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Lu=u, +a(x)u=f(x), O0<sx<T,u(0)=uy,, (1)
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TEIXIE] K, = (x;,%,,,) AR R 0 (1), S EB R

fK‘(uL*v—fv)dx+(uv)_;+] - (w); =0, j=0,1,2,--- N -1. (2)

HE LW BRI U e 8" TERAT 1w, FIXM RIS ELs; € [0, ), A& LAEATRBRAY—A>
T A
Uy =sU- + (1 -s)U’, j=0,1,2,---N. (3)
Delfour %5 Y38 S0 5 & T — M A AT A7 PR G k. A AT TE X R RIEIRTA BROC U e S, 165
AT K LRI
jK(UL*y —fo)de + (U07),, = (U, =0,

Jj+1
veS;j=0,12,--,N-1. (4)
Wou ML) BDEHEM, M u =u  Hu =u . idiREe=u-U,e) =u(x;) - Ui,el =0. i
K(2) 5 (4), 1150 e R IEATIESL LR
B(e,w) = (e™'v7),,, — ("), + kae( -v, +av)dx =0,

7

veS;j=0,12,-,N-1. (5)
1E(3) TlLs, = 1, U7 = U7 73208 HIA B A FROTIE. Bs, ## 1,75 3 5 — e (a] Wiy B
Jokg . TR (4) TR TRI—AITH U7 FIR—$ICH UL, 7E N AT e 35 Nk +
1) ANHBEE T UKANCE+1) + 2 AR BB (g m T ARME U, Uy 8 T AR R
Ty PR ME— T A SCHERL 6 13 T PIAN A 7 28, W — g iy T BRI A S AT
B b AR B AT R R AN R
FES—ABAIC K, LI UG = Up =w(0) NEHMMFIE (KT U =u(0) e =0) , SRIF 1R
NHIT K, E(EAEK,) & U CR(TREK LU REEAABE) B R v = («,, -
x) 0= 1,2, kXM U BT TP FEDEE .

j[&< UL*'U —fv)dx - U;/lj; = 0’

U:(xjﬂ_x)i;i:1529""k;j:0’1’25"'aN_1’ (6)
A RE— ML E UL R FER(4) Ble = 1, 3K
Ui = U7+ [ Gl =f)de =0, j=0,1,2, N -1, (7)

e U .
Sk [ 6 1K1 Babuska-Brezzi ZAMHIER T BAERSUEA T

lu=Ul < Ch"" lull (8)
AT G B Uy pE s
| u(x]> _U;j|sCh2k+l ”u” k41 j:0,1’29"',N' (9)

SRR R R AR IR BRES SE 7 SCHR 6] SCAAT— BB VERRI 11 75 & W A BAONTI , #5
s =5, = 12, BIIACES U = (U7 + U ) /2 BERSAR TR SUEH5 R 30 U2 4 0 g 0B
SeHE O(R2) . ESCHRT 6] VAT TE W EE R,

RSO T TE AR 1 S R,
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FE1 W (DR e W'(6) s = 12 0 880k = 0 RIEIBA BRIC U, 7555 15
FMTEBHE U = (U7 + U ) /2 £ e Bl siot:

Lel=lu(x;) - Ul < CR" | wll fyays k=0, (10)
e C N5 u,h TR HFEL XA Rt FE R 7.

e Hamilton 2GS RO 10, T HE W+ P00 T 3 JLAT S0k , 76 [ P AT I KRG I ) 3
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TEFRMERATC K= (= h,h) FSIALME S iy =thte E,E={ -1 <t <1} ,iCu(x)=u(ht)
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jehl
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bi., - b _c,j O (u(, + he) —u(, +ht)) (2 = 1)"ds =
ckhk”fJ' D u(w + ht) (£F = 1) dxds =
E T
O [ D u(a) 1 de =

O(hkdiw) || u ” k+2,p,Ki+K;_p o

A1) FEA SR R 1 AUE R T R A,
ARSI TT

TERHICK =K, b %% e =u - UTHER(S).
SIZE 1 RME ()R w e W2'(G),6 = (0,T) Fs =172, MHBE k= 0 WK WiA R
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Hifw o
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A a(x) E2YEW X w R FECA
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v +v =20 =2R - 2¢' . B b =1, FH Young A& AW AW v 2, 15
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=
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M2+||v||2SCh2k+2+C|ef,|2+Chk+lmaX|e;|. (21)
Wl el<IRI+ 6l ,v=0, iX(12)H '
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max | e |+ |lel < Ch**!
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4.1 {Rig% Schrodinger Fi2
TEFEIKR Q = (0,7) x 2 %% Schrodinger K2, w = u + iv i /&

