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Linear Bending Analysis of Functionally Graded
Sandwich Shells With the Meshless Method
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Abstract: Based on the 3D continuous shell theory and the 1st-order shear deformation theory, a moving least
squares meshless method was proposed for solving the linear bending problem of functionally graded sandwich
shells with the layered method. With the mapping technology, the 2D meshless node information on the convec-
ted coordinate system was mapped on the 3D shell, and the shape function of moving least squares ( MLS) ap-
proximation was formed on the convected coordinate system. Due to the inability of shell numerical solutions

based on the 3D continuous shell theory to provide an explicit expression for the thickness direction of a specif-
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ic shell, the portion of material parameter changes in the functionally graded sandwich material shell structure
was divided into several layers, and the material parameters of each layer were obtained as constants. The gov-
erning meshless equation for linear bending of functionally graded sandwich shells was derived under the princi-
ple of minimum potential energy. Through introduction of a linear transformation in the thickness direction, the
Gaussian integral in the thickness direction of each layer was bounded within the range of -1 to 1, without vio-
lation of the 1st-order shear deformation theory ( FSDT). The essential boundary conditions were employed
with the complete transformation method. Finally, the effects of different gradient coefficients, diameter to
thickness ratios, and curvature radii on numerical results were discussed through examples of functionally gra-
ded sandwich plates, cylindrical shells, and hyperbolic shallow shells with classical geometric shapes. The cal-
culated results were compared with the literature solutions. The results show that, the proposed method has the
characteristics of good convergence and high computation accuracy in solving linear bending problems of func-

tional graded sandwich shells with different shapes.

Key words: layer-wise method; meshless method; mapping technology; functionally graded sandwich shell;
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4.2 Type B #1 Type C A

WK S Pios, % 80U {8 32 1) Type B Fl Type C 774, SEJELL b/h = 10, fai 2k 2R AN IE 477 28 ¢ () ,ry) =
gsin(wr,/a)sin(mwry/b) JType B ARJEEEH 1-8-1, B0 L FRJZH 0. 18, 1 EI#H 0.8k . Type C Ji % [& 5 Ff
JEAREEBE G5 AR ZE A0 T AR B AN AR 1Y JEEBE R 3, G Type B Y B R R 2 R J2 G HIA].

5 DIRERBIE T RS2 IESE T 4R B

Fig. 5 Schematic diagram of a functionally graded square plate under uniformly distributed load
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PP 3 5 T ORTRIBS EEFR B p 45/ AL Type B 5 0 — b HE R o' L NFE 3 AT, AR SR 5%
H quasi-3D[34] N =AU S (inverse trigonometric shear deformation theory , ITSDT) ) B
AR UEW T ARSI AT Type B r AR MRS M A vERf ME. 2R 4 45 10 TR A2 AR R BE 5 OR TR RS BE 5 4L p
B/ A, Type C rdR T sH—ARBERE 0®, ATLUA H, ASSCiR S FSDT ™ BT 3RA5 (1 AR i S K AR xR 254
0.281% ,MEW] T A ST 315 Type C J7 RS it 1 TR 1E.

R2 SR BEASEOS R AR A AR B ! M (p = 10, Type B)
Table 2 Effects of the numbers of layers and nodes on central deflection i of the Al/Al, 05 square plate (p = 10, Type B)

present
layers
5%5 9%x9 13x13
174/1 0.829 7 0.826 1 0.826 1
1/8/1 0.864 8 0.861 0 0.861 0
1/12/1 0.861 9 0.858 0 0.858 0
1/16/1 0.860 8 0.857 0 0.857 0

®3 AFBEREp T8/ AT R — LR @' (Type B)
Table 3 Normalized central deflection @' for the AL/Al,0; square plate with different gradient indices p ( Type B)

method £
0 0.5 1 4 10
Nguyen et al. 13 ( ITSDT) 0.374 4 0.524 5 0.634 5 0.833 1 0.880 7
Neves et al. ! (quasi-3D) 0.371 1 0.523 8 0.630 5 0.819 9 0.864 5
present 0.374 9 0.523 1 0.632 2 0.819 8 0.858 0

4.3 Type A # Type B 5%

WK 6(a) Fl 6(b) i, ZAR A2 ¢ = 1.0 x 10° N/m*VEFH Type A #1532, 1K a = 0.2 m, IR 0
=02rad,>PER=1m,JEFE h=0.0lm.

