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Abstract: Due to low computational power consumption and high efficiency, GPUs/TPUs/NPUs with single/

half-precision computing units make the main computing mode for artificial intelligence, but they can’t be di-
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rectly applied to solve differential equations requiring high floating-point accuracy, nor can they directly replace
double-precision units. With the combined advantages of single and double precisions, a mixed-precision solu-
tion scheme balancing efficiency and accuracy, was proposed for large sparse linear equations. The sparse
GMRES-IR algorithm for large sparse matrices was developed. Firstly, the characteristics of matrix data distri-
butions in fluid dynamics simulation problems were analyzed. With double precision for pre-processing and sin-
gle precision for detailed iteration, the single precision calculation was applied to the main time-consuming part
of the algorithm, to enhance computational efficiency. Solutions of 33 linear equation systems from open-source
datasets validate the accuracy and efficiency of the proposed method. The results show that, on a single-core
CPU, under the same accuracy requirements, the proposed mixed-precision algorithm can achieve an accelera-

tion effect of up to 2.5 times, and the effect is more prominent for large-scale matrices.
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JERURE LT TS ITRY 8 A5 e A5 R BE TS BT (FP16 FI BF16) A0 PHAE J I J2& XOKS BE Y 15 A% LA E.
X UL P RE TS RE A A EORS BE 7 SRR B AR AN W4 i 55 — D T, X S8 AT AT ATE AN R
TRIZ 27 ] A BRACR AR T, AR BE B AR DA oK, 55 TR S LB R GEAH L, TPUv4 #H ELEE T NVIDIA A100
MRS, TR TR 70% , [RI DIAFEREAR 509% " S R T AI0RS B2 I A0V T B T 7 e P R A 1 i3 315
ROR AR BRI FE_E TR BE.

RS B 17 A BT X R AR R U PR RE A B T E0 2845 100 38 sl ) AR 7 S T8 1) A0 v i R P g
FETHEE, LA A2 52 B ) R A (BDR B8 EOR BE TR B2 B0 & i A O TS B i B e e m RS B T3
PR F DR, 256 oS B P B0 R AR B 0 B0 T S IR AR Sk B e 3 T A R AR
SRV T AT Y 2 BRE T 0 R PR BT H 5. 7B At A R b BE T3R5 T IRRS BE Sk Y
THR AR DA 2 A B Bk D MERA P AE AN e 25 RN B B R4 T, B m Bk 0T e,

FURG, TR R BERIE O WF T AR, 32 24 b TR i M 07 R 2 TR K 2 R R AT 2 R D5 R 4R A
T LA S A AR ok i« P94 BRI ks A, T A e 5 o 5 o X D e 980 755 SR Aot 4 I S 75 4 I e, 2B
AR A8 T4 BRREL R | AR DR T e 2 R AP JEE | 488 1 SR A8 A A i A 23 1 el i — UROR i Jm 314
PR it 1) B R A 5 22 T e 2, A B A 1] o A RS TEIOT, o) gk 1] 2 EA T B I

AR A AE 23 B SR A7 AN R] TR 50 BE AR P L 20 A B S AR Tk SR AR 125 SR 12
S A OO A SR AR PR AT = A 0 i R S 4G, TT LATEAT PR AP0 3045 5 R AR A A 5 22 AR 12 DUl ok 2
VA, 38 5 ¥4 1 TC 55 7 4 2 TC A8 300 AF 10 7. Buttari 857 3 B 1R A 154 15 TR 600 88 50k OfF RN B 1)
LTI e R fff (MUMPS) MY A SuperLLU Iyt AL PH, Hogg FI Scott! " BETF T B BT FRAE M 19 TR &
R EE SR A2 R FAIORS BE 1 LDL 43 ff BUAb B, 78 BRA% CPU b, BUOBURS B8 T35 288 B A A e R 3 T 2 £
AR InE SR,



42 VA I G I A = 2025 4F 45 46 %
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bi 5 S T T A0 S i) S0 B 2 S 0, BT LA Z Wit i) S8, s i R T A Al
R(Q)=0. (2)
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R 1 IEEET754 XURE LA A L YA 5 BRI (B
Table 1 IEEE754 FP64/FP32 significant digit and value ranges

floating-point type significant digit maximum positive value minimum positive normal
FP64 16 1.80E+308 4.94E-324
FP32 7 3.40E+38 1.40E-45

