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I 2 TSR A AR A2 1 Stokes Jr BREUEME (S WL SCHR[3 ] ) . HZ , —SL 28 iy A BR 22 4046 X 1Y
H B OR 22, DRk B B 0 [ R R PR E AT 98 mb BE B DL T, anger i A b BE A AR
i A TR RV R AR K,

FEIEIEZZ 43i# ( proper orthogonal decomposition, fij it & POD) J5 i RE$2 4L HL AT /& 08 = kG 1
1T R B S ARG RY  iT fTAE 38, 5 A TR RN A (S I SCR (4 ]) . TS5 47
BrAIFEA P FRIZ 715K Karhunen-Loeve I (S WLSCHR[S ) s FEGL 22 BRI kN
Fora AT (S ISR 6] ) s TEHUER Y PR B BAR ) 1 # ARG A BRIZ DT IR i 496 TEAC pRE

P 25 T AR Re AR C B s 1Y — 20 1F A, A 2 — ok B M AE 1Y B A& 3T U7 7. POD
T5 2 5 506l (03 7 BB IR A 25, e TCRRAE M 303 7 R AL T RS AY | DL R K
bl TR R AR A A 2K

AR POD Jrik A 2 R £ 2R T ot A A sh 712419 £ 40 1 53
Mrak F-H3h 1 R G0 FEERE (S S0k [4-16 1) . BRI 4, 3T POD ik iy 7
FEFNEE — AR 127 )5 R — 28 Galerkin J7 i A BRI (S WSTR[ 17-18]) , A A #7153
fi# (singular value decomposition , fij it & SVD) Jik 5 POD Fikah &, HTALPE Burgers 2 (S
WLSCHR[ 19 ] ) A5 E T A1 R (2 WL SCHR[ 20 1) 28 3 0 B 4k FRATTABIF S/ N 0 T o
T K- il R 5 B AR 22 # A Navier-Stokes J5 2 () — 2L 5T POD J7 k(e 4k A IR 22 4%
F& A BRIC (BUR G A FROT) # 2N SR 22 Ak (2 W SCik [ 21-25 1) 280, SR FeAT T, |
HIA B POD J73E M SVD J5iE TR EE H# Stokes 28 A BR I0 2 73 A% AN 24 4k 1A
REATH I RA.

A SCIEAR SCHR [ 21-22 ] (GX P SCHER A 45 52 22 401 ) B A i 4 22 e i) A PR 22 4 ks 20 5
POD J5 M1 SVD J5 4G, 3 HA SE BRI T S AE 2 Stokes 7 F2 , i 7 — P 4EBCAK M
K B2 8 TR Ak 22 4046 5K R 45 1R 4k POD A BR 22 73 i 5 28 A R 22 40 M i iR 2246 1,
BLFHER T FRHERL 2 ) B AR YR, IF P BUE B 7 U, BUE TR 45 2R 5 e 45 R 2w & m). iF—
RWEET POD J7 ik iy A 22 A% 2R SR AR E B Stokes 77 8 (B =2 ] A7 FIAT R0

ARSCHLHEIT . 55 1 745 AR H Stokes J7 FEZR B[R4 BR 22 40 4% 2K, I G L 25 70 46
A2 Wk st it A BUBEI% (snapshots ) . 55 2 758 B A% AR U A IEZE POD 3, 1 F POD Sk 4 57
JE5E H Stokes J7 FR (Y — P EECARAIK MRS B 08 3 1) T A0 A BR 22 2346 =X 26 3 15 S i B 4E POD
AR5 Z AR AR AT 56 4 15— S 5UE B 7 Ui POD J7ik iy ml 174k
AR 56 5 W RGATRATT B F A5 B LA N —SE e B,

1 dEEH Stokes F FRLHLIYA R 22 5348 =X S BRAZ AR B
B Ax FT Ay 735052 o Fl y 7 ] B 23 (204, A S 2Pl o000 F ), 230367 R

iﬁ u,v ﬂ:A[Ip T{/I‘J_i(xjn/z ’yk’tn) 5<xj’yk+l/2 ,t") ﬂ](xj’yk’tn) (0 S] = J’O <ks K’O snsN=
[T/Ac]) B EMEL IR A, AR (DB A FRZ A R W

