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1
1.1
w+ flu)s= 0, (1)
,u(x,0) = wo(x) -
(1), h= Ax At, X
= ixh,i= 0, -, N, "= " A Ii= [xc172, 2ir v2] ,
ui' = %ri+l/2u(x, tn)dx, 1= 1, ..« N £ , W= u (i, tn), 1=
Yo
0, s N : (1) Lix [, ']
n+ 1
n+ n 1 !
Wil = ul - ;J‘/, [f (u(xivva, t)) = f(u(xeo,t))]de. (2)
ln, tn+1 (2)
1.1.1 By
Simpson (2
3
A (‘fj SNF(u(xin, "+ Bdi) )= fu(xi-vn, "+ Bdi))], (3)
=1
,N= (1/6,23,1/6)  ,B= (0, 1/21)" -
1.1.2 W #RILE
crp/MM Fvm 'Y Lagrange ,
dx ’
a = (- (4)
Runge-Kutta
Runge-Kutta ! Xj+ 12
4
= " di Zbkg(k), (5)
b= (1/76,276,26,1/6), g’ RungeKutta
gV == f (u(d ")),
¢V = fru(d 2"+ di/(2¢))),
g == f (u(t+ di/2, 2"+ di/(28'7))),
gV == f (u(t"+ de, 2"+ dig™)).
nt+ 1/2 n
t t Xj+ 1/2
4
xn+ 1/2 — xn+ dt ngg(k), (6)
k=1

, B = (5/24,4/24, 4/24, - 1/24).

n+ 1/2 n+ 1

> t l Xj+ 1/2
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o . ;2 ” n+ 1/2
un = uj+1/2(1— €)+ uj—l/Zé (7)
Xj+ 12 t"
W+ /208/2
Ax =
Sax 1+ (A/ (40 ) (ujr12— wi-12) (8)
Xj+ 12 " (xjs v2— &Ax).
1L1.3 HEMANEH
[45]
[45]
{Ij— 2, Ij— 1, Ij; Ij+ 1 Ij+2} uo(x), u"(x) =
5
Z‘ﬂoi—l(x_ %) 3 tof %)
1

i=

3
) 3 : {Ij—z, Ii-1, Ij} ui(x) = Zayhl(x -
=1
3
xi) - 1, {[j— 1, 1y, 1j+} u2(x ) = ZlﬂZi— (- xi)" 1, {Ij, L1, []42}
i=1
3

us(x) = .2:0,3,',,1(96— x,:)iil.
4
jl wi(x)dx = Axws,

ok

{—1:0,1}: i= 3 ,kE{O,l,z. 4 [

? ?

uo(x) = ]Z'[JJ X ui(x).

ue(x) = (uo(x)— Cirui(x) — Crua(x) - Csus(x))/ Co,
) ZC/: Lj E{o, 1,2,3}, Ci= Ci= 1/8 C2= 1/2.
J

4 uk( %), k E{c,1,2,3}

2
IS} = lZf““h””(MﬁM, k= 1,2 3.
=195
I
IS) = i+ (13/3) adanx’+ O &),
, k€ {1, 2, 3}
wex), IS",
ISi= aha+ ((17/3)ak+ (V2 anaw) b+ O(x°).

i—0 . k€{o2-noLy: i=2 ,k€{2-10;
45

(10)

(11)

(12)

(13)

(14)



294

(13)  (14)
Qs Ck
TS g YT rer s
p€< |,2,§
. k€ {c, 1,2, 3. €
Ii
{e123 Ri(x)
Ri(x) = Oue(x)+ @Qui(x)+ Qurx)+ Q3uz(x).
[5]-
w(xieyo t"+ dt)  w(xi v, O+ di/2)
Ri(x)
w(xiyn "+ dt) = Ri(x™"), w(xiio "+ dt/2) = Ri(2™ V7).
tn uin uin+1
" u;
1) wi(x) o, k E{c, 1,2,3} ¢ ;
2) (5) (6) e K2 gl V2
¢ ;
3) (16) w( xie 2 "+ Bydi) (2) ;
4) (2) ™!
1.2 Euler
Euler
Euler
a—f]+ a—xF: 0,
Y *h
U= ||, F= QLZ+ p |-
E u(E+ p)
.U  F . o] ",
E E=p/(Y¥=1)+ Q%2 Y= 1. 4.
1.2.1 —#4 Euler A2 89 HAEAEX

B

(15)

uk(x ), k €

(16)

(17)

