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SCHR[ 16 ] 55T —4ERY Stroh 22 ZUBHIE M A Ji 2= —HE MR, BRAJFSE 1 STk [ 15 ] 46 A9
FEARA 8 FhHEAS 11 B AE RN AR 1 | i & BN S AR ) 2R R AT T o0 ik, IR
TER A2 (A B AR BEAt A o X B8 22 1 1 3 25 P R AR e 254 B S AT i A T IR AT ST

1 FEIE AR A AR AR R GE R A A0

KSR (1 (a) ) JEIEZ A 1(b) ) MM bR R G AR A ABE 5 «, il
e FLAY X S, R 1 A AYEE 2 815 x, 7 ) B R SC AL A R 8 FhEAS A A 10 AR
W BHE A SRR, 2536 1 RSS2 BRI 3 SRR 4, U JC R Ar RS 1 i L 46 k2 R 4
A 63 Fih.

N T IR L AN SR SCHER[ 16 ] Y5 EEAR IR 8 FhIEA I LA UAE AR x, = 0 Fll v, =
a FWEEFE 1o B B RAE, BAEH R x, = 0 Rl x, = b (3] S0, FATFRIX R 5 51
BnBn(n =1,2,---,8), Bl BIB1, B2B2, B3B3, B4B4, B5B5, B6B6, B7B7 Fl BSBS.
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Fig. 1  The rectangular single-layer plate, the laminated plate and the coordinate systems
F1 HADRENME
Table 1 Basic boundary conditions
notation BC:x, = 0orx; = a BC:x, = Oorx,=b description

Bl w, =0,u, =0,u3; =0 w, =0,u, =0,u; =0 clamped surface
B2 u, =0,u, =0,0,3 =0 u, =0,u, =0,053 =0 -
B3 u, =0,0, =0,u; =0 o, =0,u, =0,u; =0 -
B4 up = 0,0, =0,0,3 =0 0, =0,u, =0,05 =0 smooth surface
B5 oy =0,u, =0,u; =0 u, =0,0, =0,u; =0 simply supported
B6 oy =0,u;, =0,053 =0 up =0,0p =0,0y =0 -
B7 o, =0,0,=0,u; =0 o, =0,0,p =0,u; =0 -
B8 o, =0,0,=0,0,3=0 o0, =0,0,h =0,03 =0 traction-free surface

2 YRR TS R

TEEA AR R P (AAIET 1) AR T 5 BRIV R A 56 SR U8 1E S 7 43 JE B > 22
WEARRRT, AT ET 1 () BT B AR IR T 72 -



BTIRETT BRI 2B W Tl A5 T Wb i 1169
(o ) 0 s,a -—sa =58 - (s, +s9)aB 0 1 (o1
Oy 0 0 sB8 —(s;,+s9)aB —spa =58 0 ||0x
9 ]os| _|-a =B 0 0 0 0 ||ox "
s |u, s, 0 0 0 0 -allu,
u, 0 Sy 0 0 0 -8B |u,
U, | 0 0 S5 S,Q ssB 0 ] lus
X
a=0/dx,, B=0/dx,, s, = 1/Css, 5,=1/Cp, 5, = 1/Cyy, 5, == C,,/Cy,
53 == Cy/Cy, ss=C,, — C1/Cyy, s, =Cp, = C,Cp/Cy,
sg = Cpy = C1/Cyy, 59 = C
ST Y 3 A i AR RN
oy S S8 =8,
Oyt =|8,0 sB = s5 (2)
T, s sqar 0 Oy
XF TP ] 3 (B5SBS) BRI A ), w] 3%
(oy,u)) = ; Z (o5 (%) ,u)"(x3) ) cos({x))sin(nx,) ,
(0y,u,) = ; Z (o3 (%) ,uy"(x3) )sin({x,) cos(mx,) , (3)
(0au) = 2, D (0 (x;) w5 (x) ) sin(Lx, ) sin(n, )
A, ¢ =mm/a,m =m'r"/lb "
BRI ARATT R () H XX (myn) A
o3| [0 0 s, ¢ s> +sem’ (s, +s)m 0 [0 (x3)
o5 (%) | |0 0 sen (s, +s9)dm s,l> +sgm’ 0 | [0 (x3)
d o) | (om0 0 0 0 | |05 (x3) ()
dey fuf"(x;) | |ss 0 0 0 0 =4 | u" ()
uy" (x3) 0 5 0 0 0 N fuy ()
uy"(x5) 100 s =85, =57 0 | uy"(x5)