1
Wi r ~ Wi Vg ~ Vg 1™
Jt > J LA Jort /s - O (2)

Ax Ay

n+l

, At , n "
Wi = Fjril/2,k - E(len,k - P_,",k) + Atfjll/z,ka (3)

)
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N _ At [ 4172 k-1 2“,‘+1/2,k + Ui e +
i+1/2,k =
Jj+172, Re AyZ

Ui — 2”;+|/2,k + Ujsn g

Ax2

n
] Ui

n+l

—_ n n n
Viks12 = Gj,k+l/2 - (P, kel pj,k) + Atgj,k+l/2 s (4)

c _ At Vi 1,k+12 2”,‘,k+|/2 * Ve Vg2 T 21}j,k+l/2 + Vi he3n n
ike12 T Ax? + Ayz TV hi1n e

B (3) A (4) FRA(2) AT RIS T p BY Poisson 7 FE T IR 22 4046 5K

[ijl,/c - 2P,‘,k + Pk + Pir1 — 2pj,k + Pk
Ax® Ay’

:RHSa (5)

y
+

1 n
Rns = M[F/n/z,k - Fj*l/z,/{ + At(fjﬂ/z,/f _f}—l/z,k>J +

1 n
m[ Gj,k+l/2 - Gj,k—l/Z + At(gj,lm-l/z - gj,k—l/z)} .

M At < 0.25ReAx” At < 0. 25ReAy” AL HT, A RZE0H50(3) ~ (5) BREm, mEA T
T AR 22 AT ( f‘ﬂliﬁﬂﬂ )
E,L( u,+1/2 koY), Pk P, ;.)
I Culnrn it 00 Y sta) sP(%55058,) ) = (Wi is Ve sPia) I =
O(At,Ax" Ay*), (6)
Hrp || < || e Il 3 AL
BRE, HEEAA ERFR ) s B, W06 1 BB, PRI Ar, 23 ] Ax B Ay J2 Re, i
(3) ~ (5) AT LAAS 2 [l (DA BR 2 S3UTAE ul, 1 0000, (0 <j<J0<k<K0S<
N) o4 u! LS W0V SV 0 F p! =p(i=kJ+j+ 1,1 sism,m=JK,0<j<
J-1,0<k<K-1). MIE N x m MICRIGEBAES (ul o p! } ) (1 <i<m) Tk
— & Lxm DICENES (w0 pi . (1 <i<m,] <n <n, < <n, <N), XL
RIRBEA.

1 BRSNS BIBHR , (B2 2 AN IHE TR S PR (AU, R AR5 7T LA S
Ry st PR R A S 4 1 (BB RHRL ) 18 3. i TR B AR IR AR 1y & A8 Ak (il n , RAZE k)
RS S HT B A R VIR DG By, iR R B ) RGN AR B B 1 R G A ARG AR AR 5, AR LA G
R B BLAE LS SR ARG, R a9 POD J5 k4 i POD &, 2 7 AESIR (R A K B 3h 0 R 46, ik, AR BL
QA B R AT T LR RO AR T | 33 %5 52 b by FH A E R A AN (AL

2 POD it MNIEEH Stokes FFEILT POD 7 EMIFRIALA PR 2= /048 =X

AT, B AR G HERER) SVD R B SE oK 1 POD k. R AEZS 0] ¢ (A BRYES
JE) s 1E POD . B2 H AN 7% SCHik[ 19,2628 .
2.1 HPBRY POD Ai%

R EE1H SVD —SBEE5 R (S UWLSCER[19]) . Hk, 451 POD (4U(E SE B,
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EX A (FHEAGFEIR) T m=n,8Y e R™ BFd < WEF B U={ )’

(u, e R") MV={y }{ (v, € R") JEWAAIHRUEIESE ] 5 A il 2

Yu =o.v,,Y'v. =0, u,, i=1,-.d.
WA, o, 0, KRNAE, HRe, € U(i=1,-,d) BRAGATRETHRREy, e V(ii=1,-,
d) FRNZEHT ) .

