, 30 4 Applied Mathematics and Mechanics
2009 4 15 Vol. 30, No. 4, Apr. 15, 2009
1 1006-0887(2009) 04-0443- 14 © , ISSN' 1006-0887
wnl e el
Pl WS
(1. . 100871;
2. , 330013)
("t BUAE )
Lo S ,
Y L , ,
, , Y L
.
TP13; TP273; 0317 DA
2 m 2
L1 (2] Liapunov
[3] [4] [5]
[6] [7]
[ 8] Liapunov (PLDE)
(Riceati) (PRDE) . [9]
[ 10] H
, [11] ,
[12]
* : 2008-06-05; 2009-0+03
(60774089 ; 6040400 1)
(1984—), , (1= mail: sunk aiflorence@ gmail . com) ;
, ( .Tel: + 86 16-62754083).

43



444
\ (SDPs) .
SDP " )
SDP 12l
[ 1],
, I
, Y o Y ,
, , I Y
1 2
3 S 4 5
M" M ,sym<M> M+ M. M> 0(<0) M (
)I 0 O
1
x(t+ 1)= fl,(t)x(t)+ B,(t),lw(t)+ Br(;),zu(t), (1)
z2(t) = Crpx(t)+ Doy iw(t) + Doy 2u(t),
,u(t) € R% .z(t)

,x(t) €R% , w(t) €R%

€ R" L r(t) N .
t= W+ i- 1 i= 1, «.N; k= 0,1,2, - (2)

r(t) =1,
A B B A; B, B> H;
L. . = + Fil:Ei T Ti,z],
Cl Dz 1 Di, Ci Di,l Dlﬂ Gi
i=1 4N, (3)
i 5 1—‘i l

, (Ai, Bi,1, B2, Ci, D; 1, D; »)
N, I H;, G, E;, T, T »

e W M, R , W= v wy MIR+
(MIR)" < 0 r'er<r r a> 0 Wi aMM' +
(1/a)R'R < 0.

2" oUW D= O

(i) 1% UVW+ (UVW)'+ D< 0.
(ii) (a) JUDPSTK O UU > 0: (b) S wdIw< 0 W W>
0 Juv Jw v w . JuU= 0, SWW = 0.



445

) (1) wit) =0 ,
]
x(t+ 1) = A,px(t).
(4) ’ S) ‘/i; aL(VL: 1, "',N),
T, Tio T3
T= ()" T, 0 |[<0
(*)) 0 Ts
- S AnVy 0 0 0]
()" = W- Vy
Tl: : A - ; T . ' s
0 0 - V- VAW 0
0 0 e )" - wvi- v S
L o 0 0 ()" - sl
[ oawHy 0 0 ]
T 0 Gsz 0
S 0 aH|
0 0 0
) 0 0 |
[ Ev 0 EvW 0 0 0
T _ : :
R, 0 EV: 0 o
| E, 0 E/Vi 0
- 0 0
To= T3= ) ' ’ )
=0 0 . —al 0
0 .. 0 - alI

N(k)=x(k), k= 01,2, ...
(4)
Nk+ 1)= A 0(k),
A= Ay --A2A,. (4) , (8) ,
Schug . Liapunov ., A Schue P



A"PA< 0. S=P'> 0
- S+ ASA'< 0. (9)
Q= A,Q=AQ-1,i= 2 ..,N. (9)
w76 g )
[ I An ] 0 QN—IS QX— A}‘V < 0.
Juv= [T Ayx], W= [0 I], 2, (9
- S 0 Ay
[ 0 QV_ISQ;‘Q_]+ » [-AAI}V“[O’ U}< o
l— S AvW ] 0 0
()~ W Ve ouasol o S (10)

- S AyWy
2= l(-)"‘ - W- v"&]'

