Wo+e31d, 0r = C13Ux +C33W o+ €33 7, Tox = C55 (U + W) +e150 4, (3

D, =e3ju,+e3w . — 330, (4)

K, o PRSI B EL, e MR HLHER, & AT HLUR B, Y 28R B, Bllei; = ¢ij(2), e = € (2), &ij = &1 (2)-
FF Mian 1 Spencer IHRERSEEARFRISY, 31 TR L =0 (1) F1 (2) iyan F I #435.
{M (x,2) = @(x) + F (2) o + AW + B2 W rxx,
w(,2)=w@)+G @i, +C @)W+ D(2).
Z WL, i FGPM b 1 s 37 i il R4 an T =040 A5 -
¢(x,2) = ¢1 (il x + P2 (D)W 1 + B0 (2)- (6)

K (5). (6)H, A(2), B(2), C(2), D(2), F(2), G(2), ¢0(2), d1 (2), b2 ()P N TR REL.
F=C (3) Fir (@) LA () F1 (2), 1%
oy =i(ci1 +ci3G" + e310) + W (cl1A + ¢13C" + €3105) + Fe11 gy + BC1iW xoxx + D13 + €314,
o, =i (c13+ 3G+ ex3d)) +W o (c13A +¢33C" + e33¢5) + F 13t yox + Beisw gy + D33 + €330, D
Tox = U eless(F +G) +e15¢1]+ W eless(B' + C) + e1sda] + W i [ess (A" + 1)),

{Dx =i leis(F' +G)—e11¢1]1+ W axleis(B' + C) — el +w i [e1s(A" + D],
D, =i (e31 + €33G" —330)) + W (€314 + €33C — £33¢5) + €31 Fil xxx + €31 BW i + €33D" — £330+

D, 2615(14 +Wx)_8|1¢xa

(5

(8

=X (7) 1 (8) AR (1) 1 (2), IF4

[ess(A"+1)] =0,

cii+c13G’ + e31¢) +(css(F' +G) +eis¢1) = csskq,

cnA+ci3C' +e3dy +(css (B +C) +e1spr) = csska,

(c13+¢33G" +e339)) =0, 9
css (A" + 1)+ (c13A+ c3C +exdh) =0,

(€31 +e33G" —e3307) =0,

eis (A" + 1)+ (e31A +e33C" —e33¢5) =0,

U xxx = K3, (100

W xxex = Kés an
Loh, BbR <7 R AR R R k1, ko, ks Fll AT HE AT (1) 1 Q2) Sk

K1 xx + KoW xxx = 0, (12)

[ess (F' +G) + (Feiz) + ersn | ks +[ess (B +C) + (ci3B) + ersal ks + (D + exsdy) =0, (13)

leis (F"+G) +(Fes1) —endi] ks +[e1s (B + C) +(e31B) —enda] ks + (633D' —833%)/ =0. (14

=L (10)—(12) A5

K1K3 + koks = 0. (15>
Xt (10) A1 (11) B4y T 45

w(x) = %/qx + éClx + ;CQx +C3x+Cy, (16D

i (x) = -K3x —%QClx +Csx+C, a7

KRG = 1,2, 6 BUMEEL, ML AIFRE.
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W% 8 FGPM Mt b F 1l A1 A& 1F: fEz=—h/24L, 0o = —q1, 7. =0, D, = 0; fEz=h/ 24, 0. = —q»,
7,.=0,D,=0.
= (7) B (8) o, T D, IFRIRACA LR 251, rIS R~ IE X myih F55
A (£h/2)+1=0,
c13(£h/2) + ¢33 (£h/2) G' (£h]2) + e33(£h/2) ¢ (£h/2) = 0,
13 (£h/2) A(£h/2) + ¢33 (xh/2) C' (£h]2) + e33(£h/2) ¢, (£h/2) = 0,
{c13@) [K3F (2) + k4 B(2)] + ¢33 (2) D' (2) + €33(2) ) (2)}e=—1y2 = =41,
{c13@[KF @)+ k4B +¢33(2) D' (2) + e33(2) ¢ (2)}=iy2 = =42,
cs5 (£hf2)[F' (£h/2) + G (£h/2)] + 15 (£h/2) 1 (£h/2) =0,
css (£h/2) [B' (£h/2) + C (£h/2)] + 15 (£h/2) $2 (£h/2) =0,
e31 (£h/2) +e33 (xh/2) G’ (£h/2) — £33 (£h/2) ¢ (+h/2) =0,
e31 (£h/2) A(£h/2) + e33(xh/2) C’ (£h]2) — £33 (£h/2) ¢, (£h/2) =0,
e31 (2h/2) F (£h/2) k3 + e31 (£h/2) B(x£h/2) k4 + 33 (£h/2) D' (£h/2) — £33 (£h/ 2) ¢ (£h/2) = 0.
A wlw AR T AR, Bl (x) = u(x,0), w(x) = w(x,0), 2 (5) AIF%
A0)=0,B0)=0,C0)=0,D(0)=0, F(0)=0, G(0)=0. (19)
FIHFR L (9). (13). (14) DL A48 (18) R &R K (15), A€ A (2), B(2), C(2), D(2), F(2), G(2),
do QMIFRIB L H ik (i = 1,2,3,4), HFRIBZILH 5. %o (o) 9 H B D05 S5 - BA K, EXT A P g N
FIFHLALFE TCFEM . 2> ¢ (0) = OF] A5 Dol I, HAAK ULfT 5.

