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Abstract: Aimed at the coupling transition relationship between the periodic motion, the tooth surface impact,
the non-meshing state and the dynamic load of straight bevel gear systems with backlash, the 2-parameter plane
with respect to the time-varying meshing stiffness and the frequency ratio was built based on the cell mapping
principle. Besides, the improved CPNF ( continuous-Poincaré-Newton-Floquet) method was applied to solve
the solution domain structure of the periodicity, impact, non-meshing and dynamic load characteristics of the
system cells. The simulation results show that, there are plentiful bifurcation modes with 3 kinds of tooth sur-
face impacts coexisting in the 2-parameter solution domain structure, including the saddle node bifurcation, the
Hopf bifurcation, the period-doubling bifurcation, the catastrophe bifurcation and the period-3 bifurcation. The
tooth surface impact and chaos will intensify due to increase of the time-varying meshing stiffness coefficient.
The tooth surface non-meshing, the tooth back meshing and the dynamic load coefficient will exhibit mutations
under the influences of the tooth impact and the periodic motion. Meanwhile, in the same domain, the tooth
surface non-meshing and the tooth back meshing will weaken with the frequency ratio but heighten with the

stiffness coefficient.
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Fig. 1 The bevel gearbox
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il AR RS S AN 1 % 3l B 8 S ARIE A X, Y, Z,, X,, Y,, Z,.,60,, 6, } .
FIEIRSN IR KR AT S 2 B S ER B LRz A,
A, =X, -X)a, - (Y, =Y, )a, - (Z, +1,0, -Z, —1,0,)a, —e (1), (1)
A, @, =cos§ sine, ,a, =cosd,cos a, ,a, =cosa,,80, NEMRTHEM , o, MIEHETIA,ry,r, APIFIITT
AR R R RIS LR B IR 2E e, (1) RIT ALY

N
e (1) = ZAlcos(l.th +d)), (2)
=

A, 0,4, R @, WGE AR 1 B RE (E RAD A AL
WHRIRIMGS ) F, MR B o0 1 F L F RV F, 23500
Fn = kh(t)f<An) + chAn ’

F.=-F (sina,cosd, + cosa,sind,)=-a,F,, (3)
F, =F (sinasind, - cosa,cosé,) =a,F,,
F.=F cosa, =aF, .
FHSCER[ 15 135 &, (¢) I HZEURIT A
N
k(1) =k, + X kycos(Udt + D,)), (4)
=1

X, kL k, D, %%élﬂﬂﬁ%ﬁj{ﬁ L BT BIEE R AR AL S5 G S RS R AR TR ORGSR 2R AR Sk
— B A TR B
[ B PREL f(A,)
A, -b,, A > b,
fA) =40, A, |< b, (5)

A +b,, A

B2 A

Fig. 2 The nonlinear dynamic model for a spiral bevel gear set
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m X, +c, X, +k, X, =F_,
mY, +c,V, +k,Y, =F,
mZ, +c,Z, +k,Z =F,,
Jla.l. =T, - Fr,, ©
m,X, + ¢, X, +k,X, == F_,
m,V, +c,V, +k,Y, == F,,
myZy + cody + ko2, == F_,
J,0,=-T, + Fr,,
K, mymy, T, 0, PRI T RS S

FHVE WG A RIS LR GG IR2E A, VBT B H B KX (6) ik A iRy 2 5 0145

—a,(X, - X)) +a,(V, -Y,) +a,(Z, - 7Z,) + A, +a,e, A /m, +ak,A /m, =
Fo/m +F /m, +eé(t), (7)

X WA EROR I m, = 1,0,/ (1], +r3]) ; Bahiem & I MRSy F =T, /r, =T,/r,,F, =
Tmori/Jy = X, fucos(Iut + @) 0 WIMRBHIIAR, £, T @, Iy 1 BT BRI

4 R T BRI A — A B4R
X+ 280, + 20,8, A + kx, +agky, f(A) =0,
Foo+ 26,5, — 2as€ A + Ky, — ask, f(A) =0,
Fo+ 26,03 - 2a,6,h + Kz - ask, f(A) =0,
%y + 28,0, = 2a,E,A + kox, — agky, f(A) =0,

