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Abstract: An accurate phase field method for 2-phase flow with soluble surfactants was developed based on
the phase field theory. The key point of this method was the utilization of consistent and conservative mass flux
to ensure the conservation of momentum transport across the interface. The finite-volume method was used to
discretize the governing equations in their conservative form. The 5th-order WENO scheme was chosen to effec-
tively handle the convective terms, aimed to enhance accuracy and robustness in addressing steep variations in
the interfacial region. Furthermore, various 2D difference templates were designed to optimize gradient discreti-
zation in the surface tension term. Particularly, with the template corresponding to the lattice Boltzmann D2Q9
model, a notable reduction of the spurious velocity and a significant improvement of the accuracy of surfactant
concentration prediction were achieved. Various examples such as static droplets, fusion of 2 droplets, bubble

rise with a large density ratio, deformation and breakage of individual droplets in shear flow demonstrate the
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accuracy, conservative properties, and robustness of the proposed method.

Key words: 2-phase flow; phase field method; soluble surfactant; continuous surface force model
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Fig. 1 The schematic diagram of the template

ﬁ@ﬁﬂg Taylor %}F . j’JFé/El\J%J @,’f—i I}ﬁt%x IEJ EI/‘J *XE: , EI [/y\ ’f?EJI‘ points of the gradient operator
ES| R DK =Ry T
_[0d ddy|
Vo= {aay} -
{a(d)l _d)3> + b((bs _qu +(bg _¢7) a(d’z _(174) +b(¢5 _d)s +d)6 _d)7> (21)
(2a + 4b) Ax ’ (2a + 4b) Ax

Ha + 26 = 1 JRIERS BT O BE Y55 MY @ = 46 B IZALEE T B8 BESR 5 Z AHHE - Boltz-
mann J77% D2Q9 BR300 eSS R K i U A TR 1) O B IR R B BT RS L
o B A R, PR K ) T A B AR B B P R T T 2 (20) T8 SR Z4E 22 o3 AR BR A 1 156
B, O HE TN SR 2 ( 19) 58 SCHY R KL P 531 R4 T Ak 2.
2.1.4 Laplace F-T #9432

FEPET R 5 B B E S e Laplace 5B ROALEE

1 Uiy, — Ui Ui — Uiy
[V-(n Vu) L,j = M(nﬁl/z,j # T MNiciny ]Axlj +

215 HEMEHIHLTFHEK
BT TP S B BT (V) T, MR Huang 250 BOSE LR W BORE RS 6 B T L JUAD
BT (L) x F7 1 (R B RO )

1 w...—u.. w.. —u. .
T X _ i+1,) i,] i,j =1,
[V-(n(Vu) )L,j = Ax(nm/z,j Ax M- Ax j +



1460 A R~ G SO | ) = 2024 4 5545 45

L n Visina ez = Vici2 412 —n Vivraj-12 ~ Vicizj-12 (23)
Ay ij+1/2 Ax ij-1/2 Ax ’
Hrp
1
Vivi2,jr12 = 7(”5,,41/2 * U;,+1,/+1/2) . (24)

22 HEE#H

AN A B T AR RS R] 25, AL BE Cahn-Hilliard 772 H A9 DU B JE 2R T, 51 A — > Hp[E) A2 i
W S5 LA P 0 5 R TR A X T 2 T R AR i as 5 R, R B X 5 EEA 7 Helmholtz
DA TR A I T Navier-Stokes J7 8 SR, ISR PS04 ek F 08 TE B0 ik 0 X Rl s ik 585k
it FEUIN S 8, FEEAT R B IE 2D IR T 1 AT 3 T A ) R

HAA GIRHME RS X 1 T Bk A e B AT %

n+ Y] A _X", ]: 1’
ﬁ—u—i 3 1 (25)
dt At At ?X"” - X" +?X"‘1, J=2.

BRIz Ab, 5 SCx S et ity g s AR

X", J=1,
X*'”Jrl :{ » (26)
" X" J=2.