ia)rzAa)+|a)|2w, o,
w(0,x) =w,(x), 0, (22)
w=0, L,

XH T2 QWA Saf TS N
u, =M+ (" +0")v, —v, =Au + (" +0")u,

IR TN S, = {wl 0 e H(Q) ,w!|, =0} . iCXIRK Q2 A Py BURIZE P A1
(0,6) = | vtde, a(0,6) = (V0,VE).
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[H(u,8) +a(0,6) - (1 w1%,6)di =0,
0 (23)

f(:{(vl,n) —a(u,m) + (| wl?u,m)}d=0.
Bé =u,m=v, WizNHIME
fo{(u“u> + (v,,0) }dtzéjﬂ(uz + 0" ) dwdy

=t

=0,

?ﬁﬁiﬁ%?‘lﬁf | w(t,x) | *dxdy = const.

PRAE G 1) i 25 A g k. 1% S" R BTT) m YO WA FROTZS ), S" J2 25 (6] n IRGEZEA R
JeAE ], il ST = 8" @ St e TR Ik ERES ] kL R SR BT, 6 = (0,1) . (23) MRFEs
EEBARITT W= (U,V) e S"" kR

[ {=(Ug) +a(V,e) =1 WIVE) i+ (U6, - (U€7), =0,

J £=(Vn) —aCum) + A WPUm) e+ (V)0 = (V) =0,
XK PRI E,m e SMLHE = U, =V, PIAN, 15]
~[ vy o) s

(V' V) = (VL V), + (U, U7,y = (U, U7, =0,

FFAfE

(W W1, = [ (U707 + VY ) dedy = [ W(0) | = const. (24)
J 0

XEABRITHIE W (0)=W (0)=W(0) 2¥E w(0,x) BiE, Lhr L 5SHEHEK LA

5, PR AR A5 XX s ] ) e

4.2 FHELIFHEES

WIREIDIE g, ,q, T2
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SIS p = g = 1,2, WL Bl
P =S @ =pis P2 =Sas €0 = o (25)
FZE pig, - g9, =0 X q,p, — qup, = 0. PIXAEA
Pits + &P~ Padi — 4ps = (0132) — (paq) =0,
PRI I A 3 i (CBA7 B TE] 4 0 A T AR ) ANAE
P19, — P,q, = const.,

FHPSR AT BRSSPI 1 4 A BRR B
(P} + PDQD),0 = ((PT+PDQI), =2 (PO +,0,)di =0, (a)

q> —
(g1 +¢3)°"

q: Sae

((P5 +PDOD),0 = (P + PO, = 2] (P0, + /0,4t =0, (b)

((Q7 +QDIP) 0 = ((Q7 + 0DIPD), = 2] (QPy + PP =0, (c)
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((Q3 +Q)PD) s = (03 + 03)P1), = 2] (QuP,, + PP )AL =0, ()
3% () RIS () RO, BUMILSHA, 79507 |

(P1O3)0 = (PROI), + (Q3PD) 0 = (Q:PD), =2] (PP +£i0)dr,
Sl 52 (b) FIR (o) A A ]

(P17 = (PRQD), + (QTPD), = (QPD), =2 (PP, +£,0)dr,
WA AT ) LA A AT j

S(PLQS + P1Qs = P10} = PI0)) (1) = const. (26)
5 FofE ik 8
Bl LR
w,=u, u(0) =1, te[0,0.8], (27)

FORHfR I w = e R 2 WOTTE N =4,8,16,32 40 F 188k e =u - UTET i 1,
TR ¢ = (o) + e ) /2 AN 1 (55 H B o 5 PRI 22 (9 L, B2 FRAE (1 2° =
64) . N =32 Hl5r- Tk E] 14 AR, SRR ZETE N 1 s LI ZE G IRIE (% 2,383) , K E
MIEN G WFE I O(h') .

