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[68] 14
1
L 4 Lorentz=Minkowsk i . Riemann (), Levt
Civita y (9]
XY_ "-.YX_ [X7 Y] = 07 (1)
XV - Sy XL - cixovZ= 0, (2)
X, v,Z L* :
v= ¥(t): 17 L Lt Y {/m >0, k2, lm}
Frenet {T: No, N1, N2, N§. Frenet
STINi = — € 1kiNi- 14+ & 1hiv 1 Nix 1, 1= 01,2 3. (3)
koN-1= kaNs= 0, &= (Ni, N> = £1, &€&&=- 1 v
v(t)= WX () =1 <Y (1), Y(e)1"2
Y Y= Y(w,t): (- &€ %I L* Y(0,1)= ¥(t).
¥(1) W= W(i)= (0v/dw)(0,1).
W= Ww,t), T= T(w,t),v= v(w,t) . s
Y(s), ki(w,s) . L Y , t= s Y
I=/[0L]. , ( [2,7] )
1 )
D [Y (1), W(t)] = 0
2) W(v) =~ &g, g=- (W, T);
3) [ W, T] = &gT;
4) W(ki) = (SFW N1+ 2808k
- . kr o
5) Wik = {7 k—:.--%WJr eok1 . TW, N2 ) - k—?(.-'%W, N+ &gk
6) Wiky) = (o) 2| o AW e ek W |+ 23W N Y+ daghs -
k2 k1 kT &
k3 k3
k_ZW(kz)— EW(kl).
Lagrange Y k1 k2
L4
F(Y): Jyf(kbkz)ds. (4)
flky ks ki ks . Y(t)= ¥(0,t) |, s= 1,
12 S . (k1 = O)
i (w) J‘L > I
ar), f(k k2 dsle-0= | B, Wds+ B[ W, Y]G, (5)
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Liw) Yo(t) = Y(w, ()
go= &(f = kifr,— kaofr),

ko fi,

gr=~Ji,= T

A
g2= &kifi,— Skaofr + & . + & P

1
k3f/;2 k3 fk }
= €& 2 2
g3 183[ i +{ i s

’

fo f ks () s
B[ W, ] = { ak]:kzN; STW Y+ (P W+
fz;2 k3 fr, .
<fklN1— € ENz— a8 o N; W >,
P,
Pi= goT+ giNi+ g2N2+ g3Ns3,
E
E = (g/o— okig) T+ (€kgr— g/1— €kigo) N1+
( @k3gs- glz— &kog1) N2+ (&k3ga+ g/s)Ns.
EulerLagrange E=0
glo— &kigi= 0,
€ikag2— g/l— kigo= 0,
&kigi— glz— &kygi1= 0,
&kago+ g/3: 0.
1 L
grange (10) .
k1, k2), Euler-Lagrange (10)
2 Killing
Lt Killing
L Y(t) w
ki ky k3 )
W)= Wki)= W(ky) = W(k3) = 0.
1 EulerLagrange (10), P
Wov)= W(k) = W(kay)= Wk3)=0
0(1,3)
L Killing

B[ W, v]

(7)

(8)

(10)

, EulerLa-

Lange+Singer 10
Killing v,
Y Killing

12
Y Killing
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2

d (w)

o), S(kuko)dslu-o= Bl W Y] (11)
W. F(Y) 0,
(w)
(%Jﬁo f(ky, k2)dslu=0= (Pi(L), W(L))- (P1(0), WO)). (12)
L L'(o< L'< L) : (Pi, W) [0, L]
w , P
L F(Y) . b3 Lt 3
X, Y7 x(X. Y. Z) L 14
(X, Y, Z), Vi=- (X, Y,Z, V), (13)
w L 4 : x (X, Y Z) Xx YxZ.
Nix Nox N3=- §T,
T X N, X N3= €N,
(14)
T X Ny x N3=— &N,
T x N; x N,= &Ns3.
L YX Z) X Zs . Z, I
Y , (4) , 2>,
B[ ¥x Zi % Zo. ¥] = {fs, NvXx Nax Zi+ f4 Tx N1 x Zi -
Slfk,z k3 fi,
O TX Nax Zi— &8s~ —T XN x Zi+ YxPix Zi,Z> ) (15)
. Z,
A(Y,Z1) = fr,Nix NaoX Zi1+ fr, TX N1 X Z1-
€1fk/2 k3fk,
I Tx NoXZ;— elegk—lTXN3><Z1+ Y X Py x Z (16)
Y Z . s P, Z
k3fr, Sk,
Pr= A(Y, P1) =- &fkg3T+ &k—gz_ k—‘g3 Ni+
1 1
k3f, Ik,
& » 21— &fi g3 Not+ 8|frgo+ frg2+ & ! N3. (17)
(16) (P, Py)= 0.
Go=~- &fr g3,
k3 fr, fl;z
Gi= & by 827 1,83
ks fr, (18)
Gr= & &1 Sszlg3,
Jr,
G3= & fk2g0+fk]g2+ & e
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P;
Py= GoT+ GINi+ GaNa+ G3Ns. (19)
P, , Euler-Lagrange (10)
Go— €k G1= 0,
€1k2Gor— G,l— 8ki1Go= 0,