2 AL EEEL YRR
FUTIBE IS (7), AN FAREGAIIIN,  5EM 199 11 Q bt

(18

h/2

Ny = j . 0 dz =Njii x + N3W yx + Nsil yxx + N7W _sxxx + No, (20)
h/2

M, = f W2 ozdz = Mllz_t’x+M3W’xx+M5ljt7xxx +M7W,xxxx + My, (21)
=n
h/2 B ~

Qx = f—h/Z szdZ = Qlu,xx + Q2W,Xxx’ (22)

=
hi2 ’ ’ hi2 ’ ’
Ny = Lh/z (cr1+ei3G +esid)dz, N3 = Lh/z (c11A+c3C" +e3195)dz,

h/2 h/2 h/2 , ,
Ns = f—h/zc”FdZ’ Ny = f—h/zc”BdZ’ No = j—h/z (13D + endo)dz,

h/2 , , h/2 , ,
M, = f_mz(cu +c13G" +e31¢)dz, M3 = f_h/zz(c11A+c13C +e310,)dz, (23)

Ms= (" crzFdz, My = (" cnyzBdz, M= [ (cisD’ o
= \[,h/zcnz Z, 7= J;h/ZCnZ 2, 0= th/z (613 +e31¢ )Z Z,

h/2 , h/2 ,
Q] = J—h/2 [C55 (F +G) + 615¢1]d2, Qz = f—h/2 [C55 (B + C) + 615¢2]dz.

AR EAE FGPM M AR T 1 50T LA DL T 28R L R S L (S). B —28 [ 3 L (C1)., 58 2K [
SRR (C2) A A LA (F), B

S: u=0w=0,M,=0, (24
Cl: u=0w=0,w,=0, (25
C2: u=0,w=0,u,=0, (26)
F: N,=0,M,=0,0,=0. Q7

SE SR _L 1~F- 2 e (6 A 2k 3N
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L1 e _ i
D= 7)o D,dz = Dty + DaW yixs (28)
X
/2 ) /2 )
D, = f_h/z leis(F'+G)—en1¢1]dz, D, = j_h/2 [e15 (B +C)—&11¢,]dz. (29)

4 FGPM HRHETHIE Ft 1 (=0, (P (B D = 0, FEIL AT o) (o) Flgs (R, TE I,
3 BUaRHIS ot

KT, BIATCHRREW = WwE/ (qh), 7, = 0 /qMT, = T../q.
3.1 LRWIE

R B UEAR SCAR A 350, 055 TR FGPM AR A6 R 35 500 B Fa AR . SR R AT FR TR 4 ABAQUS,
TR 1) AT fr g = 1% 108 N/mAE R PR o 177 S 34050 1 B A A A BIR TS A8, A% BT 28 A C3DSE, Hitsit
PE 5 1 E = 70 GPa, Poisson v =0.3, [ H % $e3) = —5.2 C/m?, e33 = —15.1 C/m?, e;5 = 12.7 C/m?, 4 HL 5 %K
e11 =6.5x 107" F/m, £33 = 5.6 X 107" F/m. X [tz = OB Y JCEE NI AEW (W3R 1) B, A SO 58 BROTAUl 45
R AL R AT, TRZEUHE 0.55% LA,

F1 2= 0L MYLIRIREW X 1

Table | Comparison of dimensionless displacement W at z = 0

x 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

this paper 0 61.162 115.183 157.221 183.821 192.924 183.819 157.223 115.184 61.159 0

FEM 0 61.164 114.669 156.379 182.810 191.863 182.822 156.384 114.670 61.164 0
errors 6/% - 0.003 0.446 0.536 0.550 0.550 0.542 0.534 0.446 0.008

Navazi %5 WF5E T D REAH AR A0 A L6 AT 1 2 i 1) A5, AR S0 FGM gt pl 285 SR -51% SCiR 1 2 M g kA 7
TXF LG, S5 ANER 2 FEE 3 Fow, Hid n SRR R T
x2 n=0, z=0 AT ERNNIFE wi XTLL

Table 2 Comparison of dimensionless displacement at n=0, z=0

X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ref. [22] w/h 0 0.195 0.377 0.520 0.612 0.652 0.601 0.512 0.385 0.205
this paper w/h 0 0.208 0.392 0.533 0.627 0.658 0.628 0.537 0.391 0.206