S TS TEREEREECH 1, RIR 22 E TE S 9 s 806 DU 1R 2 Type A 48/ %80 F0B5 A1 72 16 vh i e i
w’ MR 6 45 th TR B SRS EEFE 8 p T Type A BR/EALESHEFE S — AL HRIE w0 . 5
AIHL, 2450 2500 8, TC A% 15 s 800 13x13 B, 2R FHAR SO 43 M I BR8] 2 3 AR S A3 6 T R A SR A
MEEZE L 0.060 30 5 Zhao 45" SR kp-Ritz FT i M AEZE 5 0.060 72 FAXHE2E K 0.692% , JaiE T 43¢
TS Type A HEFEZe M2 I HERIME ; Type A 81/ EUALES FE 7 i 5 08 B2 B BA R840 p AOBERTRIHG K, B
L F I e,
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x4 ARZWEESREBESELE p T, 50/8 08I R sUH— L5 0 (Type C)
Table 4 Normalized central deflection > for the Al/ZrQ, square plate with different

layer thicknesses and gradient indices p ( Type C)

P theory 1-0-1 2-12 1-1-1 2-2-1 1-2-1
Nguyen et al. 33 (ITSDT) 0.323 5 0.306 2 0.291 9 0.280 8 0.270 9

Zenkour %) (FSDT) 0.324 8 0.307 5 0.293 0 0.281 7 0.271 7

! Neves et al. |3 (quasi-3D) - 0.307 0 0.292 9 0.282 0 0.272 2
present 0.324 3 0.307 1 0.292 7 0.281 4 02715

Nguyen et al. [*7(ITSDT) 0.409 1 0.391 7 0.371 3 0.349 5 0.334 7
Zenkour' 3 (FSDT) 0.411 2 0.394 2 0.373 6 0.3512 0.336 3

: Neves et al. 1**(quasi-3D) - 0.390 5 0.370 5 0.349 0 0.334 7
present 0.410 8 0.393 7 0.372 2 0.350 9 0.336 0

Nguyen et al. [/ (ITSDT) 0.4175 0.403 9 0.385 4 0.362 0 0.348 2
Zenkour' ! (FSDT) 0.419 2 0.406 6 0.387 9 0.364 0 0.350 0

10 Neves et al. [**!(quasi-3D) - 0.402 6 0.384 3 0.361 2 0.348 0
present 0.418 9 0.406 2 0.387 5 0.363 6 0.349 7

\ / /A‘...,\

(0] (0]
(a) JLfa (b) &M ¥ 07 4% (O EAONXE1
(a) Geometry (b) Radial uniformly distributed load (¢) Radial sinusoidal load

6 ARSI AT B
Fig. 6 Schematic diagram of a functionally graded cylindrical shell
RE IYEEOBC O U3 R SR A S PR 0 (R (p = 1, Type A)
Table 5 Effects of the numbers of layers and nodes on central deflection > of

the simply supported Al/ZrO, cylindrical shell (p = 1, Type A)

present
number of layers
5%5 9%9 13x13 17x17
4 0.060 76 0.060 07 0.060 10 0.060 12
8 0.060 97 0.060 29 0.060 30 0.060 34
12 0.061 01 0.060 33 0.060 36 0.060 38

®6 ANFLFEMSRRBERLE p T8/ AT AU LBE @ (Type A)
Table 6 Normalized central deflection #° for the Al/ZrO, cylindrical shell with

different boundary conditions and gradient indices p ( Type A)

B.Cs method P
0 0.2 0.5 1 2 5
csss kp-Ritz 2] 0.042 67 0.048 07 0.054 25 0.060 72 0.066 58 0.072 35
present 0.042 47 0.047 69 0.053 80 0.060 30 0.066 37 0.072 46
_— kp-Ritz[ > 0.013 47 0.015 16 0.017 11 0.019 15 0.021 02 0.022 89
present 0.013 71 0.015 39 0.017 36 0.019 47 0.021 45 0.023 47