(20)
&k3Gi- G2— &k2Gi= 0,
&kiGr+ G/3= 0.
(16) P, Z,
A(Y, Py =
k3fk2 f/c2 k3fk2
- &fr63T+ | & » G- k_]G3 Ni+ | & o Gi- &fi Gs N2+
S,
&3 kaGQ+ f/chZ+ & k_lcl N3+ Y x P1 x P». (21)
P = A(Y, Pz)— YX P X P, . s
P, P; P Killing
<P1, P2>= 0, <P3, P2>= 0, <P1, P3>+ (Pz, P2>= 0. (22)
ksfe,  fi |? kafe, |?
(P3, P3) = & & —26a— Gi| + &|f, G+ €& —26G| +
ko kq ! k1
2 sz ?
&(fk,G3)"+ &|f1 Go+ fi G2+ &K(h : (23)
Killing , B[ WY] Y . 3
(P1, P1) = c1, (P2, P2)= c2,
, €1f/;2 k3fr,
B[ Ps, ¥] = { Ps.fi Ni- L N2- ae N »+ (%)
r 8 fk
<P3, klzNz >+ (P3, P1) = ¢3,
ci, 2 €3 . EulerLagrange (10) 3
1) f( ki, ko) k.
go= &ff - klfk])agl=—fkl, gr=-— 82k2fkl, g3= 0. fkl Z0 , EulerLagrange
(10) 4 k3= 0. N3 . Y
3 L2
c2= 83(k2fk]2)2,
(25)

2
c1= &(f - klflc])2+ 81(fk'k‘)2[ilij + 82(k2fk])2.
k2 ks ( ) ky.
2) f(ki, k2) = aki+ bko, a b
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EulerLagrange ( 10)

b3
ka| €bk1 — & akr+ &= 0,
1
bs| b3
80k3{?3} + [Soblﬂ— Sako+ 80k_13] =0, (26)
b3 bhs|
k3| @bk — ©ds2+ & 5 |+ & 7| =
ki k1
ko, Z0
b3 bks
&bk — &akr+ & k1 = 0, k3[kl} = 0. (27)
ki/ ky ki= cak. (27) 1 , kr=
€&b(l+ ci)kva. v t= J.klds,
Frenet (3
3
Killinge Py, P, P; , (P, Py)=
0, {(P3, P,)= 0 (P, P3)+ (Py, P)= 0. = span( P1, P»)
1 11
¥ z Pi= pido, Pr= p2o,, p1 p2 IT
3L4 {ay, az} (T, eﬂy’z)
X(r, 8,y,2z) = (rcoshf, rsinh®, y,z), r Z0, (%)
X(r, 0,y,2z) = (y,rcosb, rsin, z), ro> O,OE(O,ZJT).
Pi+ YX P x Py= A(Y,Pz) P, Yi= Y+ Z,Z
Ps+ Y1 X PiLxPy= ZXx P xPy+ A(Y,Pz). (29)
P P> A(Y, Pz) P, A
Zx P x Py+ A(Y, Py) = AP;. Y X 0y X 0, =— 0y P3= po(p1do+

(p2/p1) 9 )-

(T, P1)= ep1y’, (T,P3)=- ©epiprt + &

(T, P2) = &pa, (Py, P3)=- &&pipir’+ &
Pl

T= r,0.+ 0 0g+ ¥s Oy + 24 0z,

2
P2

p

s (30)
p2

:

1 v:I L , 11 y II
, g0, &|p3 (P, P3)
y = && ", rr= 3| 22— & 2 )
pl1 pilP1 p2
(31)
’ GO / 81 . B%SO
zZ = &83_7 = 2fk2 - s
P2 pipar Pt
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g Gi(i= 01,23 (P P3) (6) (200 (D)
2 1
IR {8)', az} (r, 0,y, 2)
S €
X(r,0.y,2) = | y- 2779% 1,y - %r(ez- 1), - &r 0z, r#Z0. ()
ds’= 2&drdy+ rdo’+ de” I , Pt P2
P P

HA 2.1 P
P =pio, Py= pao, p1 p2

2 2 2
_ p2 B 7. &p2 B B &p2
P;3= zpl(e )70, + | pip2+ plr(e 1)} do o dr - (33)

T= rso+ 9566+ Ys ay‘l' Zsaz,
<T,P1>= 82p1r/,
(T, Py = pzzl,

2 2 2
P2 2/ P2 P2 2y (34)
= & — — & —
(T, P3» zzpl(e 1)r ply + {p]p2+ zplr(e 1)}r9,
(P3, P3) = pi(pir’+ 2&par(0- 1)).
- 4
2 .1 L , 1T P
11
’ € (P,P)
r_&)&&o’e_ 2[ 323—P%rﬁ,
2par p2
Go e 0- 1)° Poo6-1 )
i= e,y = B 63+ 20 By e =%,
p2 2 2p1 p2 r
gi, Gi(i= 0,1,2,3) (Ps3, P3) (6) (200 (23)

722 P
Pi=pio. Pr= p2o,, p1 p2
P3=-pip2dy.
T= r,o+ 6 do+ y, 0+ 2 0,
(T, P\)= prz, (P3, P3)= pipir’,
(T, P3)= - pip2r’¥, (36)
2y + r(0)%+ (7)) = &

, S, 63
,  {P3, P3) g e

pip pip (37)
)?),

’ £0 /_iz, _ 2.2 /
d= = e (6)°7 (2
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g, Gi(i=0,1,23) (Ps;, P3) (6) (200 ()
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Generalized Elastic Curves in Lorentz Flat Space L !

HUANG Rong-pei, SHANG Dong-hu
(Department of Mathem atics, East China Norm al University,
Shanghai 200241, P.R . China)

Abstract: The extremals of curvature energy actions on non-null curves in 4 dimensional Lorentz
Minkowski space are studied. The motion equations were worked out and three Killing fields along the
generalized elastic curves were found. A ¢ylindric coordinate system by using these Killing fidds was
constructed and the generalized elastic curves by quadratures were expressed.

Key words: generaized elastic curve; geometrical particle model; Killing field;, Lorentz Minkowski
space