Vo + 26,0, * 2a5€0A + kpy, +ask, f(A) =0, )
Z, o+ 26,5 + 2a,6 0,0 + koz, +oask, f(A) =0,
—a,¥, +a, taE tak, —ay, — ayi, + A+ 20,6 A + ask, f(A) =
Jom T f +fPcos( ),
K
x,=X/b,,y,=Y/b,,z=2/b, A=A/b, 0 =(k/m)",
0. = (ky/m)"?, & =c./(2mA), k; = (2/0))7, i=x,y,z,j=1,2,
&, = ch/(ij.Qn) , khj(’T) = kh(T)/(mjﬂi) , €, =¢,/(2m Q) ,
T=0, 0=0/0,,f,=F,/(mb 2), f =F /(mb2),
al kkl
fo=A bk =1+ Y, Scos(ir + @), b=b/b,,
=1 vy
A-=b, A>Db,
SA,b) =10, A<D, (9)
A+b, A <=b,

b, WHFRIEIIE,
2 RGhASRE BAE bR
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JBimk (1=0,1,2) IRZE0] dras s R A /NS 2R G822 A, S DUTEIER b U0, HA W=

O’ Amin > b<n0 impact, meshing) ,

0, A, = b(tooth surface friction slide, meshing)
I=41, |A,. | < b(unilateral impact, non-meshing) , (10)
1, A, == b(tooth back friction slide, non-meshing) ,

2, A, <= b(bilateral impact, tooth back meshing) .

JEm 5 23 Lt (non-meshing duty coefficient, Sy, ) FIPG T M A L (back-meshing duty coefficient, 8yy,.) &
AL R GG e EAE A E AR A — s S R T BRI E] A o, G £, DU 6y, AT
5HMDC ﬂg

Oxwne =4/ T, (11)
Opyne =1,/ T
22 HMERHE

TR SR B BT b 2 TR R IR 3l T B sl A MG ) RS DR A4 DR EOPR 2 8l 82 %K ( dynamic load coefficient,
o) « 2 SURWIEE MRS HANEL 5 B 2 N 3R A Sl R O3 2352 2%, D 2 Hh T B AT s 22 1 2 o 80 288 2%
enysem g G N B KRG 1 | f,(7) | FFME £, Z RF IR s R AL

Soie = /1L (T) Tos/om =/ LB F(ALD) + 264 | /o - (12)
3 SR ISR SR i

SRR S P SR At 2 5 T it Bl S S RS S 0T TR AT M O B, M 5T P okt S 2 B2k T CPNF 74 2B
SR ER AR AT I JE 2 2 1) S 80U R 45 1) AR I8 Rt R b PR B I A | s R0 Zh R i 2 B0 s F R
fiff LA AR S It B AT
3.1 ST

X £ 2y, AR B3 1= R G AT HEAR N

X(7)=f(X(7),y,,7)=f(X,y,,7 +T), i=1,2,-,K; 7 e R, (13)
A, X O n 4RIRZS MR 7 I E],y, e RY WRGERY k DMERISEL, £ omehk .,

Koy HTESAL y 55 O B ) DCIRMILR 26 [ o' o ] x [y, 9" ] ZHESHU8 0 WX SEE AL n x m A
BTT, BEM R e (i = 1,2, 05 j = 1,2, m) JHA o'y Al " S3BIFRIR v,y 7 A RURIZE 55 b,
NEHUAE x,y J7 A KETC Ry T T BB RUEE Ry b h

h,=(x" =x")/n, i=1,2,--n,
{ (14)
hj=(y“—yl)/m, j=1,2,-- m.
TESHIE O W, N« FFIRTHE] x,y T ESEAEHECR «,,y, H
x, =x' +ih,, i=1,2,--,n,
{ (15)
yj2y1+jhj, j=1,2,”',m.
N3, O P EEUG 94 HTT («, ,yj) TAE N
(xr)ayo) (xl’y()) (xn’y0>
(xoiyl) (x]jy]) (x,,iyl) (16)

(x()’ym) (xl’ym) o (xnhym)
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SRR 0 WA KETCHY SN 1277 R I CPNF YRR ERSR A, 1 S5 T « 7 1WA LT (x, ,y;) FHONA S AL
PNF 35 AT R Geia s SR T HIR s SRS » 5 A b, BEATAE 4RI B Floquet &1 A 1, H
Wi s SAREVE S 1 AL, > T I EIE SRR AR IR0 (v, y, ) AR IR AR B A B 20 25,2680 5
PNF 3 BR300 , 25 R S SR80 1o 1 7 (L D 1M T oA TR UL R UIARAS (WTH Floquet 3fe—1- Al
Lyapunov 188K ) 18 (x,,,,y,) HOCALFEFORE FIEOFIBER B o 500 M58 x J7 B RIS , i y J7
i) s E— S AR TE B OR i | 1 20 Py 434 o
3.3 HMTEMARERERIRE