AL R ISR I 2 S R R B R S AR A G, KTT LS % Carson M1 Higham' '™ 9 T4,
1.3 #Ei%EPRE GMRES #{Lix K E % (sparse GMRES-IR)

GMRES VA 23R fifp R AR AR i A0 P07 R A9 0, A WSS e, A T 7 il ToUA B | PR TR R
B AR B T SR A0 T IR A O L B B2 2 B0 T R I SR el 20 A 0 S AR 3 o A
Krylov 725 [8) & 1) —ZH PR EIESS L , SR I 1 5 die/ > —3fe 2 ik 22 /DN, DAARAS fif 1) . I A 38 A9 Krylov %%
[Ean T .

K, =span{r,Ar,A’r - A" 'r} . (9)

YRR R A A cond(A) = A || . A7 |, & KRES BERFR N RS A J54R 19 GMRES
Sk SN P L AL TUAL By v s AT S TUAL By R b s — A S Dy AR A [ A R e T
Qb PRFE PR A5 IR RS A AR SRR LR B Wi S B8R AR SR FH 8 AL B 77k iy A Tk 28, JHC[R) A
T RER)RIB AN

AM 'Mx =b. (10)

R T ORAE R R s AR T R A T UL B B M~ A L TR TR 35 A A R R Ay Bk
AR RE 3% , 19140 Jacobi THALBRIN ¥~ \ILU J3f#  AN5E 4 QR Sl S5 A SCR AT ILU 3 A A: D Fitkk 307 k.

ZE L0 GMRES-IR A" S BA B 2 A0 T I 2R My FROR A 1) 0, 3005 1 /R 77 AR i . 4
GMRES-IR 3R I 7RG A LU J3-fif VD P4k A SCRN ks 2 1) GMRES BEAT 40 AL 28 A QAR B2 52k 2
BEXF LU 23 ad B S BN, ZER B AE AR T W FE MR EA T LU Ze i I TR S 20 B O (n®) |, Hovb n SHE ISR
JNCY SR R RS A K, GMRES 340 A s [EZE I T LU 43+ Fir 75 22 A0 st [ DR 0, SR FEARRORS 8 A 90k B3 0k
AT LR A 8500 AR

CFD A B [ D7 AR 2, JHCARR SR Ak L 2 A v B8 ) 6 i P, DR1 O 308 2 SR P R s 8 2 118 7 i T =R
AFJE MR 2 ML ) 5 5 A7 AL 38 AR B 91 2 4% 28 (coordinate list, COO) | 31 Hs 45 #% 2K ( compressed sparse
column , CSC) f7HE4i4% 2 ( compressed sparse row, CSR).COO ¥k T = el WL SRR A AEZE TR 1Y
AL EFNR/NCSR A AIUTE COO MUY ILAR b X HEFITCR AT I RIAT 4R A SCR A2 CSR #5 2.

®ik 1 %M GMRES-IR 8k

input: matrix A, ; vector b

output: solution vector of linear equations Ax = b

1. LU factors of A; A = M =L,U, lower precision

2. solve Mx, = b, store x,, as working precision lower precision

3. store L;, U, as working precision L, U

4. fori =0,---,i, — 1do

5. r,=b - Ax, higher precision
6. solve AM ™ 'Md.,, =r. by GMRES higher precision
7. if |r,|l,=1b-Ax,|, < &, then

8. X, =x,+d,, higher precision
9. else

10. break

11. end if
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12. end for.

UNHITSCHITIA TG RG BE 5830k A 3 O B A 7 308 o (PO 2 0 i i B3 580k v 9 3 ARG I 0 L S B s 3+
S, WA R HAB AR 73R FH s RS BE S, DRIE fie 28 45 SRR BIKG 2 205K AR 48 8t GMRES-IR 39 78 ] T4
AR 0T R B 0 AP REAS SRR, T LA R 25 R T Ak A i % A R, e
LB,

@ 5E4H LU Sl 2 R AR PR A 2, B KL [ 1 30 A A A2 8 Tl sl BRIV 5 0 66 I 2 1
i BRI, LU 23 Je b = AR REL R AR = 0 e 20 mT e A8 8 1. el T i A it =X R 2 LA ) 1B A
it dEFITR PO A5 B AEUENE B AT ZARAE A B AR R DRI R 3 %) 285 1) 40k SRR o o Aok
ERBINAAUAN.

