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Abstract . Finding vibration mode functions satisfying both high-order partial differential governing equations
and various non-Lévy-type boundary conditions is extremely challenging for the free vibration problems of func-
tionally graded rectangular plates, making it difficult to analytically solve the problem with traditional methods.
Herein, the newly developed Hamiltonian system-based symplectic superposition method was extended and
successfully applied to analytical solutions to the free vibration problems of functionally graded rectangular
plates. For the solution methodology, the original vibration problem was divided into sub-problems and the
physical neutral plane was introduced to eliminate the stretching-bending coupling effect caused by the trans-
versely non-uniform materials. The sub-problems were analytically solved with some mathematical techniques,
i.e., the variable separation and the symplectic eigenvector expansion, which are not applicable in the tradition-
al Lagrangian system. The final solution to an original vibration problem was obtained through the superposition
of sub-problems. The symplectic superposition method has the advantage of not requiring the pre-defined solu-
tion forms, which overcomes the limitations of traditional semi-inverse methods and allows for obtaining analyt-
ical solutions to more complex problems. Comparison of the obtained solutions with the numerical solutions
proves the accuracy of the presented method. On this basis, quantitative parameter analyses on the natural fre-

quencies were conducted to reveal the effects of boundary conditions, material distributions and aspect ratios.
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Fig. 1  Schematic diagram of a functionally graded plate
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Fig. 2 Variations of material properties along the direction of the plate thickness
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Tablel  Convergence study of the first ten non-dimensional natural frequency parameters

wa® /p h/D, of CCCC functionally graded rectangular plates

mode
b/a N
Ist 2nd 3rd 4th Sth 6th 7th 8th Oth 10th
5 21.724 44.299 44.299 65.274 79.437 79.786 99.522 99.522 127.00 127.00
10 21.725  44.309 44309  65.331 79.437  79.813  99.610  99.610  127.09 127.09
20 21.725 44309 44309  65.332  79.437  79.814  99.613  99.613 127.09 127.09
! 30 21.725 44309 44309  65.332  79.437  79.814  99.613  99.613 127.09 127.09
40 21.725 44.309 44.309 65.332 79.437 79.814 99.613 99.613 127.09 127.09
50 21.725 44309 44309  65.332  79.437  79.814  99.613  99.613 127.09 127.09
5 14.837 19.197  27.008  38.073  38.622  42.865  50.208  52.530  60.423  74.227
10 14.838 19.214  27.027  38.232  38.627 42909  50.268  52.671 60.843  70.241
20 14.838 19.214  27.028  38.234  38.628 42910 50.273  52.676  60.850  70.247
2 30 14.838 19.214  27.028  38.234  38.628 42910  50.273  52.676  60.850  70.247
40 14.838 19.214  27.028  38.234  38.628 42910  50.273  52.676  60.850  70.247
50 14.838 19.214  27.028  38.234  38.628 42910  50.273  52.676  60.850  70.247
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A RICH R ABAQUS 2115453 HA R BB B AT R H S4R FATT, IS RST 2 @/200. 38 528 % L1 5. 451)
AL UL A ST 5 SR HA ) i A S5 L — 30, MR T A SO WA IE M. B 4—Kl 6 A T k =
20 1,3 Fd B T RERE Iy B AT B IR B AR SCEE R SAE AN BRIC AT 4 R e a8, i — B U T A
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F2  CCCC IIREMREHTGAR BRI+ B R4 R B wa® /p h/D,