U ORAR R (4) 13580 3 S w, iy M3 AP HSN S 01,0 0y WU RS
FE(2) 1850 3 NFRNIL 00,0, I

3 B SZa S B RS R

B AR TR E i 5%

355

TBUE 5 v, Bl ELAYRT AL SC CANIET 1) IFBa AT AP A L SR B g, () by (%))
=1 -x/a,g8,(x%,) hy(x,) =x/a, i a REHIEH «, T7 RN T 6L F A0, 3

ui=u.+u.

Hp u(i=1,2

(i=1,2,3),
,3) WRITX G T7HE(3) MR, u, ikt SRS sREL.

(5)
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(BB VLRI B T A5 R A T IX BIAh AR ST 5 FhIEA T A4 A e S 7 b
PR SCER 13-14 ) AL TR IR A B, i B WS 7 OC T m = 0 8% n = 0 BYAEFF IR I 2K
3.1 B1B1 YA R Ar# R IE 5 R I E R & 1)
HTHE %, =0,a AR u, =0, KFFE(S) FRLF B ERE a, H
Z ulo(%)gl(xl)bln(nxz) + 2 uy, (%)gz(xl)bm(nxz) (6)
hﬁﬁwﬁmuﬁﬁu“ﬁAﬁﬁmyWWﬁﬂMﬁmm%%mﬁﬁﬁrﬁ

f Sm(nxz)(%n (g1 (w))uyo(xs3) + gy(w)u,(x3)) -
; so( @100 ) (x) + g5, (3))
= cos(mx,) (57 +s9) (g (x, )ug(x;) + gh(w) i, (x5))

. 0 . (7)
s . _
I _Sin(nxz)(gl(xl)u;o(x_z) +g2(xl)u,la,(x3))
; 0
f6 . ’ - ' -

sin(mx, ) s,( g1 (a0, )uyo(ay) + g5(x)u,,(x;))

FIEHIEAR XS PR, IR (7)) H Y g, (x)) gy () ) SOHSEEETR TR TT b 2 1 2
BUEALTT, WA (7) 83

i 239772qbﬁ,0(x3)
> (2(37 +59)77¢’/a>l_‘10<x3>
f3 0
= , (8)
fa - 2¢u'o(x3)
/s 0
f6 — (2s,0/a)u,(xy)

Horp
¢ =2(1 = cos(mm))/(m*m*), ¢ =2(1 = cos(mm))/(mm) .
HRAE SCHR[ 13-14 Tk, B v, = 0,a bR B 5600w, = 0 ARG BT @, AR
A A
IJ%)+ZuJ%)— (m=1,3,5-;n=1,3,5,). (9)

WITRE(5) I u, HJ? w05 uy o —RMRATIRE(2) |, ATARF-1H N ) R fid.
3.2 B2B2 HyiA AL R E IEFIRMFNE MR KM
BARHE S P IR S B1B1 AHIAL B 2 (5) Wi A A% sR A w, Fl uy
u, = zulo(xs)gl(xl)SIIl(nxz) + Zu141(x3>g2(x1)51n<77x2) )
" " (10)
U, = Zﬁgo(x3)hl(xl)sin(nx2) + Z s, (x5)hy(x,)sin(nx,) .

