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TERAIXE Q = [0,1] PHEBRRNY HTR
—ezu:(x)+b(x)u5(x) = f(x), x € N,
() {uE(O) = up, u (1) = u,, (D
He, b(x) # f(x) RESEBMRBEEABR b > b(x) = 6> 0,6 >0,0 < e < 1 B/NE
.
ERAEE x = 0f 2 = L REAFEG, FBCHRZHSR. 518 1 £ (2,9, 13]4E
k.
SIE1 % u REE(P) BB UNTO< k<4, &
| ul?(2) 1< C(1 + efe(x,b,¢)), x€Q, (2)
Hr, e(x,b,e) = e 4 e -0 S SHFHNEWT
u.(x) = v,(x) + w(x), (3)
He, m¥ o (2) R
o (x) 1< C, x € Q. (4)
we (x) R
L w®(x) l< Ce*e(x,b,¢), x € Q. (5)

2 PR TS

BFBHIHEBR N, ARk

3——€an < % (6)

HERXARWR, A ' < CinN. HETHFIE 1A | uP(x) < C(1 + In*N), BIEHE
AR AN, RA— BT EAEE RSN E. 3CER(13]7E Remark 10 H3H5X Fif
PR THIL 4 MAE MR, FRILFHENMEHIEE N AATRERK, FE5EM
RERFERNER e < N

ERABEMER 0" = {x.0<i< N}, 0¥ = {x,0<i <N}

S h =x-%_,0<isN. Blh =h=4eInN/(bN),h; = h+(i-1)A,1< i< N/4.
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X o= i+ by = il.z+Li_2—l)iA, 1

B Shishkin T ¥ S r = 3¢InN/b,% xyy = 7, A8
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hisCel%N, lgis%. (9)
TEHREN [,12] FEAHEBEE
H=21‘T2’=0(ﬁ). (10)
WNy>048N> Nolfb by < H1 < i< N4, B0 by, < H.
P4 F 7 Bk
% = % + H, %sisg- (11)
% I8 3| IR X AR, AT PR B 5 N2 < i < N
3 kAR
RN ENHER
List(xt) = ri-Us(xi-l) + r(i:Ue(xi) + r:Ue(xH»l) =
gifCxi) + ¢ f(x) + qif(=i,1) =
(PY) '(x), x € 0Y, (12)
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He
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hig - h | ¢ +
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W N/4 < i< N2,TiH H =V 3/(2b)e B
2¢?

¢i =4qi =0, qi =1, i =- 3Ty
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T ki + h) T b Chig + h) T T T T b (ki + R

H AR, B HESEYE N2+ 1< i< N - LHHESTR.

BN >0,5N> N B,b <3N/(100In?N) BSL. BN, > 0,5 N> N, Bf,1/12 - g
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MESBABRARERE.
i %1< i< N4-18,q = 17158 ¢7 = 1760, iHEB
ri <0, P <0, r5>0,r7 +r5+7f >0,

W N/4 < i< N2,THE H <V 3/(2b)e B, FIRERTTEBE

7 <0, <0, 8>0,r7 +7r5+7f >Q

% N/4< i N2,TIE H =V 3/(2b)e i, BRE

ri <0, <0, >0, r7 +r5+rf >0,
BB, NAEO < i < NB¥E r; <0, 77 <0, 15 >0, 77 #5478 >0,
Bt 2R ERERX A G, AT ME, E0 B RERENE.
5|3 EMBEH v(x) W

LM (x;) =0, x € QY,
{‘I’(xo) =0, ¥(xy) =0,
W ¥(x) =0, x; € QY.

ER & v(x)= néi!_r;N‘I’(x,-) <0, x, €. WA ¥(x,) - V() =08 ¥(x,)

(14)

- W(x,) <0. BIHE2E5583 LYV(x) <0, 55|BFGFE. HHi v(x) > 0,8
¥(x) = 0,x, € 2.
SI®4 E (PY) T x, € OV BTt

| U(x;) I C{mar? | LU (%) 1+1 U(x) 141 U (xy) 1}, (15)
zl.E
iR SIAMEE
0% (x) = max | LU(x) 'biz #1 U(xg) 141 U(n) 12 U(x), x€ Q"
X'.E
il
L}t (%) = 0, % € OV, &t (%) = 0, &* (xy) = 0. (16)
HEI 3018 &t (x,) 0. HI, M Fx,€Q'E
| U(x) | C{m:xﬂ | LY (%) 141 UsCxo) 141 U(xy) 1}, (17)
xl.G
4 BH—BSE

FIRE AR (PY) WA R U (x) = V(%) + W(x), HF V.(x) F W,(x;) 252
{LENVE(JC;) = ON(Lgve(xi))v x; € -QN,

V(xo) = (x0)s Vilay) = u(xn), (18)
i
[Lf’We(x,-) =0, x; € OV, (19)
W.(xy) = w,(xp), W(xpy) = w(xy) = 0.