(18)

nt 1
Ui

3
UT]: Ul - g;tl_El:M[F( U(Xi+1/2, "+ B[dt))— F(U(xi_vz, "+ B[dt))]. (19)

V= (Pu,p) . (18

ov ov _
a0

()



Euler 295

(20) . e c= Jw/P, A, M

11 1 0 - @(2) 1/(2% N 0 0
-c/P 0 /P, L,=|1 0 -1, A= |0 X 0.
X

R =
0 7 0 @(2) 1/(2c% 0 0
(20)
L %—t‘ﬁ AL, %—x"= 0. (21)
(21)
1 d
i%du— 2_Czdp: 0, 11(Xo): A4 = N= u- ¢
ap- Ldp = o, zz(xo):i—’“: A
c 12
1 d
£du+ 2_02dp: 0, ls(Xo):E: M= u+ c.
Xo . X(L)(k=1,23)
! (k= 1,2,3) t"
(Rup)

u(Xo) = %( UX(11)+ AX(13))+ é(.’?()((ls))— Z(X(1)))),
p(Xo) = (P (X(1))+ P(X(13))+ R(AX(13))= UX (1)),

P Xo) = AX(12)) + 5(p(Xo) = 7 (X(1)),

, HAx), YUx)  P(x) Ru p , 3
Ri(x) (17) .
" @, Qi E! (AR T
E L.
1) " P Qi E! ui  pi;
2) " Ri(x), U(x), Pr(x) W, k= ¢ 1,23

To(x) = OR(x)+ ORi(x)+ @R(x)+ %R3(x),
%i(x) = O Us(x)+ QU(x)+ 0Uyx)+ 93Us(x),
F(x) = OPe(x)+ @Pi(x)+ DPox)+ 03P3(x);

3) ( 5) (6) tn+ 1 tn+ 172 tn,
X(L)"™" X(L)™ (k= 1,23) (5) (6), N X
X;

4) (16) (19) Ul xie v, t"+ Bide);

5) (19) Uit



296

, Burgers
w+ uy = O, (2)

w(x,0) = sin(M)  u(x,0)= sin*(T), 2
t= 10. 1 : 1

u(x,0) = sin*(Tx)

1 w+ uy= 0, u(x,0) = sin(Tx) (t = 10)
n ‘L, OLl L OLOO
10 2.31 E- 01 3.13 E- 0Ol
20 6.58 E- 02 1.81 1.47 E- 01 1.10
40 7.2 E- 03 3.13 2.00 E- 02 2.90
’ 80 4.00 E- 04 4.23 1.25E- 03 4.00
160 3.97E- 05 3.33 8.71 E- 5 3.80
320 4.8 E- 06 3.00 8.61 E- 06 3.34
10 3.72E- 02 6.22 E- 12
20 1.77E- 03 4.39 3.22E- 03 4.27
40 5. 71 E- 05 4.96 1.L11E- 04 4.86
: 80 1. 81 E- 06 4.98 3.54 E- 06 4.97
160 5.70 E- 08 4.99 1.09 E- 07 5.03
320 1.79 E- 09 5.00 3.37E- ® 5.02
2 w+ (u?/2),= 0 u(x,0) = 0.5+ sin(Tx) (t= 0.5/m)
n er, Or, eL, O,
10 5.13E- 02 1.62 E- 01
20 1.76 E- 02 1.55 9.37E- (2 0.79
40 1.6 E- 03 3.38 1.0O8 E- 2 3.12
’ 80 1. 2 E- 04 3.91 8.18 E- 4 3.72
160 1.06 E- 05 3.40 1.04 E- 04 2.97
320 1.29 E- 06 3.04 1.32E- 2.98
10 1.47 E- 02 7.73 E- 02
20 1.32 E- 03 3.48 1.46 E- 2 2.41
40 1.03 E- 04 3.69 1.43E- 03 3.35
: 80 4.71 E- 06 4.45 6.61 E- 05 4. 44
160 1.73 E- 07 4.76 2.12E- 06 4.96
320 6. 18 E- 09 4.80 4.97E- ®B 5.42
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w + [u?z] = 0, (23)
, u(x,0)= 0.5+ sn(Tx ), 2 . t= 0.5/T
2 L Lo ,
3 Euler tH
Euler (18) . Euler ,
P(x,0) = 1+ 0.2sin( T ), u(x,0)= 1, p(x,0) = 1, 2
. Euler cB(x,6) = 1+ 0. 28in(T(x— ¢)), u(x,t)=1,
p(x,t) = 1. i= 2 L1 Lo 3
3 Po= 1+ 0.2sin(Tx), wo= po= 1
0 ‘L, 0, o 0, _
10 1. 18 E- 02 3.41E- @2
20 1.39E- 03 3.09 4.23 E- 03 3.01
40 1.79 E- 04 2.96 4.02E- 4 3.40
’ 80 2.40 E- 05 2.90 4.33 E- 05 3.21
160 3. 14 E- 06 2.94 5.21 E- 06 3.06
320 3.WE- 07 2.98 6.41 E- 07 3.02
10 1.9 E- 03 6.53 E- 03
20 1.25 E- 04 3.99 3.36 E- 04 4.28
40 4.2 E- 06 4.82 1.I0E- (5 4.93
. 80 1.47 E- 07 4.91 3.22E- 07 5.09
160 4.75 E- 09 4.95 8.93 E- ® 5.17
320 1.45E- 10 5.03 2.55E- 10 5.13
3
4 Lax 1123
Lax , (18)
(0. 445, 0. 698, 3. 328) - 5<% K0,
(Pwr)=1 050057, 0< » <5.
t= 1.3 CWENO o]
1 . 1 , n= 200 |,