KT (S) B (i =1,3) BN w,(i = 1,3) , ARATFRE(1) T2 (4) AT AR S U
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i 239772@10(%3)

s (2(s; +sg)mp/a)uo(x5)

4 = ,O , (11)
fa - 2du'(x;)

fs - (K +A) iy(x;)

fé = (2s,/a) u,(x;) — (K + A)u(xy)

Hr ¢ Fy 53(8) #HFE, XH « =2/(mm) A =2(- )"/ (mw) .
Hox, = 0,a KA FSA u, =0 Fl oy = 0 ARG B0 oy F ay,, HOEMRSME R

17110(%3) + 211,?"’(903):0 (m=1’3’5"“;n:133’5’“'>9
m <12>
Y o) =0 (m=1,3,5,3n=1,3,5,").

BEHES)HFH a, R u, , 35 u,, 0 —RIRATTEE(2) , ATASF 1 P 5 1 A fife.
3.3 B3B3 BRI EE . EF R EREH
ZRINTEx, =0,a kb o, = 0 BYIEN B HFE(S) PRI FAIFE R o, A1 a, 535K

@, = Y, @y(xy) g (x,)sin(nx,) + 2, (x;) g, (x, ) sin( )
iy = Y, iy(x;) (nagi(x,)/2) cos(nx,) - (13)

> @, (x;) (pagi(x,)/2) cos(nx,)

REITRE(S) B9 w, (i = 1,2) DA w, (i = 1,2) , ARATTRE(L) , WUT5 R (4) A AEFF IR T

i - 2377)2¢)1110(x3)

f (77(“258772(0 +3) +dsh)/(2a) ) u,o(x;)

i i : (14)
fa - 2¢u'(x;)

s - (a8 +3)/2)n u)y(x;)

f6 - (((1235772(0 +3) +dsh)/(2a) ) ,o(x;)

)
-+

0=2(w’'m’ +2(cos(mm) = 1))/(w'm’),
®=2(-1)""(w'm’ + 2(cos(mm) = 1))/(mw'm’) .
H 2, = 0,a M55 w, = 0 ATSRAR EXP i @, HoE i sk th
Wo(xy) + 2 u(x,)=0  (m=1,3,5,3n=1,3,5,). (15)

BHREG)M u,(i=1,2) MR u(i=1,2), 5o, —FURATTR(2), ATV AN )
1) fitt.
3.4 B4B4 RiA R EE IEF IR ERE Z 4

HEATE x, = 0,a kb o, = 0 WG, TR (S) AR R @, ,u, ,uy 23500
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i, = () g (x)sin(may) + Xl (%) g, (%, )sin(nx,)

u, = zft?o(xg)(ﬂag?(xl)/2)005(77962) -
i (16)

2 @, (%) (nagi(x,)/2)cos(nx,) ,

Zu30<x3>h (%,)sin(nx,) + 2u3 (%) hy(x,)sin(nx,) .

4¢ﬁ$$<5)ﬂﬁu(z-1,2,3)$Aﬁ (i=1,2,3)  ACATRCL) TR (4) 3 AEFF IR
i Ay

i - 2377724)&10(763)
f (77(‘1238772(6 + ) +ds,1h)/(2a) )uyo(x;)
3 0
& = _ . (17)
fs - quu;o(x})
fs = (K + A)ug(xy) + (a(0+3)/2)ufo(x;)
fé - ((‘1235772(0 +3) +dsah)/(2a) )u,(x;) + (K + A)uj(ay)
M v, =0,a AR uw, =0 ﬂlaI3 =0 AR B ay, Ml ay,, HEmarh
who(xy) + Zu]m"(xg) = (m=1,3,5,-;n=1,3,5,--+),
" (18)
N o(x,) =0 (m=1,35;n=1,3,5).

BRSO FE u,(i=1,2) MAu,(i=1,2), 35 o, —FACAFFE(2) , W15 18 K R )
1 fi.
3.5 B6B6 Byl R AL K AE IR AN E #E 5 14

WHE(S) TR R R g a, R

iy = X iy (x)e (e sin(mr) + a5, (x,) (3 )sin(ams,) (19)
e RE(5) Zeil wy A wy, ARATTRE(L) W AR (4) 38 M A AE 55 TN

i 0

/s 0

Q - 8 . (20)

A | (e A g (s)

I/ = (K + A)aky(x;)
H x, = 0,a AR SN o, = 0 ARG B @y, HEm SN

Y ou(x)=0  (m=1,3,5,+;n=1,3,5). (21)