S>0 (10 W, : (10)
70 o - Sl Ay W . 0 1 0
0 1 AN_J () = - W o I R
0 0 On-2S0N-2 0 Ax-
2,
= S ANW 0 0
()" - W- Vi 0 + symd | Avo1| Voe1i/O 0 I]p< O,
L0 0 Ov-2SQN- -1
- S AW 0
(*)" - W- Vi An-1 Voo < 0. (11)
Lo (¢)" = Vai- Vit Qv-2SQN-
-8 AvW 0
D= | ()" - W- Vi Ayt Voot
0 (<) - V- Vi
S> 0, U . ) (11) 2,
AN- , w, . N ,
- S AyWy 0 0 0 0 i
)" - - Wi Ay Vi 0 0 0
0 )" - Va1 Vi 0 0 0
< 0.
0 0 0 - V- Vi AW 0
0 0 0 [C L, R, 7 AV
L o 0 0 0 ()" - Vi- V'+ s

(12)



447

Schur

E;

>0(i= 1, -4N)

Schur

)

- S AnVy 0 0 0 0
()" - W- Vy An-1 Vi
0 (*)" - Vioi- Vo
0 0 0 = Va- Vi ALY 0
0 0 ()" - vi- v S
L0 0 0 0 ) - s
[ Hy 0 0]
0 H, 0
M= [Myv .. M2 M) = ? . R= ,
0 0 H,
0 0 0
Lo .. 0 ol
(6) : (3), (13)
N
T+ D/M:TiRi+ (M;T;R;)"] < 0.
i=1
1, (14) nn<I(i= 1, .,N) i
N 1
T+ ﬂ aM:M; + ERIRL] < 0.
T, - MA, R'
()" T, 0 |<0 T<o.
()" 0 T,
u(t) = Kyyx(te),
x(t+ 1) = (Ayq+ B oKey)x(t)
2 (17) (16) , S,

a(Vi=1, --.N)
Tl TI,Z TI,S
T= ()" To 0 [>0
(*)' 0 T;
T3 Ty, Ts (6) ,

<

(13)

(14)

i

(15)

(16)

(17)

(18)



448

(- S AvW+ ByFy - 0 0 0
(.)T - VW= W 0 0 0
Tl: 0 - " T . . ,
0 0 e = Vo= Vo A Vi+ Bl,zFl 0
0 0 ()" - Vi- Vi S
Lo 0 0 ()" - s
0 ENW\"‘F TN,QFN 0 0 0
e : : :
E,Vo+ T2 F> 0 0
0 0 E\Vi+ T\oF, 0
Ki= F,Vi', i=1 ..,N (19)

Ai= A+ B,»K,

Ey 0 (Ev+ Ty oKy) W - 0 0 0
E|l | o 0 (Ex+ Tsa2Ko) Vs 0 0| (20)
E| 0 0 0 (E] + T]yzK]) V| 0
1 ,  Ti, A Ei Ti,Ai, Ei(Vi=1, ..,N)
Fi= KiVi
Z o
, S
x(t+ 1) = A,(,)x(t)+ Br(;) w(t), (21)
z(t) = Cr(t)x(t)+ Dri).1w(t)
v . : (16),
x(t+ 1) = (Av+ B 2Ky)x(1)+ By iw(t), (2)
Z(t) = (Crm+ D). 2Ke1))x(t) + Dryy.iw(t)
Y.
, (21) k7 .
1 (21) % Y, x(0)=0 |,

D& (1) < ZZw ()w(1). Vw € /z-{wm Zwmwm }
vr € o= {n: i, <€ (m)

(22)