£ 3 n=10, z=0 ALMTCEMEIRE wih XL

Table 3 Comparison of dimensionless displacement at n=10, z=0

X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ref. [22] w/h 0 0.582 1.086 1.488 1.747 1.826 1.750 1.480 1.094 0.605
this paper w/h 0 0.633 1.192 1.618 1.905 1.997 1.907 1.632 1.187 0.627

AT DA B, AR SO SRR A W A 1B 0 AT, DTITSRHIE T AR SCRRE A R,
3.2 FGPM R&ZHHEHIEA
FET R, Z IEAEAR bR Z A H g, = 1 x 108 N/m*EH Y FGPM 4. U = 1 m, h/l = 0.15, BRI 3LPE
JEHURIA B S B RS BE 7 [ Y5 A AR b 2 BHE BRI
Cij= Cel DM j=1,2,--- 6,

eij = el M j=1,2,- 6,
£ = &)l EHHIINA, i,j=1,2,--,6,

A, €, €, &) 1 Nz = —h/ 2R YRR S B 250, s Fi o ORI FRL 28 AR BE DR 7, oA R AN 2
5 X5 a =0, [k AL 2y B8R B ARR Ak O T AL 2 2] AR HUCY,) = 139 GPa, € = 115 GPa, CY; =74 GPa, Cos =
25.6 GPa, ¢} = —5.2 C/m?, €3, = —15.1 C/m?, &Y, = 12.7 C/m?, &%, = 6.5x 107" F/m, £3, = 5.6 x 10~'! F/m"*’,

2 45 T A= =5,0,510F, PR S FGPM B (4 JC 5 20057 7% O 189 5341 , [a] IRERH R A 2% 1 He H 28007 (9 45
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PE o3t BRZH (B FGM ARrn, T[] #EAT HUB. AT LA B JEEBE 7 1] (x=0.5) Y JC 40 (62 B8 O A7 B 8. IX 31
FIEERRN G, TR WAR UREIR T 25.46%~91.92%, Horbr, Jo it 4RALHS O KA1 ) it B2 B 46 A SR A 3 i
K; FGPM HFll FGM A5 B 7 ) (4 v T (2 = 0) TC e 2N 8% O W 4k DX, 2% B AN =, e 2N B8 U

5T 17.37%~30.26%.
~u—,=-5(FGPM) e 1=0(FGPM) A }=5(FGPM)

—o— A=-5(FGM) —o— 1=0(FGM) 4= A=5(FGM)
: 5=
() 0012
-0-0-0-0-0-0-0-0-0-g-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-
0.006 - )
25.46% ........l.' PR
= 0.008 -
0.004
7 g
0.002 - 0.004 . /._
‘ /D '
A-04 0 04 " (b)
0.000 p-o0-0-0-0-0-0-0-0-0-0-0-0-Q-Q-Q-0-Q-Q-0-0-Q-0-Q-0-Q-Q-0-Q( g’m
AL LAALANAAAAALDALDLDLDDLDALDLAALALAL-LA-D-D 0.000 p—n= —a~a-a—a—a—@—m—m:m:@:msm~@7@7@:@7@7@|
-0.50 -0.25 0 0.25 0.50 0 0.25 0.50 0.75 1.00
z/h x/1

2 RO A
Fig. 2 Comparison of dimensionless displacement
Kl 3 45 T A= -5,0,50F, Wi s2 FGPM AR A JC it 4948 B WK 23 A W] LR BRI JEE B 7 ] (x=0.5) Y JC it
B WA X 5, 5 R HL RN SR, TC R WK T 23.62%~24.93%, FGPM AR il FGM AR i 85 1 7
[ (R T (2 = ) TG 4958 B2 WA WL D), 25 I8 TR F AN I, oI 2B RE WA T 24.11%~27.40%.

= 1=-5(FGPM) e 1=0(FGPM) 4 )=5(FGPM)

—o—)1=-5(FGM) o A=0(FGM) = 4=5(FGM)
3200 (él,l 9°0°9-0-0-0-0-0-0-0-0. 0 0-0-0-0-0-0-5-5- 051 00§ g | 3000} (b) /n/D/D'"D\j\
lzs.ﬁz% S 140
----- / \
2400 ¥, wnnmn o R NUR
------------ 2 000 L D/// ./.,,,,r ~ . \\\D
W 1600F T | D/ \D
1000 -
8001 24.06%
24.93% e 24.119 '
8698 sfziafsfstsra'aat:*s#: e e Va %5 '699%‘ o6 QA: .
OIAAAAAA-AIAAAAA—AA%A AAAAA‘AAAAL\AAI 0 ;W Q i Q —A**A*A*—A———fxrg'lﬂ;}
~0.50 ~0.25 0 0.25 0.50 0 0.25 0.50 0.75 1.00
z/h x/1

B3 TP W N LA
Fig. 3 Comparison of dimensionless deflection W

Bl 4 25 1 T A= -5,0,50F, W3 {8 52 FGPM AR A4 TG 18 4K 1E 1 F1 &, R TG 8 4R B 1% 7 7. 9 20 A o] LA & B
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