CPNF 2 i SR A AR 1) O R O RE 20 (17) IR E

X

d :f<XK77)7 X € R”’

i (17)
@ _fXD) | o e
dr X lyox, ’ ’

X, @ =DP(X) NEGIMETHEE, HARZE TR Jacobi EFF of(X,7)/0X 1 X # +b W4 BOLH X
p)

diag[ A, ,A, Ay AL Ay AL ] A, I

flX,7) = {0} {0 1} Yo, (18)
A, A, A,
1
Krp
0 1
A =[-alk,2,],a,[k, 2&,],a,[k, 2¢,],
a,lky, 26,1, —aslk, 26,1, —a[k, 2¢,]],
[0 -a, 0 a5 O ay]" [k, 2¢&,.]
27 {- [0 —a, 0 a; 0 ay]"- [k, 26&}
A, = (a,a, + aya, +a3) (ky, —k,) - ak,,
Ay = (a,a, + ayas +a2) (£, - &) - i,
af(/\,b):{l, (A > b, o)
B 0, Al <b.
TE A = b A Jacobi FEFEAFFAAE 4SBT HRRS FE R ICE BAD K 1A PR 22 70 0k
(fi(X +AX,) f(X+AX,) fi(X +AX,) ]
AX, AX, AX,

£A(X +AX,) f(X +AX,) £(X + AX)
f(X,7) ~ AX, AX, AX, . (20)

F(X +AX,) f.(X +AX,) (X +AX,)

AX, AX, A,

TR LA (X, D) HPHER— DR T IR GERUR X, WD DP(X,) 2 X, =X, 1F
NN UGERBILAR L, A A B ZOR A SR X, 2N (13) 19 m B JRIHIZE 3 X (1) A3 AL 43
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o€ RIS , 5I A 2 280 Q, R IR S8 Bk AT A R R E R Q=0,(k=0, 1, 2, ---) B 5 T
WA &R X, H Euler BUMES 2 =0, SMNASE X, BWVIHEAE X, BIARK .

X, 0=X, - [G(£2,,X,)]" xGy(0,,X,) x AD,

0., =0 + A0,
X, AQ B K G (02,,X,) =1 -DP(,,X,) ,G,(2,,X,)=P,(0,,X,) .Py(02,,X,) HITHEE 7K
W R (22) K15

(21)

X
d7:.](‘(‘X"{2’T)’ X € RM,
dr
dpP X,0n X,n (22)
J J
D YKL L YKL,
dr ). ¢ A

A
Fo(X,0,7) = £0{2cos(r) + Dsin(Qr) }[0,,,, 11"+
asin(2)[(0 -1 0 1 0 1 0 1 0 -1 0 -1 0 -4]"4. (23)
PL (X, ,0,) HHHEFS— D S 7R LL(X, ,Py(02,,X,)) HBESECF RH A A,

4 REHNESFFIELEE 0 S5t

AN — et B — (i LS4k

£,=£,=001 (i=x,y,z), &, =£&,=00125, & =0.05,

ki, =k,=10,k, =k, =05,k =1+ acos(2r),

fm =05, £, =0.0, f, =0.2, b =10,
FES BRI I N, 6 vhid /2 R (1/P) B RREE B RN, Hor 2 i 2 h i i A 5 5 R v
WREBAT TR FRET , AR RE (P < 64) 538 R 78 1/P 53 28 I Pt TR P = 65 K SR |
LA (quasi- P) AR (chaos) i8S “I/N” R ARG IR (PD bif) #54%5 (NS bif) #EIM7 (G bif)
O3 e E XB TR 14 , A EEGR Y RGN I/P 1) 1/ (3P) RAHETI, RS KR T 5 2 58 SU50 ) 5 11 3
4335 (3T bif) , B ZEHE.