@ TR A A R P TR BE 7 8O3 RO RCRA IR AE AR [R]F 6 b RIS 25 0 £ i
) AL T ARORS B3 B A A A REAS 0 D B % oy B A i S0 A i B30 () AN el v ) A s8R
LU J il it 2R IRAGHE R BEA T 70 A AR 3 | DLGRUE AR AR B A X AR 26 L B TC 3R B A 0 & AE M B 4 2040 T
R I 3 A R A 80530 7 B DR 1 e R R R P B, 3ok SR B0 TR TS B S I s s8R BTG, s
FEA#T LU e EORS BE 17 s B0 H AT L s8R A R

X5 T EIR A AT ISR b ARG SRAE) T B AN 58 A R I 0 7 1 R A 3 T4 BRI 910 TLU 3 fife.
TLU G 5 M R R v A 2 0 3R 7 B A0S () S i R AR ], B o i R AT S AR oo R B iR,
H G ARAF 1 A B A B AAE , TLU 23 B SE AR AR QN385 2 FIrzn AR, ILU J ik S — a0 (A S04 307 92, %)
GMRES WS i) R8CRAT B 240 A 204 QB0 s T TR G . PRI, 1 A Ak 1) T A B D7 5 0 F AN 3 8 it
GMRES-IR #.%.

Bik2 KM LU i

input; sparse matrix A, ; nonzero element position P

output: ILU factorization L

1. fori =2,:--,ndo

2. fork=1,---,i -1

3. if (i,k) inP

4 a, =a,/a,

5 forj=k+ 1, ,n
6. if (i,k) inP

7 a; =a; —a,a,
8 end if

9 end for

10. end if

11. end for.

B 1R T AR SO B HS 0 25 T 5 B A A VR 5 A i AR v | 5% Ak 3 38 3 4 1 a2 AR
3 PR 43R T T ILU S AR Sy T Ak BAR 0 | 4 3t vl g 0% T A JARREE o, O 368 o APRORS JBE B 1 4 4 4
FEIEAR K AR A A 25 S A0 R Rk BE A I, T D s 1 e 1) A 7 B I, 5 2 o T AR e 2 N T
DAIA 3] A B P S BCEOK

BRI S, A MDA L, sparse GMRES-TR 8803 HUA DL 5 55 Fekeat

@ R FH G EE ) SR04 B 75 0 FIARRORS 5 48 Ak a2 A A TR 05 B8 B30k, vh 1 ST ok | K i i 6 % 1Y) T Ak 2
T3, 0 LU 43, P RE JCIEAEAORS B2 b SEan S8R R T AN DR A P i A7 A A B A SR i
4 1 I it 1 i s T TSRS B AR O A D | T Ak AR 40 W ok 32 3 TR AR X AR IR |, SR FHARORG 5
SR 20 A AR o T AT Y.

Q@ FE T AT 1 551 2R AR ST 5302 2 R A W VR0 W (O s A7 245 40, 8 A R i R A T8 1) 4
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RIS, JFREAR T XS AR BTN AE B2 1A,

@ A5E B )T A SCE LR T ILU Z0 #2547 T4k B R P54k B0 I AR SRR AT AR ] B9 3R 2T
FALEGXIRER THE MR A R, (E S EORG BE S xE LR B SR PR, A SCAE i 1) oA 2 3ok R
TR TR

@ FT CFD [R5 AR SCRE ST X CFD [0 R0 7 A 4 i A P A4 00 3 8080 B 7 288 AR
R A e R R A RGOS 1 o DI (25 R I 25 K R A0 /N IR ) | e JRE S M T AR A A e P T s A i A 5
T XA o D SR R AR R R, BRI R RO 2 Ak A Qi th vl AR UESR ARSI, X PR UE T 1R B0
JESAE CFD (A1 b A HIPE 6 TAE SRR Y LU 20 s ILU Z0 T 5, CEEA T AR B 20 i o o5 22 04T 20 A
FIIAL B3 LA PRAE 35 (4 e o P, 3 7 00 A7 A T A 66 B 2 i 3 B b 2 SR A B T B AR Ll
CFD [y (B RERE B A X A g D0, £ AT e A I, T DL s DA B R I e B 0 20, LR EA T 70 i
REARR 1 Ao TE] AR SR, % AT T AR R B, AR SRR 15 REAS A 28 S B ATy 5 2 — 2 A .

high-precision part

[ fails !