R 1(SVD FPENE ) B Y = [y, .y, ) Bk d < min{m,n} BISE m x n JFE
IBAAEAE Y B9—A SVD , BIEES R o, =0, = - =0, > OWUETFESSHEF U = [u, - ,u, ]
e R"" MV =1[v, v ] e R"IHLE

T _(D 0
Y=U> V', > -—(0 0) e R™",
H D = diag(o,,,0,) e R™ i H 0 JU&id 4E T4,

SR (ME—TE™) XITHERMY e R™, ERAERME—#Y. JEZ A [E0 R T 2077 1)
AT AT ) R E— 1, T LU [RI AR 5 T i — e

A (RAGEE ) WFm=n, kA e R B8 d < n WHIE ZA=UY V' 2

ASVD,MH o, ,0,, 0, RAWNTHE. #id4 0, =0,,= =0, =0WE—ITI<dW
WIHE A IBA RN LIRS A J&7E Frobenius 04U T A ()il i8i .
A -A"[l g, —m“mln A -Bl, =0.,-.

XEF |- |, 8 WA R ME o, (FE AT AR A BME—E .

TEASHAE B SCH Y POD Jr ik il 22 /R . PRLIHG ) 25 H TE AS #5050 S LA [ 35 (A1
R IE ] 7ESCHR [ 29 ] 4k 3)).

X2 W(X,(-, )y AEAHNBETRAEE | - ||, /9 Hilbert 25 8], #% X" J& X
(AT 4328 ], BT PORTE X" DAY IESSBOE IR TR @ € X, P:X — X" i 2

(Pe,gp)y=(@,¥)y, Vi e X"

WER dim X" =n < oo MH Y, b7, X" W—4IESH T2 LRERGE P Fourier 355X
eV

P.X—X", P(¢>:Z<§Dawi)x¢ia Vo e X.
ieN

2.2 tiEEHE Stokes 12 B ELfR A KL A

T A B AR G — AT POD Jy ki A SRS 7 — R T POD R ik
A BRZE A%

BEIRES (u v pi )l (1<i<m, <n, <n, <--<n,<N)AJLUERRHFE3H|
m x LR,

n n T n n

uy U v Uy

ny n ... ny, ny ny ny,

A = Uy U U, A = Uy U Uy
= ) v b

ny ny ny ny 1y ny,

um uln um Um v vm
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ny ny ny,

P Pt P
ny ny . ny,
_|P2 P2 P>

A =
P . . . .
I]l Ilz cee /lL
m pm pm

1 SVD HITHFF A, A, A, 74

Dn 0 T DI' 0 T D ) 0 T
Au = Uu Vu ’ AL‘ = UL‘ / Vv ’ Ap = Up ! Vp ’
0 0 0 0 0 0

H,u,,0,,0,,V,,V, M1V, BERMEIEZLHEE, D, = diag(o,,,0,,,0,), D, =
diag( o, ,0,,,0,,), D, =diag(0, ,0,,,0,, ) HEU, =(d,,b,,.¢,.) .U, =(d,,
bpyerad,) MU, =(d,,0,,00,0,,) 2HIHAEKA A, A AT%HA,,A,T AR E T A AR 1] 24
%, IE5r IR 3 20 POD JE, X R AHE o, 0,0, SR E RS Bl oy = 0, =

=0, >0,0,=20,=-=20, >0flc,=0,=-= 0',,11d > 0. Wﬁﬂﬁﬁﬁﬂ"]ﬁfﬁam,
o, Mo, 55FAA] LA, ATﬂIA[,A; AURFIEMEL A, A, A (i=1,2,- M) 4301 TG R

/\ui _a-ul’)\ _0-11,?/\171 = O-pl<1 M )

PP = (e )= ) = (e f) (121,200
TIRA,ALA, E’JL/\@J I X bﬂ]ﬁ’]?ﬁf/ Py, P BT

Pwa = 2( ,’a )d)j’PMa1 = Z( i ,a, )d)/’PWap_ Z(d’,; p)d),,

Hid 0 < Mu,M,/_,MP L, MH( - )Eﬁiaﬁﬂﬁ,\
%FJIJHX U = (d)u] ’d)uZ’.“ d)um) U = (d)Ll 9¢127“' d)un) %l] U = (d)p] ’d)pz"“’d)pm,) Hai%ﬂﬁg