H T TARRIEL R/ SRS p IR Type A 51/ SUHCHAESE TR —LHIE o' M
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27 LR (6] AR AR AR A AT T D RS R R B BE R p ARG R THG O ; [RIBS P HE B R/ A AL B A
Fo R I BERE B A AR A ARG R R R O B AR R M S AR B B T — S, AT R g
P /b | BB R K.
R7 KRFEREW R/A SARBERE p F, Ui # 8 AES HE5E i 3 — kB @° (Type A)
Table 7 Normalized central deflection @ for the simply supported Al/ZrO, cylindrical shell

with different radius-to-thickness ratios R/h and gradient indices p (Type A)

method

p R/h -
FSDT!37] csTi7) analytical (3% kp-Ritz[ 2 present
50 0.004 24 0.004 08 0.004 30 0.004 28 0.004 25
1 100 0.060 56 0.060 02 0.060 91 0.060 72 0.060 30
200 0.725 84 0.724 70 0.727 10 0.728 30 0.722 21
50 0.004 64 0.004 46 0.004 70 0.004 69 0.004 67
2 100 0.066 40 0.065 78 0.066 79 0.066 78 0.066 37
200 0.803 07 0.801 73 0.805 60 0.805 70 0.801 18

W 6(a) Al 6(c) i, SZ A1) 1E 52 A6 2 A FH (% DU 3 161 32 Type B 8B/ AL ERFESE, SR BE A 1-8-1.1F
524 4% q(r,, r,) = gsin(wr,/a)sin(wr,/b) ,¢g =1Pa,R=10m,a =1 m,§ = 60°.

2 8 2t TN 3 JE S TC AR A s RO DU 31 18] 3 Type B8R/ A AL ERAE 7e b BRI 52l R 8 1)
WY EECR 1/8/1 , TE MM AT mABC T1xT I A5 R O SN S HBUE S5 R 4.176 2x107° m 5 3CHk
[39] HJET FSDT 15 FIAY A5 A 4.224 5x107° m AHXF 2220 1.143%. 51 R 3 280 1/8/1 K ITCIAS 19 s 8L
TIXT AR R AR IE T Type B AE7E I RUBRIE AR SO BAH G SCHR AR 51 138 9. 3R 9 T A
SCH-5 SCHR A B B W) & IR T A SO 3R Type B AR 72 4t 25 il A T 74

R 8 PR AT UL Type B #R/ AALBAEFE AR HIE w, x 107" M52 ,p = 1, R/ = 1000 (B4 m)

Table 8 Effects of the numbers of layers and nodes on central deflection w, x 107" for the simply supported

Al/Al,O5 cylindrical shell, p = 1, R/h = 1 000, Type B (unit: m)

present
layers
31x3 51x5 71x7 91x9
17471 3.946.5 4155.7 4172.5 4173.7
17871 3950.7 4159.2 4176.2 4177.1
1/12/1 3951.5 4159.9 4176.9 4171.3

F9 AFAEE R/A SARBERE p T, Ui # X Type B 8/ LRSS S w, x 107" (FAf7: m)
Table 9 Normalized central deflection w, X 107! for the simply supported Al/Al,O; cylindrical shell

with different radius-to-thickness ratios R/h and gradient indices p , Type B (unit: m)

R/h

p method
4 10 100 1 000
csTH) 0.004 6 0.066 1 55.428 42233
1 FSDT!! 0.065 9 0.209 9 56.530 4224.5
present 0.064 8 0.208 7 56.420 4176.2
csTH 0.006 1 0.086 4 73.651 6578.3
5 FSDTH! 0.102 0 0.3129 75.437 6 582.7
present 0.098 9 0.310 5 75.120 6 579.8

4.4 Type A W Eh5E

WE 7 s, RS2 AR i R 0 DU 21 187 32 Type A 5T (a =b) , HFRIKA Rz =- (£°/(2R,) + xy/(2R))
+ 5/ (2R))) AR 4 FORFSEAREIY : (a) 5T (R, =R, R =), (b) BRFE (R, =R =R), (c) XUlh
J¥ESE (R, =R, R, == R), (d) WEMYESE (R, =R, R, # R) .
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Fig. 7 Geomelry of a doubly-curved functionally graded shell

10 A TEEEFREON 1, 20 8081 55 B0 DU i {87 S8R/ AR AR T S Be B o SIS . 0BT &
B, M50 ZEO 12,79 sBCh 1313 B, AT R A SO o A M A9 2 SR A IS S HAIUE 4521 8.920 9 55
Sayyad 2577 BET Navier fF24 1 (9 FSDT $0{E 45 5 8.907 2 MAXFiR 2 H 0.154% , WEH] T A S0 )5 823154 Type A
FEFEL A il A R P A L, SR ECA E 5 12 FN9 2580 13x13 155 28 Type A XS H.