R RN 2 YT R IR e

n

Table 1  The flux errors ¢}, at nodes for 2-degree ADFE
N t=0.2 t=0.4 t=0.6 t =08
4 1.051 OE-8 4.761 2E-9 1.604 SE-8 1.278 6E-8
8 3.256 9E-11(323) 7.485 TE-11(63.6) 1.297 6E-10(123.7) 2.009 6E-10(63.6)
16 5.095 9E-13(63.9) 1.171 3E-12(63.9) 2.030 4E-12(63.9) 3.143 3E-12(63.9)
32 7.549 5E-15(67.5) 1.754 2E-14(66.8) 3.064 2E-14(66.3) 4.707 3E-14(66.8)
R2 CFHRINT 2 YWOTTTHIRZEMNZENIR e
Table 2 The left limit e, of errors for 2-degree ADFE
N t=02-0 t=04-0 t=0.6-0 t=0.8-0
4 1.446 2E-4 3.769 0E-5 1.795 5E-4 9.102 2E-5
8 2.168 5E-6(66.7) 4.732 1E-6(7.97) 7.781 TE-6(23.1) 1.142 8E-5(7.97)
16 2.713 TE-7(7.99) 5.921 8E-7(7.99) 9.738 0E-7(7.99) 1.430 1E-6(7.99)
32 3.393 1E-8(8.00) 7.404 3E-8(8.00) 1.217 6E-7(8.00) 1.788 1E-7(8.00)
F3 TR 2 I HIR2E AR e
Table 3 The left limit e, of errors for 2-degree ADFE
N t=+0 t=0.2+0 t=0.4+0 t=0.6+0
4 0 -1.446 0E-4 -3.768 0E-5 -1.795 1E-4
8 0 -2.168 4E-6(66.7) -4.732 0E-6(7.96) -7.781 4E-6(23.1)
16 0 -2.713 7E-7(8.00) -5.921 8E-7(8.00) -9.737 9E-7(8.00)
32 0 -3.393 1E-8(8.00) -7.404 3E-8(8.00) -1.217 6E-7(8.00)
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2.0E-4 2.5E-5

+ 3rd-order Gauss point * 3rd-order Gauss point
1.5E-5¢
1.0E-4f
| 0.5E-5r
e 0 Do e \s A e 0 . . R " o
L -0.5E-5¢
~1.0E-4} |
0 -1.5E-5¢
-2.0E-4 . . . . . . . -2.5E-5 . ‘ . . . : !
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
t t
(a) N=4 (b)N =8

B 1 Tras 2 otz E
Fig. 1 Error curves for 2-degree ADFE

K1 B R AERED AT B T8 — 50T, dE % 32 3 IR Legendre 25 | iX 5%
W13 B Gauss & * UL RIS, FEN T 6L 224 B9 BRAE /N LT A S (HAF-5 40 2.
PRI G- A (CEREL 5 ) A REZR S e B . O AR R 1 A AT Y T i B0 (B £ ] LAGK 3 s By
/N T R RIBILBE, 78 25— BT R 22 IR AR [ (¢) BYJERRAER S e =0, E T e =¢, =
e, =0.

F4 PRI KT S B IR )
Table 4  The flux errors ), at nodes for 0-degree ADFE

N t=0.2 t=0.4 t=0.6 t =0.8
4 2.140 3E-2 1.182 5E-2 3.011 9E-2 2.874 1E-2
8 1.402 8E-3(15.3) 3.024 7E-3(3.91) 4.966 8E-3(6.06) 7.350 8E-3(3.91)
16 3.527 6E-4(3.98) 7.605 9E-4(3.98) 1.248 9E-3(3.98) 1.848 4E-3(3.98)
32 8.832 0E-5(3.99) 1.904 3E-4(4.00) 3.126 8E-4(4.00) 4.627 TE-4(4.00)
0.2 0.10+
0 of
e I e I
-0.2r -0.10
-0.4 . . . . . . . -0.2 . . . . . . .
0 0.2 0.4 0.6 0.8 0 00 0.2 0.4 0.6 0.8
t t
(a) N =4 (b) N =38

2 P 0 YT B2
Fig.2  Error curves for 0-degree ADFE
K2 R T 4,8 FI5rH 0 YF-EIMRIW T iR 22 4R Wil B B 22 W3R 4 FrzR. STy p
W B ICSUS  BR T IT IR R LA BT,
512 ¥4y Schrodinger J7
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#

=l z1%v, v, =l z1°u, u(0)=1,0(0)=0, (28)
,z=u+iv,|z|2=u2+v,,\ﬁﬁﬁﬁﬁzﬂzu—costv—smt XK b =0. 2, % 1R W
2 WOLHHE ISR TR 5 (h = 0.2) , Hhalhit L3RR

>N

- _ -2 -2 + _ +2 +2 _ + 77— + 17—
Dy =U~ + V", Dy = U7 + V™, D; = U707 + ViV,
E=D-_—1E=D<+—1E:D»—l.
M5 BEIEE R, shi D SPE W DT, D &RARSFIE Y.
F5 FHmEING 2 koo SR TR %
Table 5 The momentums and its errors at node t; for 2-degree ADFE