M, M, FIM, D50 KT 3 HEAARHEIESE POD % @, = (¢, ., b ), P, = (.,
,d)n%) D, = (b, by, ) (M, M, M, <<L) ic
wo=(uyuy ) v = (0 oy, 0 ,pm-(p.,pz,",p;‘,)T, (7)
Hrp ) u! jH/“,vl:vjka/z%ﬂpl =pli=k/+j+1,1sismm=JK0<sj</J-1,0<
k< K-1).XF, 20%2(03) ~(5)TU\’5jﬁ—FEE’Jﬁ$’fﬁiﬁ-
(vl = v )+ MF (g v ph), n=0,1.2, N0 (8)
A
(w,"v,".p,") = (Pa, @B ,Pv,)", (9)

/H\*’"Z"=(uf",uz*”,---,u;")T,v,;“”=<vi”,v;",-- v, ) Rt = (p) " apy ™) O
SRR T w0 M p B3 D ATRAARES A A2RS(8) W) v, p) Fllg, v, Ly, 235 HIE(9)
B a, v Rl v p SRR IR @, B, FI @) 3 AN HBRIE IE A
P AR T LSS M, + M, + M (M, M, M, <L <m) NRAER 20

(a;;l’ anIH’ ,':/IH ! =
(aw an a?’M) +G(aw 9BW /Yw) n=0,1,2,--- N, (10)
EATHRIAE
ay, =P, u, By =P v, v, =P p,,

M H.
G(a;@l B, ,7’;1,,) =AM (@,,D,, (pl ) F( ¢ua31“ ’¢uﬂ;1,, ’(I)pyMl,) .
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E2 HTFEMHR(10) K (9) REH (M, + M, + M) x N PARHE M20H#(3) ~ (5) W& 3m
x NADRAE (M, M, M, < L<m), FIE250kRA10) 5 (9) &2 W (10) i
o, B Vi J& , TTAH R (9) B2 MIB(DAY POD WeAlff. Wk n = n(0 < < L), It FHIHEE AN

M, M M
v P

P, (a,) = Zwu,,a,{) by Py a) = X (by.al) &, Py (@) = 3 (4,.a]) b,
(i 2 5 158 (10) F1(9) 80 2 AR D 1.

3 ARREW Stokes J7 MY fa AT FR2E 7046 U B R 22 AT

Zliﬁiﬁlﬁ?iﬁi/ﬁﬁ? POD J7 LRI A PR 2204 2 (10) B () i u ™" = (u,) " uy ", -+,
u,:") = (v, ,:") Mp™ =(p ", ps" o NSRBI E R (3) ~
(5) E’J%Eﬁlﬁzﬁé’fﬁl‘f NI TS B R Gronwall 5B (2 W SCHR[30]).

5|32 2 (B HLAY Gronwall 5|3) & {a,}, b, Flic, } E3NIEEY],MH {c, } P
B, eArT 2

a, +b Sc”+K2ai, Kk >0, a, +by =c,

n n

WA, a, +b, <c,exp(nk), n=0.

ﬁ

w = Span { ¢ul 5¢u2 " ’¢HW }
v Span{¢vl’¢02’” 7¢1V[ } (11)
= span { b. 7¢172 ' ,¢pw

P

i
I8 XTT%EF?AH 5] ) it a (1 <l<L),fa —u"’iFﬂ

P, (u) =P, (a.,) = 2 ($,.a), = 2 (o, ul)b, € X,
j=1 j=1

i 2
|, - PM“(u,"nl> I, < NE TR Ilsis<lL, (12)
[[IE=N

u," =Py (u,)= Z (¢, ,u,)d,
1F S ] 4£ﬁﬁﬁﬁﬁ$§ﬁ(1o)&<9>ﬂﬁﬁ’% MY n e {n,,n,,,n,} B4
lu) —u |l < Ay, 1 SISL. (13)
KL, L e 11,2, LY BLA vy =i L < A > 100 =00 12 < /A -
Yng {n,n,,,n,} B AYRE, e (1,,1,,,) TH, 5T, .
PR (10) 52(9) 5 (8) bl 441, 2(9) M (10) " AB BT (2) ~ (5) T EER .

