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lal 1! Cao U1 L17] Cosserat
Cosserat )
Cosserat
, Lagrange
Cosserat
Cosserat s Cosserat . Cosserat
[17-18].
{el, e, 83}
1
Cosserat . (e1, ez e3)
(x,y,z) Newton L. Cosserat ,
r(s, t)(Cosserat ) 3 di(s,t), (1= 1,2, 3) (Cosserat )
s t . asr'd3> 0, as
s . (1) | O;rl> 0,
O;(ll) (S = S()) B
[19].
(e, e e3)
r(s,t)= ri(s,t)e;= x(s,t)ei+ y(s,t)es+ z(s,1)es. (1)
di(s,t)=dj(s,t)e¢ . Cosserat Cosserat or
w= w;d; 0.d; = wxd;. , Cosserat “ ”
v= 0sr= vidi * ” u= uidi Osdi = u x di.
7 = %{uatr-amr I(w, w)}, (2)
, H= 91,9 A . I= [,;'di-"dj
) u v
1 N X o A
U = E{J(u— ,u- u)+ K(v- v,v- v)}, (3)
, Voo J=Jijdi = d K= Kjd; - d; )
Lagrange
L = T-=U. (4)
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Cosserat

S = 'L’dsdt.

di(s,t) = dij(s, t)e.

dindip = G5, dridyy = 8,

&;  Kronecker

w, u v {81, €2, e;

|
w= w,e= wid,

d
u= uie = uidi,

d
V= 16€ = vidi.

wi = %Gjldljazdﬂc,
d L
wi==- €1dj10  d,
1
u = Efwdzja.\- di,

1

ui=— > G0 s i,
vi = Osri,

-2
vi = Ogjdj,

€ir €= (e % ¢)°e;.

AP) . (7) ,

@a = - djadﬂ@ia

D= (d\dyds)".

D € 80(3). SO(3) (201
D= (d,d2 d3) .
) ¢ 7 Q:
D= DxD'x D= Qx D
Q= pxD'. Q € s0(3), s0(3) S0(3)
(19) (200

&= Qxd, 1= 1,23

o = - %ejkdjl &y .
(12) (14) (16)

(3)

(11)
(12)
(13)

(14)
(15)
(16)

(17)

(18)

(19)

(20)

(21)

(2)
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(8 1 d
W= - Efijk(d%atdkﬁ dnd dy) = 0, U+ i O,

M= - %ﬁjk(@asdu+ di0sdu) = 0, O+ € O,
= 0,pdi- Q(0,r xd;).

Cosserat

r(s,t) R

Cosserat Y

T = %{Uatr-azr+ I(w, w)}: %{Uatriatri+ Igjw?w_;},

™, A

u v
U = ‘{J(u ,u—- u)+ K(v—- v, v- v)}
A{Jl‘](ut_ ul)(u]— u])+KU(11L—1u)(1JJ—f),d)}

U= Ui+ Us.
) : Iy, Jj  Kj

T= W, 0.+ (O, O+ €uwl OItw! f -
— e Wuri— QA0.(15w)) - wil5wf + wil§w]] -
B Ou( Ijw}) + wilijw) - wilsjw]] -
R0 I w)) - williw)+ wilsiw)] .

. (24)  (25) :

Uy = BIG(u'- o) = (0, A+ €uut Q) Ji(u - o)) =
— Ao TY(u - 0f)) - uSIN(ul— )+ uSJY(u) -

(712— ﬁKU(U] Ad —
[a'Pdi— Q'(asrx dz)]Kil,(y,d— @;]):
- PO [K(v)- o)di] - Q[0 r x Kii(v) - 2)d,].

K(v-17v) = HZ”(U’ Ad] d;,
I(w) = Z{ij] Zﬁdw

(23)

()
(%)

(20)

(27)

(28)
(12)  (23)

(2)

Ad
)] =
QRO Jy(w'= 1)) + wsl(u = 2f) = ull5(u= 2])] -
QYO J(w'= ) = wdl(uf' = 2)) + ully(uf'= 2))]

(30)

(31)

(32)

(33)
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3

J(u- 1) = Z{ Z/z’j(u;‘— o) d= i di. (34)

i=

s=— pud,r— o Ihuwldie wx Ihuwldds po(Ki(ul - 01)d) +
Q-{aS(J?j(u_;l- 0f))di+ ux JG(uf- of)di+ 0,r x Kij( v - ﬁﬂ)d}:
— [ Wur- O (Kii(v) - 9)di))] -
{0,/ (1w dif = [ (JY(wl= t))d)+ dor x KY(v] = o) i} =
- r[U,r- O,K(v- )] -

Qe[o,I(w)- 0, J(u—- u)- O;r xK(v- 9)]. (3)