B u,,u,, 05 BEFFACATIRR (2) , W43 1 PN T ) i
3.6 B7B7 KB R EEy JEFRMAEREHF
ZIERE x, = 0,a 4b o, = O UIEDL, I TRE(S) R AANLRE PREL w0, ,u, 5390100
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@, = 3, wl(x) g (x)sin(nx,) + X, i, (x;)g,(x,)sin(nx,)
iy = Y, wy(xy) (nag(x,)/2)cos(nx,) - (22)

> @), (%) (mag;(x,)/2) cos(na,) .

RR(S) R u,(i=1,2,3) R u,(i =1,2,3) , ARATTRR (L), WJ5 R (4) HEAYAESF X
iy

(1 = 25,7 it (x5
L] | (@5’ (0 +9) + ds,p)/(2a) )ity x;)
/s = O . (23)
7, — 26t} (x3)
s = (an (0 +9)/2)iy(x;)
Vel |- ((@s;n* (0 +9) +ds,p)/(2a) )ityo( ;)
BT FE(2) v, = 0,0 AR o, = 0 ARG LA 0, , HOEMSATHR
ah(xy) + 2 o(e)=0  (m=13,5;n=135,), (24)

Hrp
' = (a’s,m (0 +9) +4sh)/(2a) iy, — 5,00 .
WHFE(S) I u, BN w, I 5 uy 0y —[AARATIRE(2) , ATA5F- 1 P N ) k.
3.7 B8B8 HIAFRNMIFERE IEFFRMANERE KM
ZIEEE x, = 0,a kb oy, = 0 FUIEDL , X BRI (S) AL FAIFE R ), u, ,uy 3518

iy = Y i (x;) g, () sin(n,) + D al,(xy) gy(x, ) sin(nx, )
u, = 2ll'fo(x3)(nag?(xl)/Z)cos(nxz) -

(25)
> @, (x;) (pagi(x,)/2) cos(nx,)

us = Zﬁgo(x3)hl<xl)5in<77x2) + z us, (23) hy(x,)sin(nx, ) .

FeRe (5) B a, (i =1,2) 90w, (i = 1,2) , ACATIRE (1) T2 (4) SEATAY AR S Uy

I\ - 2377]2d)ﬁ,0<x3)

> (n(a’sgn* (0 +9) + 4s)/(2a) )i,o(x5)

& = O . (26)
fa - 2¢uo(xs)

fs - (‘”7(0"'19)/2)&?0(5‘73)

f5 - (<azssn2(9 +3) +ds1h)/(2a) ) u,6(x;)

WRIETTRE(2) , W, = 0,0 WA EN 0 =0 F oy = 0 ARG ESOPRY @y T ay,,
SE AT



1174 | it WA [iS %N W

al(x,) + D o (x,)=0 (m=1,3,5,;n=1,3,5,-),
" (27)
N o(x,) =0 (m=1,3,5,-;n=1,3,5,-),
Hrp
6?1 = (azsmz(@ + 19) + 456¢’)/(2(1)L_"fo - s4a'§3 .
BHREG) u,(i=1,2) WA u,(i=1,2), 5o, —FRAFTRE(2), AT AR
) it

4 B AE 5 B

EEIPEMR[0°/90°] (K 1(b)) ,MBES », HTEEHAXT AT La=b=1, H=0.2, h, =

0.5H, h, = 0.5H bR T RS EF oy
E, =25E, =25E,,, G, =G,, = 0.5E,,, G,y = 0.2E,, tty, = ;3 =y = 0.25,
M b 22152 3 B n) b IESZ AT ¢ = gysin(mx,/a) sin(wx,/b) BIVEFH.RHASTE.