R B u(x) REE(P,) KM, U (x) BEE(RY) M¥ER, 1
| U(x;) - u(x) I C(N %2 + N3In’N) (20)
S FHE x € OV /L.
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iER Y1<i NA-18,
L!(Ue(x‘) - u (%)) =
qif(xis)) + ¢f(x) + qif(xiyy) = {rive(xis)) + riu(x) + riu(x,0)} =

e2u, (x;) T +%ezu£4)(x,~)T4+-é-ezT5, (21)
Hrp

hi+ - hi
Ty = - (hiigl - hgi) + =55 =0, (22)

R, + h? 1
= (K2 o 2,- sl TP
Ty = (hl+lqz + hﬂ: ) + 6(h|+l + h) = hA + (23)

Ts = qihu (&) - qth?, u9(&,) +

i&ﬁjﬁn{MW&>hme&n (28)

61,6 € (i), 6,8, € (x;,%:,,).
HA
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2 24)(:‘1)7‘4

< CN 3N, IEe w® (%) Ty < CN-In?
B A
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Eibz R g !
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| LY(U(%;) - u(x;)) |l < CNI®N. (25)

Y N/4< i< N2,TiH H <V 3/(2b)e B,

Lév( Ug(xi) - ue(x )) = - —Ez{us(xx l) + u‘e(x ) + u:(xnl)}"-
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- £ {RO(8) + Bl (&)}

mﬁ Hrui® (&) + B, ulP(e)}, (26)
51;&3 S (x,'_,,x,-), 52754 S (x,-,x,-“).

H—HHEB | LY(V.(x) - v(x)) | CN 22, | LYW, (x;) - w(x;)) | < CN?, LA

| LY(U(x;) - u (%)) | CN-2e% + CN7. (27)

UNA< i< N2,MmMAH=V 3/(25)6 B,
L;[;V(Ue(xl) - ue(xi)) =
" Z(us(x,'“) - u.(x,-)) Z(ME(xi) - Urg(xi_ ))
- E2u€(xi) * 62{ l+l(hl+l + h) - h'(hi+l + h) | }=
(hi+l h) 2

3 elu (x;) + m e2{hu® (&) + K3, ul®(&)}, (28)
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€ € (xi-lvxi)v &E (xi-xm)-
iS)id
| LY(Ve(x) - v(x)) 1< CN72. (29)
XEA
L!(Us(xi) - u;(x[)) =
. 2u (xi,1) - u(x))  2(u(x) - u (%))
- ezue(x,-) * 62{ hi+l(;"i+l + hi) - hiChi, + h;) | }=
- etu (%) + mez{hgu:(fl) + hiau ()}, (30)
E] € (xi_l’xi)v 52 € (x,',x.'+1)- @ltt
L LYW, (x;) - w.(x;)) < CN73, (31)
W NG < i< N2,TB H=V 3/(2b)e B, RBIES
| LU (%) - u (%)) < CN7. (32)
LR A« € Q' BE
| IN(U.(%;) - ue(%;)) 1< C(N“2%? + NI’ N). (33)
M| 4 0T, TRA «, € QVEE
P U(x;) - ue(x;) 1 C(N2%% N3 N). (34)
5 BHEG T
FERAXE Q = [0,1] PEHEBRNY BHR:
{— elu.(x) + u.(x) = ~ cos’(xnx) - 2e*nPcos(2nx), xr €0, (35)
u,(O) = 0, u,e(l) = 0.
] S
u, = eﬂ/; : ::::x)h - cos*(mx).
BRBERREELN EY =

n}%x | uE(x,-) - UE(Z,') l, ﬁ'ﬁl&ﬁlm%)‘(ﬁ
n

RY = log,(EY/E™M).
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®1 BRERREMIT L

€ N=16 N =132 N=-64 N =128

2°3 3.056 722 77 E- 002 5.119 981 35 E- 003 7.501 656 85 E- 004 1.153 257 54 E- 004
2-10 3.069 755 16 E - 002 5.132 519 88 E- 003 7.525 641 57 E- 004 1.156 573 85 E - 004
2-1 3.069 749 63 E - 002 5.132 519 58 E-003 7.525 641 52 E - 004 1.156 573 85 E - 004
2-2 3.0974945E-002  5.13251958 E-003 7.525 641 60 E - 004 1.156 573 85 E - 004
275 3.060 74945 E-002  5.13251971 E-003 7.525 642 16 E- 004 1.156 575 83 E - 004
2-% 3.069 749 51 E - 002 5.132 519 57 E- 003 7.525 650 85 E- 004 1.156 598 20 E - 004
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®n2 R RY
e N =16 N=3% N =64 N=128
210 2.580 384 48 2.769 780 73 2.701 957 20 2.727 055 05
2°® 2.580 381 77 2.769 780 73 2.701 957 20 272705370
2°%® 2.580 381 77 2.769 778 94 2.701 928 59 2.727 085 46
6 & ®
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High Accurate Non-Equidistant Method for Singular
Perturbation Reaction-Diffusion Problem

CAI Xin'"*, CAI Dan-lin’, WU Rui-gian’, XIE Kang-he’
(1. School of Science, Zhefiang University of Science and Technology ,
Hangzhou 310027, P.R. China;

2. School of Science, Quanzhou Normal University,
Quanzhou , Fufian 362000, P. R. China;

3. Institute of Geotechnical Engineering, Zhefiang University
Hangzhou 310027, P. R. China)

Abstract: Singular perturbation reaction-diffusion problem with Dirichlet boundary condition is con-
sidered. This is a multi-scale problem. The presence of small parameter leads to boundary layer phe-
nomena on both sides of region. Non-equidistant finite difference method was presented according to
the property of boundary layer. The region was divided into the inner boundary layer region and the
outside boundary layer region according to transition point of Shishkin. The step length is equidistant
on the outside boundary layer region. The step length is gradually increased on the inner boundary
layer region such that half of the step length is different from each other. Truncation error was esti-
mated. The new method is stable and uniform convergence with order higher than 2. Finally, numeri-
cal results were given, which are in agreement with the theoretical result.

Key words: singular perturbation; reaction-diffusion; uniform convergence; highly accurate; non-e-

quidistant