Wiipgr ~ Wisipg  Yigsre ~ Yigorn 1
S S5ty R Lo =0. (14)
Ax Ay
sn+l  _ pakn At #n wn
Uisior = Fj+l/2,k - E(Pjn r = Pik )+ Ayf, 12,k (15)
/\¢]
S £
Fen . + At At j+1/2 k-1 2uj+]/2,k t Ui e +
jr12gk = Wik 2
Re Ay
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s

* *
Ui v — 2uj+l/2,/r t Ui ]"
b

2
Ax
#*n+1 _ *n At B *n %
Vi kv12 = Gj,k+l/2 - Ax(pj,kﬂ _Pj,/;) + Atgj,k+1/2’ (16)
X
G . + & Viot kv12 — 2Uj,k+l/2 t Vg2 Vg1 T 2”j,k+1/2 + 0 30
k12 = Ui ki12 2 2 ’
PR PR Re Ax Ay

KT p 19 Poisson J7RE N ESHUE A

Picig = 4Pk t Pieik +Pj,/f71 — 2Pkt Pk

Ax? Ay2 = R;s s (17)

Hrp

* 1 * * n
Rys = M[Fjﬂ/z,k - Fj—l/Z,k + At(f_,-n/z,k _f/.'—l/z,k)} +

1 * *® n
AtAy[ Gj,k+l/2 - Gj,k—l/Z + At(gj,kn/z - gj,k—l/z)] .

R(3) ~(5)5(15) ~ (17) XFRiAHN, HHR(2) F(14) 15

” u:I-H _ ,:n+1 || ) + || v::l+1 _ V,:’Hl || R <
MCI wy, =,y + v =, ) (18)
il
lps = pu" I < Mo lluy, —w," Ly + vy =, 1), (19)

Hfr M =M, +1, My = CAt/min( Ax,Ay,ReAx’ ,ReAy”) ,C &5 At, Ax” F1 Ay* TCIEI) & L X
A(18) Mn,,n, + 1,0, + 2, Eln - 1 RKAH

R o I T e P B e P o B e e P
n-1
MYl =)+ v, =) (20)
J=n

A= 0(Ax,Ay*) Fl Re™? < Ar B, %F s B HAY Gronwall 5| FRAS
Fay —u," I+ v, =v," I, <
Cllay —wy™ |, + v =va ™ 1) exp(CA (n = ny) ) (21)

o, (1 <I<L)ZH2M e, (1 <n < N) BB, A (n-n) <SN/Q2L) .HRL =0(N),
ML (19) F1(21) 44

las —w," s+ vy, =v," o+ Py -p" s s
C< /\11(M,1+l) + )\v(M,}l) + /\p(MI,+l) ) . (22)
g BR et TR 4.

=

EIE2 Ku v ,ph BEMESR(3) ~ (5) WEmEET H e, " v pl " BRI R
(9) ~ (10) BYf#. 24 Ar = O(Ax ,Ay*) ,Re™ < Ar, 1M H. (1 sI<1L) SN, (1 <n
< N) 3EE DL LF = O(N) B A R iRz sior

*n n

lay =, s+ vy ="M+ e -2, s <

C( /\u(sl/luﬂ) + )‘U(MZ,H) + /\17(“”];“) ) .
158 (6) 555 2 54 F IROZE .
EEH’IES Eﬁ}iz E/‘J%#F—F’ﬁ u(x”l/z’yk’t”) ’v(x/’y/c+l/2 ’tn> ’p(xj’y/r 5tu) l\ﬂﬂﬂﬁ\(l)ﬂg*ﬁtﬁﬁ
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fRAEZ 75 RME IR A T T AR 22 AT

®n *n *n —
| u(xj+1/27yk7tn) — Uiy |+ ”(xj,}’kn/z’tn) =V |+ p(xj?yk’tn) —piil=

2 A2
O( Ncuery + /Ay + /\p(Mpu) JAr, Ax" Ay 1<n<N.

3 LIS A = 0(AC,Ay) FTRe™ < Av A FEAY. BB 2 RIS 12 = O(N) RABHERH
L5 FTA R S8H N Z IR R IR THARSCHR 17,19 TR REIRUTT A B 1) 55 a5 0 ik A R 1, DA
U T SRR (R AR AE [ (0B, E 2 FEBE 3 0B H T AL R 22 AR R (10) & (9) i 54
2045 20(3) ~ (5) AR MR 2 1] R 22 A8 1T, A4 T 20 POD Je8k H 1935w,