R BV ARG R L AR SCE SCRR[ T, 12-14 A TN

1) AR AT 45 IR BT HURS BE B 45 2R | IF BT I 58 B0 SR 36 (38 55,
DIAS SR S i HISCHR[ 18 1 A9 5 Xt R (4) 3G I By AE e R WUk T 17 S5 AL AL BE ) 9K 5 >R K
YHAR o3k oK A

2) SCHER[7, 12-14 MBI A RS VR B BE J7 1] 0 43 A R 2t 38 3k X AR SUf i i S0 B8 1
JERET7 1 B o AT A AR A (28) |, 3 — B AT AT sk 85 {1 235 SRS 2ER i 2 48

U(x;)=U, - (U, = U,)(exp(x;) = 1)/(exp(d;) - 1),
x; € [0,d], (28)
H, Uxy) 3R a,(xy) yuy(xs) B oay(xy) ,d, 2R AR,

BRUCLASR SR AR 5 SCHR [ 7, 12-14 ] FEAAR AL PR R A 1) 1 3% 18 32 8 15 1) |- 1) IF 5% 4%
fp B EH AR, Y m=n =10 Blg, #0;4m=3,5,---,99,n = 1 i ,q, = 0.4 55
XA R EZECN 3,4 A5 WS BLIEAT TEUE LLES, M m = 1,3,5,-++,99,n = | B, A 251
WA Rk,

R P RUAESE R 2R 2( %20 E BN 4 2) , Hobh [RH55 oh a9 8diE  SCiik[ 16 ] 1945
R(SWTCEN(29)), S h e MR BHE iR 25 (| (A S - SCHRAR )/ SCHRAE 1 x100% ) .
[u, (%) ,uy(ay) ] =

(100E,H*/ (qoL})) [u,(L,/4,L,/2 ,x3) yu,(L,/2,L,/4,x,) ],

[uy(xy) ] = (100EH/(qoL}) uy(L,/2,L,/2,x5) ,

[ (%) ,05,(x;) ] =
(10H*/(qyL3) ) [0, (L,/2,1,/2 ,x5) ,05,(L,/2,L,/2 x;) ],
o,(x;) = (10H*/(q,L3)) o, (L,/8,0,x,),
[0y (%) ,05,(x3) ] = (10H/ (q,L,) ) [0,5(L,/2,0,x,) ,05,(L,/8,L,/2 %) ],
[Gy(xy) ] =05 (L,/2,0,/2,5,) /q, -
MEAER 53T, S/ MR ZEXT T BSBS AU X1 T BAB4 A A SCHY i 5 SCHR [ 16 ] 14 i AH

(29)
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ZEBR KRR ZE 3.84% (S L3 2 FIRF RIS ) 5 (H/2) ) o PRI, AR SCH) S5 2R 55 S0k
[ 16 JHY4ERIE R 5 1.
F2 8RR FRRE ML

Table 2 Displacements and stresses under the 8 boundary conditions

variable B1B1 B2B2 B3B3 B4B4 B5B5 B6B6 B7B7 B8B8
-1.071 1 -0.523 6 -1.072 3 -0.354 5 -1.892 4 -0.865 5 -1.964 4 -0.577 1

u,(H) (-1.047) (-0.512) (-1.050) (-0.343) (-1.870) (-0.847) (-1.924) (-0.565)
[2.29%] [2.17%] [2.15%] [3.41%] [1.20%] [2.18%] [2.11%] [2.13%]

1.370 4 2.688 4 1.387 6 3.361 4 1.920 8 2.774 2 2.001 8 3.359 6

7,(0) (1.341) (2.632) (1.360) (3.247) (1.899) (2.717) (1.961) (3.291)
[2.18%]  [2.16%]  [2.03%]  [3.52%]  [1.14%]  [2.12%]  [2.08%]  [2.09%]

1.236 3 2.279 3 1.246 0 28125 1.733 0 23739 1.793 2 2.809 7

a,(H/2)  (1.217) (2.246) (1.229) (2.708) (1.712) (2.327) (1.758) (2.753)
[1.56%]  [1.48%]  [1.38%]  [3.85%]  [1.22%]  [2.02%]  [2.01%]  [2.06%]