Table 2 The first ten non-dimensional natural frequency parameters

wa® /p.h/D, of CCCC functionally graded rectangular plates

mode
b/a k method
Ist 2nd 3rd 4th Sth 6th 7th 8th 9th 10th
present 35.985 73.394 73.394 108.22 131.58 132.20 165.00 165.00 210.52 210.52
0 FEM 35.987 73.405 73.405 108.23 131.63 132.25 165.04 165.04 210.64 210.64
ref. [24] 35.983 73.384 73.384 108.19 131.57
present 33.394 68.108 68.108 100.42 122.10 122.68 153.12 153.12 195.36 195.36
02 FEM 33.402 68.128 68.128 100.45 122.16 122.74 153.18 153.18 195.50 195.50
present 30.470 62.146 62.146 91.632 111.42 111.94 139.71 139.71 178.26 178.26
0.5 FEM 30.475 62.160 62.160 91.650 111.46 111.99 139.76 139.76 178.37 178.37
ref. [24] 30.468 62.137 62.137 91.611 111.41
present 27.457 55.999 55.999 82.569 100.40 100.87 125.89 125.89 160.63 160.63
1 FEM 27.459 56.008 56.008 82.581 100.43 100.91 125.93 125.93 160.72 160.72
! ref. [24] 27.454  55.991 55.991 82.548 100.38
present 24.963 50.913 50.913 75.070 91.277 91.710 114.46 114.46 146.04 146.04
2 FEM 24.964 50.921 50.921 75.080 91.308 91.741 114.49 114.49 146.12 146.12
ref. [24] 24.961 50.904  50.904  75.048  91.262
present 23.669 48.273 48.273 71.178 86.545 86.955 108.53 108.53 138.47 138.47
i FEM 23.670 48.280 48.280 71.186 86.573 86.984 108.55 108.55 138.55 138.55
present 22.920 46.746 46.746 68.926 83.807 84.205 105.09 105.09 134.09 134.09
10 FEM 22.921 46.752 46.752 68.933 83.833 84.231 105.12 105.12 134.16 134.16
present 21.725 44.309 44.309 65.332 79.437 79.814 99.613 99.613 127.09 127.09
20 FEM 21.725 44.313 44.313 65.336 79.458 79.835 99.631 99.631 127.16 127.16
present 24.578 31.826 44.770 63.331 63.983 71.076 83.273 87.253 100.79 116.36
0 FEM 24.579 31.827 44.773 63.338 63.996 71.088 83.284 87.269 100.80 116.39
present 22.808 29.534 41.546 58.770 58.770 65.958 77.276 80.969 93.533 107.98
02 FEM 22.814 29.541 41.555 58.785 59.395 65.977 77.296 80.995 93.557 108.02
present 20.811 26.949 37.909 53.625 54.178 60.184 70.511 73.881 85.345 98.525
0 FEM 20.816 26.953 37.914 53.635 54.192 60.197 70.525 73.899 85.361 98.558
present 18.753 24.283 34.159 48.321 48.819 54.231 63.537 66.573 76.904 88.780
! FEM 18.754 24.285 34.162 48.327 48.829 54.240 63.546 66.586 76.914 88.805
2 present 17.050 22.078 31.057 43.932 44.385 49.305 57.766 60.527 69.919 80.717
2 FEM 17.051 22.079 31.059 43.937 44.394 49.313 57.774 60.538 69.928 80.739
present 16.166 20.933 29.446 41.655 42.084 46.749 54.771 57.389 66.294 76.532
: FEM 16.167 20.934 29.448 41.659 42.091 46.756 54.778 57.399 66.302 76.552
present 15.654 20.271 28.515 40.337 40.752 45.270 53.038 55.573 64.197 74.111
10 FEM 15.656 20.272 28.516 40.341 40.759 45.276 53.044 55.582 64.203 74.129
present 14.838 19.214 27.028 38.234 38.628 42.910 50.273 52.676 60.850 70.247
20 FEM 14.839 19.214 27.029 38.236 38.633 42.914 50.276 52.682 60.853 70.261
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WEE & BB AT AT AR SRS B AR, 02 i T A B IE Fr) 0 25 O 52 0 %8 B 0/ ), {ELI 78 4
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RS AT AR  HAB AR 7 1200 HE A R v, AT B SR TR D REAR BEAR 00 2L B i RS %
£ 3 CCCS Inekt BAEARIN R | B TC i WG RS wa® /p h/D,
Table 3 The first ten non-dimensional natural frequency parameters