A M R B o RAF G FEMG A B G B, HAERAF SOOI WG S AN S S VERR BE TR L Q /AT R Gif%
AR R G H R RS E Q xa e [1.2, 1.7] x[0.05, 0.55] ZHCFH (K 3) , 7EF T N 5] 1%k
B 501501 LA 1/P KAL) 8 gyne »O pune »O e MR AL 44,

I/P A S50 (B 3 (a) ) RULIESECF AN, DRI 1(P =1, FR) B3k F 7 P =2,3,9,10,
18,32 Fll quasi- P, chaos SFiz 31RAS ;3 Pk I vp il A7 A vh il .78 « < 0.15 XN, Bl Q3561 R 58
KT SN bif 13T bif, ffi 2G4 T 0/1,1/1,1/3 i@3PIREAE 0.15 < @ < 0.3 KRN, RS L PD bif 3T
bif \HP bif 254325 7 R HE RIS BH.7E 0.3 < a < 0.55 XN, Bl Q#6325 %42 T G bif 3T bif 3T chaos
F1 CIC bif 45370 7E Q = 1.6 MHE R B 22030 J1 227 M iE  BIFEZ T N 3l 122 T I AT 2R o
JTE 02 < 1.25 KN, RGEVL P = 1231 3 Fih i #%i h F.46 1.25 < Q < L5 X[, RGN 1547
BoNREE. S 0 > 1.5 B, RSG5 HP bif 3T bif F1 CIC bif AT AL T 5 - 1R - iz sk 28 S 50w
SRR R VTR A A RS UG R il i R R R Bl oo 220 194 07 TR I | 8 T s A MR B KA R
S EPRAT AR 2 A RIS IR F 3 T R AR S R G A R I 3 434 TR

RGE 1/ P ISR R O T U5 R sh 2k AR AN 1 3(b) —3(d) FraR. & 3(b) B, %8
A58 R FEE o ) U 3 AR T ek R S T BR 2SS L FE 1/ i3 N LR G R B T AN — 3, 7E G bif 437 R Y
I 8 yme ISBINARL 0.55 2247 Fifi o 3R L MG TR BE IR, T AE 1/N F1 2/ N IR 6 o IFAIERNRAG, B2
JE) B B VRS Bl T 4 T AR ™ L I 3 (o) FRBH X vl 1) 271 B PR R T o ol 7 R SR B
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WeAE 0.38 ZEA47 7 2/3 , 2/ N IR PN HLO T3 42 flotR ZS Bl oo 388 98 1T I (EL V80 A SR BT, BV 445 6 il 1) X301 oo
HREE S RGIRM G I TR L& 3(d) T, RGN S, B T AR IS 243 28 B T 2878, 78
Ivi] — fiff 3ok P JHL 3h 38 R BB o 338 T4 K, FE TG phily B O/ 1 sl N B 5/ ARG vhili A9 271, 2/N SR
IRBIRAE 2.8.

(5 NMDC
3T chaos 05
0.45 /G bif 3T Bif 0.45 o
. PD bif 1 0.3
a 025 { a 0.25 02
PD bif 5 '
SN bif 0.1
0.05 0.05 0
1.2 . . 1.2
5BMDC 6 DLC
0.30
0.45 025 0.45 )5
0.20
@ 0.25 . @ 0.25 2.0
0.10
0.05 15
0.05 0 0.05
1.2 1.4 1.6 1.2 1.4 1.6
Q Q
() dpync (d) 8pc

B3 0 xa RS RLH

Fig. 3 Dynamic properties solution domain boundary structures in the {2 X o 2-parameter plane

E OO TR B, 5 T LSS RSO R SR R T

HEIE CPNF EoR i BT, 1T o J5 M) LL 0.05 2RI BT , FH Runge-Kutta 355 Q2 S 505075 47
HH AR =4 1P A a I (E 4).

B4 0xa WS

Fig. 4 The bifurcation diagram in the {2 X a 2-parameter plane

Pl 4 v PR 2T R S BT by BRI eh e FOSGA el G 1P oy i R S P 3 (a) AL BCSS:
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UE T ff A S IR AR PE I CPNF 32060 ) 112 3l 5K A8 B o B AN TSR R A B Runge-Kutta 255K M 4%
.

kg BV BT b JR A i 1A 4 5 A T ) GG R B o = 0.20,0.40 194 2 AR 5 R B 5 (a) TR
Z4538 3 SN bif 3T bif \HP bif FI#7E ( CIC bif) 3% X R4 F 0/1, 1/1, 2/3, 1/3, quasi- P, 2/chaos,
1/chaos, 1/1 15808 5(b) F1 &G 1t SN bif 3T bif \PD bif Fl C bif 53 28 £ 4540 T 2/1,1/1,2/3,2/chaos
i FPIRASHP bif A1 SN bif 73l it CPNF 38 &2 Floquet 11 A 1, SKFITE 1T G bif 55 SN bif J23i 12 7 i b
T 28T Floquet e T-IL[FH 5, 252088 A = + b 810 Floquet 36 7 M S2 il 77 11 2588 20407 [ ) & A= T #e 4%
GyE AW RN 4 2.