’

CWENO  UWENO! ,
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1.4r
b Hfie 1.5F e
1.2k AT m ¥
1.0F . /
1.0} ;
0.8F /
D : yo
0.6r
> L 0.5_
A SN—— sl
° LH I
0.2¢ N __,
e R
X X
(a) (b)
3 1.5F
L2E . e
L iR
1.0_ PED I Lol
DO.S: v
! O -
0.4 — i
0.2E , U S
-4 -2 0 2 4 -4 -2 0 2 4
X X
(d (e)
1 Lax t= 1.3
( Ga= 0.5), CWENO
5 Sod [13)
Euler (18). 3 .
(p ) (15 07 1)7 - 05 <x <0,
2 u’ =
P (0.1250,0.1), 0< x <0.5.
t= 0.2 2
PPN e | VOE g
0.8k Yo T 08| RN ]
L 1 0.6 |
DO.() | g 04 [f
0.4 . Ar £ i
0.l - ] oof / ]
0 . : s Opzmm— e
-0.50 -0.25 0 0.25 0.50 -0.50 -0.25 g 0.25 0.50
X J
(a) (b)
2 Saod t=02 (

+0p - AR
3SR
3.0F “‘%‘
2.5F —
P 2.0
1.5F
1.0
0S5 3
X
(c)
3.5]
2.5
P
LSE - s
— b
R NV I (N N
X
(f)
( n= 200.
( Gar= 0.5)

2 n= 200
W= ]
osf M
0.61 \\ B

P
04t ‘ 1
0.2¢ i
L
-0.50 -0.25 )(3 0.25 0.50
(c)
n= 200)
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(3. 857 148, 2. 629 369, 10. 333 333), -5<x & 4
(Pwp) =\ 14 0. 2sin(5x). 0. 1), ~ 4< x <5.
3 t= 1.8 , 2 000
5 T T - 3.0 T T T 12 T T T
Lol | s ] o
! . 20¢ - s -
D v 1.5¢ ] p 6f ]
2 o 1.0 S Ak ;
. . Ry
R N
-0.50 -0.25 g 025 0.50 -0.50 -0.25 g 025 0.50 -0.50 -0.25 g 025 0.50
(a) (b) ()
3 t= 1.8 ( n= 400)
WENO
, , WENO  CWENO ,
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Characteristie-Based Finite Volume
Scheme for 1D Euler Equations

GUO Yan, LIU Re-xun

( Departm ent of Mathem atics, University of Science and Technology of China ,
Hefei 230026, P. R. China)

Abstract: A high order finite- volume scheme was presented for the one- dimensional scalar and invis-
cid Euler conservation laws. The Simpson s quadrature rule was used to achieve high order accuracy
in ime. Toget the point value of the Simpson s quadrature, the characteristic theory was used to ob-
tain the positions of the grid points at each sub-time stages along the characteristic curves, and the
third order and fifth-order central weighted essentially nor osdllatory ( CWENO) reconstruction was
adopted to estimate the cedl point values. Several standard one-dimensional examples were used to

verify high order accuracy, convergence and capability of capturing shock

Key words: hyperbolic equation; finite volume method;, daracteristic theory; WENO re construdion;
Runge Kutta method