wa® /p h/D, of CCCS functionally graded rectangular plates

mode
b/a k method
Ist 2nd 3rd 4th Sth 6th 7th 8th Oth 10th
present 31.826 63.331 71.076 100.79 116.36 130.35 151.89 159.48 189.77 209.32
0 FEM 31.827 63.338 71.088 100.80 116.39 130.40 151.92 159.52 189.86 209.37
present 29.534 58.770 65.958 93.533 107.98 120.96 140.95 147.99 176.10 194.25
02 FEM 29.541 58.785 65.977 93.557 108.02 121.02 141.00 148.05 176.21 194.32
present 26.949  53.625  60.184  85.346  98.525 110.37 128.62 135.04 160.69 177.24
03 FEM 26.953  53.635  60.197 85.361 98.558 110.42 128.65 135.08 160.78 177.30
present 24.283 48.321 54.231 76.904 88.780 99.458 115.89 121.68 144.79 159.71
! FEM 24.285 48.327 54.240 76.914 88.805 99.493 115.92 121.71 144.87 159.75
: present 22.078  43.932 49306  69.919  80.717  90.424 105.37 110.63 131.64 145.21
g FEM 22.079 43937 49313 69.928 80.739  90.456 105.39 110.66 131.71 145.24
present 20.933  41.655  46.749  66.294  76.532  85.736  99.905 104.89 124.82 137.68
: FEM 20.934  41.659  46.756  66.302  76.552  85.765 = 99.924 104.92 124.88 137.71
present 20.271 40.337 45270  64.197  74.111 83.024  96.744 101.57 120.87 133.32
10 FEM 20.272  40.341 45276  64.203  74.129  83.050  96.762 101.60 120.93 133.35
present 19.214 38.234 42.910 60.850 70.247 78.695 91.700 96.278 114.57 126.37
20 FEM 19.214 38.236 42.914 60.853 70.261 78.716 91.712 96.296 114.62 126.39
present 24.143 30.249 41.751 58.852 63.741 70.141 81.291 81.367 97.545 109.11
0 FEM 24.145 30.251 41.753 58.858 63.754 70.153 81.302 81.380 97.557 109.14
present 22.404 28.071 38.744 54.614 59.151 65.090 75.437 75.507 90.521 101.25
02 FEM 22.411 28.077 38.752 54.627 59.171 65.109 75.457 75.530 90.544 101.29
present 20.443 25.613 35.352 49.833 53.973 59.392 68.833 68.897 82.596 92.390
0 FEM 20.448 25.618 35.357 49.841 53.987 59.406 68.847 68.913 82.611 92.419
present 18.421 23.080 31.856 44.904 48.634 53.518 62.025 62.083 74.427 83.252
! FEM 18.422 23.081 31.858 44.909 48.644 53.527 62.034 62.093 74.436 83.273
2 present 16.748 20.984 28.962 40.826 44.217 48.657 56.392 56.444 75.691 75.691
g FEM 16.749  20.985  28.964  40.830  44.226  48.665  56.399  56.453  67.675  75.709
present 15.879 19.896  27.461 38.709  41.925  46.134  53.468  53.518  64.159  71.766
: FEM 15.881 19.897 27.462 38.713 41.932 46.141 53.474 53.526 64.166 71.783
present 15.377 19.266  26.592  37.485  40.598  44.675  51.777  51.825 = 62.129 = 69.496
10 FEM 15.379 19.267  26.593  37.487  40.605  44.681 51.782  51.832  62.135  69.511
20 present 14.575 18.262 25.206 35.530 38.482 42.345 49.077 49.123 58.890 65.873