B =0.20 #1f1 ( &1 5(a) ) B9 Poincars BT FIAHE (& 6) B UFE CPNF KA 043725 3 .02 = 1.531 )
RGN 1/1B88(K 6(a))&3T 5% 2/3i281 (K 6(b)), P=3%iF k3 A ES(E 6(c)) Hopf (Kl 6
(d)) FHHTPAH(E 6(e) ) HREEMIRMEIZ S (K 6(f) ) BRI 5 Bk 1 8 3 437 Al Hopf 73 % i &R 4¢
AEF 171,273 171, LR ANR MGz 5.

3t

2 Ol/lmj

P A
SN bif N
1/
0 HN
CIC bife?
1.2 1.3 1.4 1.5 1.6 1.7 1.2 1.3 1.4 1.5 1.6 1.7
Q Q
(a) @ = 0.20 (b) @ = 0.40
|5
Fig. 5 The bifurcation diagram via
2 2
1
0
}.2 0 12 -1 ).'_7
-2
- -3
0.5 1.5 2.5 -2 0 2 -1 1 3
),1 11 /11
(a) £2 = 1.531 (b) 22 = 1.535 (c) £2 = 1.563
1
<D b 1 o \t 1
{%""\‘\"5"% j:;
2 ! Ly _ ; Iy -
/ 1 " 2 -1
-3 -3 -3
-1 1 3 -1 1 3 -1 3
A A A
(d) 2 = 1.575 (e) £2 = 1.600 (f) 2 = 1.650

B 6 Poincarée W5} EFIAH &

Fig. 6 Poincaré and phase maps

Bl 7 AE5(b) T a =0.40 B 1/P #8531 Poincaré BT FIFHIELQ = 1.523 B R G T 0/1 28 (K 7(a))
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SJAW 3 938 2/3 188 (K T(b) ), P =3 AW 3 B R P =9(E 7(c)) . P =18(E7(d)) - IR
Mz sl (K 7(e)) B 7 Bk 7 RG] 3 08k AR PERY L AR,

2 1
1 3
0
0
Ao A
. 2
- 3 -2
0 1 2 -2 0 2 0 1 2 3
A A Ay
(a) 2 = 1.523 (b) 2 = 1.534 (c¢) 2 = 1.535
1 = 1
\ ” \
VR A2 g
; }
-3 -3
-1 1 3 -1 1 3
A1 A1
(d) 2 = 1.536 (e) 2 = 1.540

B 7 Poincaré BLHT I
Fig. 7 Poincaré and phase maps
B o = 0.40 AT (&1 5 (b)) X0z 8 247 T80 8 i L A7 5 22 ke L R 230 28 2R 2500 A &1 (&1 8) 7 T 3 Pl 7 147 T
il B IR K AR T 97 TR 1/ SR DX ) G A R P B 2 32 T (BT 8 () ) A BRI TE XA bty IX
SRt O 63 TR 7 R R PR DX A AR SRS B (151 8 (b)) . 5l 3 Z Kt 7 T oo o A R0 03 22 77 2 T 5%
A W AT T e e S AR R (18 8 () ), TE B i IXHE &, Fif (2 36k 18 T asb il , 7 00300 vt IXC i 2 32
o 3ot 1 BV TR v R S O 2 e 1A T M AT R A e sh B ) TR,

06

5NMDL
T T
—~
m
=
d L

d BMDC
(=]
i

0.2
0.3

g DLC

1.2 1.3 1.4 1.5 1.6 1.7
Q

B8 MMt shEk R4 E
Fig. 8 The 8yype» Spypc and 8y, distribution diagrams
it A5 A5 T E AR ST N ) 1/P 8 11 28 pane T S e FERIR AL LEM 7R T R G S B 57 G | o
i BB I TR S OCIH OC 2R BT R AN ] i 85 42 R 5K R 4 e Sl SR 235 R b e Sl N 5 B S BG4 T DL
Be PG Ak S S B S s IR G OO0 s A B AR I S8 X8, IR AT REAE 0/1 XSGR B S 3 A
S T SRR AT RS KRR B ot 58 4 R 50 28O0 A7 R A 1) 52 00 T S A R R 1 R A3 S A | BRI R 4E
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