; G 0 0 0 B E, E,

1 9.800 6E-1  9.800 8E-1  1.988 OE-1 1.9854E-1 3.191 6E-5 -3.184 5E-5 0

2 9.210 3E-1  9.2109E-1  3.894 2E-1 3.894 2E-1 -6.132 5E-5 6.1329E-5 -1.110 2E-16
3 8.253 1E-1  8.253 6E-1 5.647 6E-1 5.6453E-1 8.6120E-5 -8.606 2E-5 -2.2204E-16
4 6.966 4E-1  6.967 7TE-1  7.1734E-1 7.173 7TE-1 -1.042 7E-4 1.042 9E-4  -2.220 4E-16
5 5.402 7TE-1 5.4034E-1 8.4156E-1 8.413 8E-1 1.1453E-4 -1.1449E-4 -2.2204E-16
6 3.622 7TE-1  3.624 5E-1 9.320 1E-1 9.320 7E-1 -1.159 8E-4 1.160 2E-4  -2.220 4E-16
7 1.699 3E-1  1.700 0E-1  9.855 1E-1 9.8539E-1 1.086 4E-4 -1.0862E-4 -2.2204E-16
8 -2.930 6E-2 -2.909 3E-2  9.9952E-1 9.996 2E-1 -9.294 2E-5 9.299 7TE-5 -3.330 7E-16
9 -2.272 2E-1 -2.2718E-1 9.738 8E-1 9.738 2E-1  7.021 3E-5 -7.020 7E-5 —-4.440 9E-16
10 -4.162 6E-1 -4.1604E-1 9.092 2E-1 9.093 7E-1 -4.205 5E-5 4.212 4E-5 -5.551 1E-16

R6 FHEE2 KIC U BT S S iR 2
Table 6 The flux errors at nodes for 2-degree ADFE solution U

h t=0.2 t=0.4 t=0.6 t=0.8
0.2 -8.698 1E-9 1.078 8E-8 -5.226 8E-9 3.696 6E-8
0.1 4.331 6E-11(201) 1.666 9E-10(64.7) 3.516 8E-10(14.9) 5.714 6E-10(64.7)
0.05 6.750 2E-13(64.2) 2.597 3E-12(64.2) 5.479 9E-12(64.2) 8.904 9E-12(64.2)
0.025 1.021 4E-14(66.1) 4.019 0E-14(64.6) 8.493 2E-14(64.5) 1.388 9E-13(64.1)

8E-5 1.5E-4 srdorder G -

L. + 3rd-order Gauss point + Srd-order Gauss point
4E-5F
0.5E-4
e 0/\// N e 0t e [ A /xS
-0.5E-4
-4E-5¢
-8E-5 . . . . -1.5E-4 . . . .
0 0.2 0.4 . 0‘6 0‘8 1.0 0 0.2 0.4 ( 0.6 0.8 1.0

(a) “FIHIHT 2 YT U BYIREE (b = 0.2)
(a) Error curve for 2-degree ADFE
solution U(h = 0.2)

(b) FHEWT 2 WIT V HRZER (b = 0.2)
(b) Error curve for 2-degree ADFE
solution V(h = 0.2)
3 RER

Fig.3 Error curves
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Table 7 The flux errors at nodes for 2-degree ADFE solution V

h t=0.2 t=0.4 t=0.6 t=0.8

0.2 -1.452 2E-9 -2.685 3E-8 -5.197 6E-9 -3.876 3E-8

0.1 -2.238 0E-10(6.49) -4.148 8E-10(64.7) -5.459 1E-10(9.52) -5.991 4E-10(64.7)

0.05 -3.486 8E-12(64.2) -6.464 0E-12(64.2) -8.505 9E-12(64.2) -9.335 8E-12(64.2)

0.025 -5.4429E-14(64.1) -1.011 4E-13(63.9) -1.333 4E-13(63.8) -1.466 6E-13(63.7)
6 %4 B
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Ultraconvergence for Averaging Discontinuous Finite
Elements and Its Applications in Hamiltonian System

LI Can-hua, CHEN Chuan-miao
( College of Mathematics and Computer Science, Hunan Normal University,
Changsha 410081, P. R. China)

Abstract: The k-degree averaging discontinuous finite element solution for the initial value
problem of ordinary differential equations was discussed. When k was even, it was proved that
the averaging numerical flux (the average of left and right limits for discontinuous finite element
at nodes) had the optimal order ultraconvergence 2k+2. For nonlinear Hamiltonian systems ( e.
g. , Schrodinger equation and Kepler system) with momentum conservation, it was found that
the discontinuous finite element methods preserve momentum at nodes. These properties were

confirmed by numerical experiments.

Key words; averaging discontinuous finite element; ultraconvergence; Hamiltonian system;

momentum conservation