X SC T R 30TAf) Ak B SR FH ) 2 B i s 2 AR 45 G
22.1 A7 A2ey KR

1% Dong 25 B AR, X PUBYARLE M A AH I 5 FE R AT A0 38 305 1 X DU B O S 0 11 3AL T LA SR T
BUE R EVE 38 AR R A% P B Helmholtz 77 T2 5t A B 57 AL T4 HEAH 2% B 10 4041

S R MBI &

Vz¢_(a+52}/,=@’ (27)
&

S 4 i
a=—2(1+ — 82] (28)
2¢e M,e At S
4
S =&l Lj (29)
M,e At

5

Q :M(jgz(_ V.<u*,n+l¢*,n+l> + z’tj " V2|:812¢*,n+1(<d)*,n+1>2 _ 1) _;¢*,,1+1:| , (3())
W RN vy 1 = 0.
55 SRR N — B A AR B
Vit +ad™ =y, (31)
SR FH A B A A T B AR A U A AN n- Vo | = 0, IEAF fEA 3RS
MZ;H — ((b"+])3 _ d)n-H _ g2 Vzd)nﬂ . (32)
2.2.2 R@EEER ARG KA
FEMIEAE T N AL E AT
dp + Ve (up)=V-(M, V), (33)
e R NI SRR (34)

Hrf M, =My (1 - ¢) NS RITFEHERIEA RWTHR, M, —%%,R(33) TUE N InFER.
oY — k, TV =8, (35)



512 3] WRER W], 45 . —loRs 5 10 1 T P 3 1 105 1700 P AT I sl A 7 05 0 1461

Hrp
1 2 2 14 2
S=V'[M¢t/f(l—ll/)v(—4(¢ - 1) +2¢”—V-(ut/f)- (36)
BE B o AT
‘yﬂlpnﬂ _& 2 n+l _ Q*on+l
A -k, TV Y™ =S s (37)

LR N n Vg | =0,
2.2.3  Navier-Stokes 7 #2 44 K fif
R 1B IE B 72K % Navier-Stokes /782, 51 A RIEBE ™ K5 2 (10) A 2

n+l_

HL%§££E+v«m”m“M>=vwnMWWf+<vw”“fl}+ﬂ”-vf’ (38)
p"”u”” -p"'u’ __ n+tl _ _n
v ==V -p"). 9
S 3of 24 A E SECT  IE  BE  SR AR (38) SIS TR V™ 5IATTRR(39) , AT 51
At n+l n *
V'(pml V("™ -p )j=V-u . (40

Xt BRI T SIHY Poisson J7 FEREATRAR AT LIFF 2] n+ 1 LB IET1 7040, FEFF nt 1 22 IR II7 72 (39)
HEMTAT AR B R — 20 US04 AL, © 2203 B 48 T & D7 RE i E) Bt Bk 18 2 feon 1 BARAYSR

925 F
fi A
( start )
(rmmmmmemmemm oo S )
: set the computational set the fluid mesh initialize the |
. A es .
i domain and time step parameters phase interface i
T C —— |
boundary solve the 1st solve the 2nd update phase update density,
condition Helmholtz equation Helmholtz equation distribution viscosity, etc.
(rrerrerrrr e ¢' ______________________________________________________________ ‘:
isolve the surfactant| boundary solve the surfactant update surfactant update surface !
i transport equation | condition transport equation distribution tension coefficient ||
e e o T |> |
:f e |
solve the Navier | get the intermediate < o ;
| salvetiis Nd.\ e 8 . update the pressure field update the velocity field —>| save calculation data -
! Stokes equations velocity :
I

B2 FfHiHsmE

Fig. 2 The flowchart for the numerical calculation
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Table 1  Errors of the pseudopotential velocity at different grid resolutions
LZ
grid resolution
present normal present normal
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128x128 3.585x107° 1.506x107* 3.732x107° 2.565x107*

Ve 5 AR B ) AR gtk i A2k 4F R T R = 0.1,0.15,0.2,0.25,0.3 5% 5K J1 2% 0.001,
0.002,0.005 1 &L N R S350 40, ikt s 8 p, = 10,0, = 1,m, =1, =0.01,C, =&/L = 0.01, T
HHR M, =107, AT RIS IR 200%200.