FEM 14.576 18.262 25.206 35.531 38.487 42.349 49.080 49.127 58.893 65.884
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Table 4  The first ten non-dimensional natural frequency parameters
wa® /p h/D, of CCSS functionally graded rectangular plates
mode
b/a k method
Ist 2nd 3rd 4th Sth 6th Tth 8th 9th 10th
present 27.054  60.538 60.786 92.836 114.56 114.70 145.78 146.08 188.46 188.55
0 FEM 27.055 60.546 60.793 92.846 114.59 114.74 145.81 146.11 188.56 188.65
present 25.106 56.179 56.409 86.150 106.31 106.44 135.28 135.56 174.89 174.97
02 FEM 25.112 56.193 56.423 86.171 106.35 106.49 135.33 135.61 175.00 175.09
present 22.908 51.261 51.471 78.609 97.000  97.125 123.44 123.69 159.58 159.66
03 FEM 22.912 51.270  51.480 78.622 97.034  97.159 123.47 123.73 159.67 159.75
present 20.642 46.191 46.380 70.834 87.406 87.519 111.23 111.46 143.79 143.86
! FEM 20.643 46.197  46.385 70.842 87.432 87.544 111.25 111.48 143.87 143.94
! present 18.767 41.995 42.167 64.400 79.468 79.570 101.13 101.34 130.73 130.80
2 FEM 18.768 42.000  42.172 64.407 79.490 79.592 101.15 101.36 130.80 130.87
present 17.794 39.818 39.981 61.061 75.347 75.444  95.885 96.082 124.02 124.02
: FEM 17.795 39.822 39.985 61.067 75.368 75.465 95.904  96.101 123.96 124.02
present 17.231 38.558 38.716 59.130 72.964  73.058 92.851 93.042 120.04 120.09
10 FEM 17.232 38.562 38.720 59.134 72982  73.076  92.868 93.059 120.09 120.15
present 16.333 36.548 36.698 56.047 69.159 69.249 88.010 88.191 113.78 113.83
20 FEM 16.333 36.550  36.700 56.049 69.174 69.263 88.022 88.203 113.83 113.88
present 17.769 25.198 37.973 52.342 55.988 59.586  71.882 79.117 89.337 106.65
0 FEM 17.770  25.199 37.975 52.350 55.994 59.593 71.889 79.130 89.347 106.68
present 16.489 23.383 35.239  48.573 51.956 55.295 66.705 73.419 82.904 98.968
02 FEM 16.495 23.389 35.246  48.587 51.969 55.309 66.721 73.441 82.923 99.012
present 15.046 21.336 32.154 44321 47.408 50.454  60.866 66.992 75.646 90.304
03 FEM 15.050  21.340  32.159  44.331 47.416 50.464  60.876 67.008 75.658 90.338
present 13.558 19.226 28.973 39.937 42.719 45.464  54.846 60.366 68.164 81.372
: FEM 13.559 19.227 28.975 39.943 42.724 45470  54.852 60.376 68.172 81.399
g present 12.326 17.480  26.342 36.310 38.839 41.334  49.864  54.883 61.973 73.981
? FEM 12.327 17.481 26.344 36.315 38.843 41.339 49.869 54.892 61.979 74.005
present 11.687 16.574 24.976 34.427 36.825 39.191 47.279 52.038 58.760 70.146
i FEM 11.688 16.574 24.978 34.432 36.829 39.196  47.283 52.046 58.765 70.167
present 11.318 16.049 24.186 33.338 35.660 37.952 45.783 50.391 56.901 67.927
10 FEM 11.319 16.050  24.187 33.342 35.663 37.955 45.787 50.399 56.905 67.947
present 10.727 15.212 22.925 31.600 33.801 35.973 43.396 47.764 53.934 64.385
20 FEM 10.729 15.213 22.925 31.603 33.802 35.975 43.398 47.769 53.936 64.401
mode Ist 2nd 3rd 4th Sth
present O

FEM
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Fig. 4 The first ten mode shapes of a CCCC functionally graded square plate
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Fig. 5 The first ten mode shapes of a CCCS functionally graded square plate
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Fig. 6 The first ten mode shapes of a CCSS functionally graded square plate
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Fig. 7 Fundamental frequency parameters vs. volume fraction index k of functionally graded
rectangular plates with different boundaries and aspect ratios
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