P Q ,;Sz 0 :
W, r= 0O,n, (36)
O(h)= Osm+ O,r x n, (37)
h= I(w). (38)
n= K(v- V), (39)
m= J(u- ) (40)

f(s,t) (s, t). Cosserat

W,r= o;n+ f, (41)
Oi(h)= Osm+ Osrx n+ 1. (42)
Newton
Cosserat
, Cosserat
ds= UL, (8B)
v=1vl.
(3)
U = %{J(u— i, u— u)+ K33(v—1)2}. (44)
> Q . (36) (37)
(43) D)
& = Ivv>| - |VT;T3”' (45)

Q: QJ_+ Q3, (46)
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Q3= (Qedsy)ds= Bds

4 | s Yy X @
L 3= dixds= X T TE T
X >
[lvvl"z d]da: old,+ d,.

9
Ny
1

%{J(u— i, u- @)+ Kx(l vi- 1)2},
U = é{]?,-(u?- a)(ul - ) + Kz(l vi- 1@

U= U1+ U2
(46) ~ (48) :
‘j: VO, >0, ri+ (0, Qd+ ﬁuwg Q(})I?jw(-l:
- M0, ri- Ql[a ([yw,)—wslzjw,+wglgjw}l]—
[5 ([zjw, + wﬂljw] 1,{)]]3]‘ j]—
OB/ 0u( I3jw]) — WZ[UW/*' wilyjw]];

)4

[ vl
y X v d d d,d d d,d d
{I , lz’dz}[ap(lzjw,‘)+ wiljwj — wilywj] -
Qg[at(léljw]d)— wglfljw]d+ w{ilél;w;d],

T=— > Houri - 2‘d1 [az(li‘,-w,‘-’)— wgl%w;‘l+ w(zllgjw;'l]—

: ; d>

T=— 2 WOuri+ w[0(Iw])— wil%w+ wglgjwjl]l o
dyd d d

v>[8 (]zjw])+ W311]w] wilzjw;] Lyl

QB[ 0( Iyjw}) — wilfjwj'+ wiljw]];

: d
T=— P Wur— PO [0 1w - wildwi+ wilw] ﬁ}Jr

d
205 [al(](zjl'wjd) + w%]ﬁljw}]— w113/W/] | vll}
Qé‘[a,(lél]w]d) _ wg[iljw]d.y wllzj’w]‘].
(23)~ (25 (46)~ (%)

Uy=— PO [0:(](uf - )~ uSly(u)- &)+ wSI§(ul- )]

80 J5(u - af)) — wdIli(ul - ) + uwlIS(u'— o))

o= r>as[K33(| v I- l)v] _

Us= Kx(l vl- )i
— O(Kn(1 s 1= 1)d53) .

[ vl

dz}
+
v

d d d d _d
Pax{[as(ﬁ‘j(u;‘— )+ wSlh(u'= af) - wlrScu’- 2] (e

(47)

(4)

(9)

(30)

(31)

(32)

(33)
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| O S =0
d
- P U, r - Pa{[a (Iyw])— wa[zjw] + wz[sjw]d] | v2I
d

[at(I%'w}])+ wglﬁljw}] wllsjw,]l vll

= PO [O(Jij(u'— ) — uSTy (u'— ) + udJ(u)- Ad)]| b1~

[0:(J% (uj' - a;‘))+ usJy(ul- o) -

ul] S (uf - Ad)] ST+ [Ks(10.r 1= 1]d3}, (54)
5;([3, w,)— wz[1,w,+ w1[2,w,d_

O(J5(u' - o)) = uslfj(w'= o)+ uily(ui- o (55)

()
uanr: asn, (%)
n=- [at(liljwjd)— w%[%w}l+ willéljwjd]l v2| +
d
[O(15w))+ wslw) - w1[Ejo]| vll +
d d
[0S (= af)) = wdcul= )+ wdScul- )] T -
d

015 (w'= &) )+ uSl(u'= af) = wlI§(ui= )] 77

[K3(| O,r 1= 1)]ds (57)
n= nidi+ n2d2+ n3ds (58)

{az([?;u)])'l‘ w311;w;— 1/01]3]11)]—

a(]z(uj— uj))— u3]1,(u]— u])+ u1]3](uj— uj))}/l vi; (59)
ni= $ 0i(ha) + wShi— wih3— 0s(ma) - uSmi+ uimap /v (60)
na= {= Bu(Tuf) + wirg wf - wirguw)+

s uf) ~ )~ bl w) e i)~ AR (61)
na= = 0u(h1) + wSha— wihs+ O,(mi) — uSma+ udmay/ vl (62)
n3= Ks(l O,rl- 1) = K33(1j(31— 1). (63)

(55) :

8:(1(31;‘“};1) = w211]w]_ wl[zjwj"' 0, (-]3](ul_ ul))_

sl (' = o)+ ulJy(u- af (64)
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n;

(8]
(9]

[ 10]

(1]

[12]

[13]

[14]

[15]

Oi(h3) = wihi— wiha+ Oy(m3) — udmi+ uimo. (65)
W,r= 0,n= nidi+ md+ nds, (66)
Oi(hs) = wihi— wiha+ O(ms) — umi+ ulma, (67)

(60) (62) (63

Cosserat
Cosserat . Newton
Tang s [ 17-18].