" i

intial vector x > residual vector r ]

1

update solution vector convergence threshold
| output x
x=x+d [b-ax||< &w
- : ILU ;
matrix equation [ | decomposition ~l
A A=M=LU

1 - isi t
sparse GMRES solver ower-precision par

AM 'MAd=r

1 Sparse GMRES-IR 2K
Fig. 1 The sparse GMRES-IR program flowchart

2 BUHSEERE R Ko

21 WEEPENIXEESE

ARSCAEHAZ Intel i7-7700 CPU _E A7 M F2 /748 FORTRAN 90 45 .0 1 R UESR (1 48 FE 1) 2 0
PE B0 R A 2 LR K2 12 TR 1 4 B 4500 4 ( SuiteSparse matrix collection ) , Z B & T2k H A IH
Tl AR ) B (R AR SR B, AR SCREHR T 33 4 CFD AH ST s AR R TR, A7 o R 4 1 1) i SRR 1Y)
e FE KN AT TTR B S B S AR BE i g AR AN 3R 2 R L o % B I SRR BE R AR R
LR BEE S BT R B W A, RIEZR T R B 5 0 B 4 B 0 7 2t NS5 SR mT DL e B
B R P 1 235 B T 2% LA, LR/ VA 3] 0.004% . 3X B, 5 R FH R 28 J0 I X XA 7 ik SR B | T s 22
AT HLAE B AR B A P B8 T 00 5 B TS BT P AR i 6 e P (91 T35 o G ] 3
TN I P AN FELE s XU

Kl 2 R T i R AE R T R oA i 00, v] LW B4R MR A AR T0 2 40 A0 S BN A7 A iR e | Rk
FALk b RAEZ O ER % B AR/ INIE 5 T AR R A 263X 5T ST Y CFD [ 850 7 i 0 PR A — B0 A5 14
ST R R E A TR P RS e T, X 2 AT M S5 RS S5 B EL A T RS G RS T, AR
R I SRR it P G A P R | A S B P R e ) A B A 3T A AR S0 5000 118 2 A AR SR
P ZAEEO T FIE R

cond(A)= A, A", . (11)

AT E NG BE GMRES fie K NIk AR ECH 300, e K EICH 2, Sk AR EUR Kol 600, 1E 6k
GMRES PIE AR K IEAIRECH 10050 F kAT ARG B SR M 25 iR 2K, AR B — 2P #0584
Kook A, MR B T HRSORS BE A% A D i R KB AR B AR A P A Ak AR Bl K R 10 Ik Xk 1 IR
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Table 2 The distribution of all parameters of the matrices used in the test case
matrix dimension non-zero elements count condition number sparsity ratio/ % absolute value range
maximum 109 460 2 374 949 5.63E12 1.979 938 3.57E10
minimum 1 080 14 133 885.246 1 0.004 111 -1.74E-10
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Table 3 Comparison of preprocessing time to total computation time and accuracy for selected test cases
name ILU time /s double precision time /s mixed precision time /s double precision RMSE ~ mixed precision RMSE
Poisson3Db 0.695 55.039 40.5 1.91E-11 4.59E-12
VenkatO1 0.189 34.801 13.726 9.60E-14 3.54E-14
Raefskyl 0.092 2.526 1.757 6.91E-12 4.62E-12
Poisson3Da 0.09 7.855 4.426 1.85E-12 8.76E-13
Goodwin_013 0.013 1.133 0.772 3.20E-11 2.92E-13
shallow_waterl 0.012 40.603 19.853 3.51E-13 6.14E-13
shallow_water2 0.012 40.087 19.937 2.30E-12 1.27E-13
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Table 4  Solutions precisions and speedup ratios of non-convergent numerical examples with different iteration parameters

case solver precision maximum outer iteration ~ maximum inner iteration precision RMSE iteration CPU time/s
case 1 double 2(restart count) 300 8.18E-12 433 1.688
case 2 mixed 10 100 3.51E-4 1 000 2.203
case 3 mixed 10 200 8.49E-12 1 554 5.484
case 4 mixed 20 100 9.36E-12 1 600 3.859
case 5 mixed 40 50 9.289 2 000 3.248
case 6 mixed 4 500 2.415E-5 1 988 14.812°5
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