11 554G TORRIBREER R p T, U AT SR/ A AR AR DR R e ot Wb i b6 ' .p =2 FI R /a
= 5 B PU TS24/ EALER A RIRIRSERE B 2= R AN IR 8 BT /R A3 HT R 11 AT AR SO A8 e i 4 5 AR Rl IR
Type A 2 305T (RIS #RELAT BT A MER I, RIS SCUR B T AR SCHH 5 16 T H BN 2 3 — AR AE 5 7 [ 55 i 62
12 SBPIEFR AT  BRFCHE AT FEHAth = Fh 28 52 (RN | Ui B ER SR HCPTRE ) B0, B8 B K 5 B 5 T BE B 1
FEEHE R, PR N B SR NI EE R )N B R R,

R0 AMEBOL SORO I S B B RS R A o OSSR

Table 10  Effects of the numbers of layers and nodes on central deflection @* of the simply supported Al/Al,0; cylindrical shell

present
layers
5%5 9%x9 13x13 17x17
4 8.873 9 8.762 6 8.759 9 8.760 0
8 9.010 0 8.897 0 8.894 3 8.894 4
12 9.036 3 8.9230 8.920 2 8.920 4
16 9.045 6 8.932 1 8.929 4 8.929 5
R ARFEBESEEp T, W5 & S8R/ AR AR RIB R 7 s — L BRE io*
Table 11 Normalized central deflection @* for the simply supported Al/Al,0,
different shells with various gradient indices p
P
shell type method
0 1 5 10 o
ESDT!7] 4.526 5 8.964 8 13.942 0 15.460 0 24.572 0
cylindrical shell
FSDTH7] 4.492 1 8.907 2 13.683 0 15.152 0 24.3850
(R,/a =5,R/b =w)
present 4.5255 8.920 2 13.827 4 15.401 0 24.567 1
ESDT!] 4.157 1 8.1193 12.816 0 14.333 0 22.567 0
spherical shell
FSDTH7! 4.128 5 8.072 9 12.601 0 14.071 0 224120
(R/a =5,R/b =5)
present 4.161 1 8.073 9 12.699 3 14.268 6 22.588 9
ESDT!) 4.664 6 9.286 8 14.362 0 15.876 0 25.3220
hyperbolic paraboloid shell
FSDTE7) 4.627 8 9.224 6 14.086 0 15.550 0 25.122 0
(R,/a =5,R /b =-5)
’ present 4.653 9 9.239 8 14.250 7 15.815 4 25.263 9
ESDT!] 4.300 3 8.444 2 13.253 0 14.772 0 23.344 0
elliptical paraboloid shell
FSDTE] 4.269 4 8.393 7 13.021 0 14.493 0 23.1770

(R/a =5,R/b="15)
' present 4303 0 8.399 1 13.136 1 14.709 9 23.359 2
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(a) The cylindrical shell (b) The spherical shell
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(¢) The hyperbolic paraboloid shell (d) The elliptical paraboloid shell

B8 MIEIE K2 MR /a = 5 MMUHF B/ AR AR IREH S = Bl (EFG)
Fig. 8 Deflection neghogram for the simply supported AL/Al,O; different shape shells
with gradient indicesp = 2 and R /a = 5(EFG)

5 4% 1

ARICEET 3D L KoY ZHIE 455 — B ST UV I BEE 4R M T —FioR A D RERE B2 — WA 7oL P 25 it
(% Bl e/ N ST ARG AR kG 1o B LA AN [R) D RE A B 2 R e 59401, e 35 40 SR 5 SRk figp 2R 47 %
Fe, 15 T LRSS

1) ASC7 i HA BRSO, BOANRESE 4l e BT VI BAL B G , H m] i o 1 ey 66 R K09 UOMIE 4 97 K
SN A TH PR Y DI 4.

2) AR S5 SCHR IR AR, ik 1 AR SOk S REAR B = BAIR SE 4k 25 il (8 8 v B e

3) H AR R AR DI RERR B = WA 7o 2 25 i RLE A C AR AN 5 ) S R BE P Y Lame 5
B, AT 13 3 A T 2 [ i T SRR E = WiR 5, IR R AR IE S HhZk AR AR R AE5E R,
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