-47052  -2.5372  -4.7324  -2.0604  -7.7615  -3.5286  -8.1050  -2.7234

7,(0) (-4.630)  (-2.499)  (-4.667) (-1.994) (=7.671)  (-3.457) (-7.913)  (-2.660)
[1.52%]  [1.49%]  [1.40%]  [3.33%]  [1.18%]  [2.07%]  [243%]  [2.38%]
5.8228 10.746 3 5.858 7 13.183 2 7.976 2 11.151 2 8.105 1 13.261 1
Gy (H) (5.723) (10.568) (5.771)  (12.7050)  (7.894) (10.888) (8.096) (12.877)
[1.74%]  [1.68%]  [1.52%]  [3.76%]  [1.04%]  [242%]  [273%]  [2.98%]

0.590 1 0.440 3 0.587 7 0.382 1 0.500 5 0.426 9 0.501 3 0.368 6

Gy (H/2)  (0.579) (0.432) (0.577) (0.368) (0.495) (0.416) (0.489) (0.359)
[1.92%]  [1.86%]  [1.87%]  [3.84%]  [1.12%]  [2.62%]  [2.51%]  [2.68%]

0.320 4 0.498 2 0.2519 0.067 5 0.5328 0.553 2 0.434 3 0.110 6

7,(0) (0.313) (0.487) (0.247) (0.065)  (0.5270)  (0.539) (0.424) (0.108)
[235%]  [229%]  [2.01%]  [3.81%]  [1.09%]  [2.65%]  [243%]  [2.39%]

0.895 9 13820 0.889 8 1.509 2 1.224 7 1.453 3 1.255 7 1.578 8

Gy (H/2)  (0.875) (1.351) (0.871) (1.499) (1.211) (1.416) (1.225) (1.541)
[239%]  [2.32%]  [2.14%]  [3.74%]  [1.13%]  [2.63%]  [251%]  [2.46%]

1.587 6 0.652 80 1.602 0 0.435 1 1.230 4 0.655 4 1.255 5 0.425 3

G5(H/2)  (1.550) (0.638) (1.567) (0.419) (1.216) (0.638) (1.195) (0.416)

[2.41%] [2.32%] [2.21%] [3.83%] [1.15%] [2.71%] [2.49%] [2.22%]

5 4 #

T = AERPIRS A MBS R R i i 5 | AT SRS s, X — X BT 50 75 — R O e
CURYZE B AUESE T AR FFUREPIRAS T, R4 1 1 2% M BEAS 1 52 T i g ¢ [ R )R 1 e A
ik TS R AR AT A P 7 8 Jr 7 IR 25 o (RSB AL RIS, g A ) 1 VR E AR AR O 15 . el 0 B 7
FER HH A A I A A T Y- TET P02 i 2 1.

N T BUEAR SO S B KA RS A G SCRRAG S R AT T A, B 4 R I A B A
(B P ATk AOAR HE SR AR SCHAETH R0k LR TS ARk B L B AR 1 PR 7 1]
315 A AR LA (9. AR L P 10 23 A AR T LAE 0D BB R SICESR iR, B 15
R AR AR — A U W HPIR A5 725 1] BEAE SR AR AR 1 S A AR 72 [RD R A R, AR ST 7
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Analytical Solutions of Rectangular Laminated Plates
Under Various Boundary Conditions in the State Space

QING Guang-hui, ZHANG Xiao-huan
(College of Aeronautical Engineering, Civil Aviation University of China,
Tiangin 300300, P.R.China)

Abstract: Based upon the method of boundary displacement functions, the non-homogeneous
state equations and the control equations for the solutions of rectangular laminated plates under
various boundary conditions were derived. Through dimension expansion, the non-homogene-
ous equations were converted to homogeneous equations, thus the possible problems of numeri-
cal ill-conditions were avoided, and the calculation process was simplified for the homogeneous
equations. An introduction of the hypothesis of nonlinear boundary displacement distribution a-
long the thickness direction reasonably decreased the number of sub-layers for the convergence
of numerical results. The numerical results in the examples provide standard referential solu-
tions for other numerical or semi-analytical methods. The present method is suitable for the

problems under more complex boundary conditions.

Key words: state space; rectangular laminated plate; boundary displacement function; analyti-
cal solution
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