4 B B 1

ARG S MR A E Reynolds %X Re = 10° I —S (i 45 7, K B0 5L T POD J5 1
A RZ5 48 (9) ~ (10) By AT AT VAR &5,

(-4,2) (16,2)
| inflow u=0, v=0 outflow
I\ 3:2‘))(2_}}) ou/(Redx)=p
SN 4=0,00 v-0
0,-1) (16,-1)

1 RGBT A R

Fig. 1 The flow region and boundary conditions of the backward facing step flow

1.000 0.857 0.755 0.714 0.571 0.4_2'9
B W B

B2 4 Re = 1000 W, JHEMAREMEX (LR AERT] 0 = 2) S22
(TR £ = 2 W EHH 6 4> POD H) SRAGF ML w #9535 v HAL
Fig.2 When Re = 1000, comparison of component u of the velocity u between classical FD scheme
(top panel; at the time level t = 2) and reduced FD scheme ( bottom panel: at the time level
t = 2 with 6 POD bases)

WG G B B B 5 QAN E 1 FTR, BR T AR E u = (u,0) = (y(2 —y),0) F
TR u = (u,v) WE v =0 F10u/(Redx) =p b, T BRI IR SRAFFIARTT 25 LA f = (f, 8)
AR A 0, B Ax = Ay = 1072 . A TS Ar = O(A” A7) T BURHE K Ar = 107,

4 Re = 10° I, 1A MA R 2270460 (3) ~ (5) Kbl ¢ =0.1,0.2,0.3,--+,2 /20 4>
BUEM (RIBHE) B R RRE 2 /A, + /A, + /A, <3 x107 . =21 H Re
=10 B, BT 6 1~ POD %5, FIJE T POD J7 ik A FR2E 704 2 (10) K2 (9) 15 1 43l i 7 4] 2
4 IRER. 2 ¢ =2 10 H Re = 107 B, HEMABR 2234653 (3) ~ (5) =R H o0 Sl i 72 1] 2
FE 4 TS, B2 = E 4 s A ELTARAARL 1 H LT POD J77 i fa A =X i g 1ol
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0.678 0.517 0.356 0.292 0.195 0.0342

B3 jRe = 1000, JHEMARZEMEX(CERLAERT = 2) STzt
(FE.: fEe = 2 MHJH 6 4> POD 3 ) sRAFR A EE u (538 v [LEL
Fig.3 When Re = 1 000, comparison of component v of the velocity # between the classical FD
scheme (top panel; at the time level t = 2) and reduced FD scheme ( bottom panel ;

at the time level ¢ = 2 with 6 POD bases)

0.224 0.161 0.0972 0.0340 0.0339 0.029
B e ]

B4 4 Re = 1000 m, JHEMARRZEMHEXCEE AR = 2) Szt
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Fig.4 When Re = 1 000, comparison of the pressure p between the classical FD scheme

(top panel: at the time level ¢ = 2) and reduced FD scheme (bottom panel:
at the time level 1 = 2 with 6 POD bases)
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A Reduced Finite Difference Scheme and Error
Estimates Based on POD Method for the
Non-Stationary Stokes Equation

LUO Zhen-dong', OU Qiu-lan ', XIE Zheng-hui’
(1. School of Mathematics and Physics, North China Electric
Power University, Beijing 102206, P. R. China;
2. ICCES/LASG , Institute of Atmospheric Physics, Chinese Academy
of Sciences, Beijing 100029, P. R. China)

Abstract: The proper orthogonal decomposition (POD) was a model reduction technique for
the simulation of physical processes governed by partial differential equations, e. g. fluid flows.
It was successfully used in the reduced-order modeling of complex systems. The applications of
POD method were extended, i. e. , apply POD method to a classical finite difference (FD)
scheme for the non-stationary Stokes equation with real practical applied background, establish
a reduced FD scheme with lower dimensions and sufficiently high accuracy, and provide the er-
ror estimates between the reduced FD solutions and the classical FD solutions. Some numerical
examples illustrate the fact that the results of numerical computation are consistent with theo-
retical conclusions. Moreover, it is shown that the reduced FD scheme based on POD method
is feasible and efficient for solving FD scheme for the non-stationary Stokes equation.

Key words: finite difference scheme; proper orthogonal decomposition; error estimate; non-

stationary Stokes equation