[ ]

Love A E H. A Treatise on the Mathem atical Theory of Elasticity [ M]. 4th Ed New York: Cambridge
University Press, 1994.

Faulkner M G, Steigmann D J. Controllable deformations of elastic spatial rods[ J] . Acta Mechanica,
1993,101(1): 3+-43.

Steigmann D J, Faulkner M G. Variational theory for spatial rods[ J]. Journal of Elasticity, 1993, 33
(D: k26

Cohen H, Muncaster R G. Theory of Pseudo-Rigid Bodies [ M]. Berlin: Springer, 1984.

Papadopoulos P. On the class of higher order pseude rigid bodies[J]. Math Mech Sdlids , 2001, 6(6):
63 +640.

Green A E, Naghdi PM, Wenner M L. On the theory of rods I: derivations from the three-dimensional
equations[ J] . Proc Royal Soc London A, 1974, 337(1611): 45 1-483.

Green A E, Naghdi P M, Wenner M L. On the theory of rods II: developments by direct approach[J] .
Proc Royal Soc London A, 1974, 337(1611): 485-507.

Naghdi P M, Rubin M B. Constrained theories of rods[J].] Elast, 1984, 14(4): 343-361.

Rubin M B. An intrinsic formulation for nonlinear dastic rod[ J] . Int J Solids Struct , 1997, 34(31/ 32):
419+4212.

Rubin M B. Numerical solution proce dures for nonlinear on elastic rods using the theory of a Cosserat
point[ J] . Int J Solids Struct, 2001, 38(24/25): 4395-4437.

Zhang H W, Wang H, Chen B S et al. Parametric variational principle based on elastie- plastic analysis
of cosserat continuum[ J]. Acta Mechanica Solida Sinica,2007,20(1): 65 74.

Zhang H W, Wang H, Chen B §, et al. Analysis of Cosserat materias with Voronoi cell finite element
method and parametric variational principle[ J] . Com put Methods Appl Mech En grg, 2008, 197( 6/8):
TALT55.

Neff P. A finite-strain elastie plastic Cosserat theory for polyaystals with grain rotations[ J] . Inter—
national Journal of Engineering Scien ce , 2006, 44(8/ 9): 574 594.

Sansour C, Skatulla S. A nor linear Cosserat continuum based formulation and moving least square
approximations in computations of size-sale effects in elasticity[ J] . Com putational Materials Sci—
en ce, 2008, 41(4): 589-601.

Sansour C, Skatulla S. A strain gradient generalized continuum approach for modelling elastic scale



Cosserat 1099

[16]

[17]

[18]

[19]
[20]

effects[J] . Com put Methods Appl Mech En g g, 2009, 198( 15/16): 140 + 1412.

Cao D Q, Liu D, Wang C. Three-dimensional nonlinear dynamics of slender structures: Cosserat rod
element approach[ J]. Int J Solids Struct , 2006, 43(3/4): 760-783.

Liu D, Cao D Q, Rosing R, et al . Finite element formulation of slender structures with shear deforma-
tion based on the Cosserat theory[ J]. Int J Solids Struct, 2007, 44( 24) : 7785-7802.

Wang C, Liu D, Rosing R, et al. Construction of nonlinear dynamic MEMS component models using
Cossera theory[ J]. Analog Integrated Circuits and Signal Processing, 2004, 40( 2): 117 130.
Antman S S. Nonlinear Probems of Elasticity [M].New York Springer, 1995.

Sattinger D H, Weaver O L. Lie Groups and Algebras With Applications to Physics, Geometry, and
Mechanics [M] . New York Springer Verlag, 1993.

Variational Principle for a Special Cosserat Rod

LIU Dong sheng',  Charles H'T WANG?
(1. Applied Mathematics Department, Nanjing University of Science and Technology ,
Nanjing 210094, P.R . China ;
2.School of Engineering &Physical Sciences, University of Aberdeen,
Aberdeen AB24 3UE, UK)

Abstract: Based on the Cosserat theory, the nonlinear models of a rod in 3-dimensional space was

described Using pseuderigid body method and variational prindple the equations of motion of

Cosserat rod including shear deformation were obtained.

Key words: rod, variationa principle; Cossera theory