Bl 5 /R T = AR 10K 1 RECHE BT R ARG L 0.1 21 0.3 BRI S P 40 s 22 BE R il %2
AR B T LU AR T K ) R B T I BUE Y ST v & RAr 8 6 45 T 34 s sk
IR (y = L72) F2RRRR 0.25 BIWK (o = 0.001) AHAS & ¢ Y4010, [RIIFR 25 0 7 e 28 AR B
LN T

R - - L/2) + (y - L/2)?
d)(x,y)Ztanh[ (x [) (y ) ] (42)
2¢&
WE 6 Frn , BUETTHE TS B AHAS B R 2 S HLe Wil 58 &=V 4.
0.06
o simulation o simulation
theory n theory o . i e
)
g
S 003}
E ¢ 0O
2
FF—/?/J:TO(H/ -1.0 T Commmmm
03 5 7 9 11 0 0.4 0.8
1/R X

5 R[N RI K 5K ) AT W
PO 22 B EUE AR5 BB A B L

Fig. 5 Comparison of numerical and theoretical solutions of pressure
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Fig. 6 Comparison of numerical and theoretical solutions for

differences between inside and outside droplets with the phase interface distribution at R = 0.25

different radii and different surface tension coefficients
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Fig. 7 Schematic diagram of the fusion of 2 droplets
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Fig. 8 The interface morphologies at different moments
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Fig. 9 The variations of droplet volumes with time for different grid resolutions
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Fig. 11 The interface morphologies at some moments during the rise of the bubble
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Fig. 12 The rising velocity and the centre of mass of the bubble with a large density ratio
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Table 2 Errors of surfactant distributions on the horizontal centreline

L, L,
¥y,

present normal present normal
0.01 1.163x107* 1.238x107* 6.067x107* 6.631x107*
0.05 5.065%107* 5.433x107* 2.721x1073 3.001x1073
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Fig. 13 The surfactant distributions on the horizontal centre line
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Fig. 14 The schematic diagram of a droplet in shear flow
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Fig. 15 The deformation coefficient vs. the time
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Fig. 16 The deformation coefficient of the clean droplet in shear flow

P17 45 T BB AT 2 0 T A A5 AR T S8, 45 R WA SCR JE A 5 15 Soligo 250 (Y i K
T3 % A8 SR — 350, AR T LIORS B F0 0 2% 1 35 P AR R AR A AR R

XoF 2 B TR 175 1 70 5 W 114 BRI BY 1T) BT O ZR AR S b T T ASLAUL 9 25 SR A B Ca $(0.25) |, ff T
i MR T BB 25 5 53X — T TRV 45 A b OC 22 10 Jmy B 177 2 — D T e 2 & T R 700 A A A 2 B0
YT 5K 7 A B A , 2 T 3 A AR A YRR o R AR A & S BRI A R 5K T, X A5 e YRR Y AT R A X
SEHR BB A S S T 7 Ak —E 22 PR AR AL I 18 45 1 T BB 0.25 W& (AN EA ) Fm i1k
VR B P A AU A, 0T LA HE 2R 0TGP 7R X0 L A8 T A 52 ) I A % T T 79 Y R 1 1 o Y
AT R R A BT Jin.
3.2.3 mm,.‘uz‘d] o i i 04 A L

— 4K Reynolds %% (Re = 10) FITEAIEL (Ca = 0.35) , SRS SCHR H A8 5 B BF9 2 100 6 1 0 X6 ¥

Euﬁ'lﬂ‘rﬁ/é’]ﬁfum PR LA AR 5% B S 0, Z W T 52, — P48 R=0.4 [W0TH CE ER il 0 =
[0,8] x [0,2] ML 25 SEWIFRH) Uh AR FH 22 1S TRV EE ¢, = 0.01,0.02 B2, 5 2 & M7 A OGS4
BEN M, =0.01,k,T=0.675,W =4.273 5,8, = LOKAER b FEEH N TCH B R A, 2245 4 R T 5t



12 4

WRER W], 45 . —loRs 5 10 1 T P 3 1 105 1700 P AT I sl A 7 05 0

S bR A R 512x128 , RHEESE N ¢ = 0.02, BfEIEK R de = 107, S mHE] A 40.

0.4 0.4
theory theory
- o present F o present
v Soligo, et al.®” v Soligo, et al. ™"
03[ 03F
D 02f D o2k
0.1F 0.1F
0 1 1 1 1 1 0 1 1 1 1
0 0.1 0.2 0 0.1 0.2
Ca Ca
(a) ¢, = 0.01 (b) ¢, = 0.02
B A7 N[ R 0 50 e BE X i A8 I 22 B 5% )
Fig. 17  Effects of different surfactant concentrations on the deformation coefficients of the droplet
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Fig. 18 Effects of different surfactant concentrations on droplet deformations (Ca = 0.25)
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Fig. 20  Effects of surfactant concentrations on the droplet breakage
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