449

3 (2 v s.
G(Vi= 1, N,
A= [ . A“] 0 %
Ly ordS (24)
T (9 .
D, 0 0
A_[_yzz /\D] T : N [AB 0 AT]
B L A | Dy-1i 0|7 "7 LA A 0]
0 0 Dy
[0 0 Bv.1 A
0 ... By_ 1.1 0 T~ 0 0 . Th 1
: : : /
AT = . / /\T = ~ = )
"TIB .0 o|” "7 0 T, 0|
0 0 0 T, Ti1 0 0
L 0 0 0 .
0 0 0 cavi o0 0 0 a1 Gy
A = 0 0 C.2V2 0 0 g = 0 azle 0
: : / : /
0 CyvVy 0 0 0 ay Gy 0 0
(25)
w( kN )
N(k)= x(WN), k)= : .
w(kN+ N- 1)
(20)
Z(kN)
S(k) = : ) k= 0,12 -
Z(kN+ N-1)
(21)
Nk+ 1)= ANk)+ Bi&(k),
. - 27
L) = CO(k)+ DiEK), (27)
A= Ay .-Ai, Bi= [Ay ---A2B11Ay---A3B> 1---Bn 1]/,
C(1) (o
o "c.(z) ) clel
C(N) CyvAyn_ A
- - (28)
Di(1) D, 0 0 0
Dy(2) C:B, D, 0 0
D, = : = : : .
Dl(N_ 1) Cf\’—]AN—2~~-A2B],] ’Cc’\,“—lAS\’—2~--A3B2’| D/V—I,I 0
L DyN) L CyAn-1---A2B CvAnN_1---A3By 4 .. CyvBy.11 Dy




450

(21) - Y, (27)
2, (27 Yo
- p A"P 0 C"
PA - P PB 0
o B'P - v BT 0.
L C 0 D - L
S= P, diad S, S, 1, I) ,
- s sA" o0  SC"]
AS - S B 0
o B -v1 p|<"
Llcs o D - L
Schur s
s+ Aa8A" B AsC ]
B! - Y D! <0,
CSA" D - I+ CSC"
S Dl Bl ]
D, -1+ CSC' CSA' < 0.
. B ASC' - S+ ASA
0= Ay, Ji= C(1), A= Dy(1), Q= A Qv
Ji-1 At )
Ji= [b(i)_’ A= [Dl(i)}’ =2 N
D] [D.: o 0 By
b D _ 0 Dy 0 ’ B _
: : : B
D L 0 0 Dw B
O = B1, ® = Ai®_1+ Bi, 1= 2, .- N.
(30)
ERE AN 1 Dy By I
o 00 M-t = I+ Jv-iSTk-1 0 0 Jyv1SON-
01 00 n
001 0 Cy Dy 0 -1 0 0
0 0 0 I Ay By 0 0o - S 0
L ®N— 1 QN— ISIZ};’— 1 0 0 Q}V— IS Q}TV— u
U=/0 0 Cv Ay -I],W=/0 0 0 0 I,
Y Av- 1 DY B G
Mor = I+ Jv-iSTv-1 0 0  Jv-1SON-1
Dy 0 -1 0 0 +
By 0 0 - S 0
L Ov Ov-1SIN-1 0 0 Qv 1SOv

S o oo~

2,

S o o~ <o
S ~N 9@ <
=

Ty Ay

(30)

(2)

(30)



451

W

—_
—
~ T

sy

S o o o~
S oo o ~NS
S oeeoe~NS O

|
o<
S}
~

Ay-2

55

S oo o~NS I

()" ()" = Vy— Vi+ Ov1SON- 4

BY ON- |
0 Jv-1SON- 1
0 Cy Wy
-8 Ay Vy

- S

(+)"

0

0
0
Cy W/0 0 0 0 I//< 0,
An
- 1
A?;V—l DR
— I+ Jv-1SIv-1 0
0 -1
0 0
Ov STy
0 0 0 0
0 0 0 0
0 0 0 Cy,
X
I 0 0 0
01 0 0
0 0 I Ay
A';vaz Dl\—l
— I+ Jy2SIh-» 0
0 B |
0 0
0 0
0 0
Ov- 28T -2 0
0 0 0 0 T
0 0 0 0
I 0 0 0
0 I 0 0 | <o
0 0 I 0
0 0 0 1
Ch-i 0 0 Al
A?\‘_z DK’—I D}‘\
Moo = T+ Iy 28Ty, 0 0
0 -1 0
0 0 -1
0 0 0
0 0 ()"
Ov-2SJN-» 0 0

By By, On-2
0 0 Jv-2SON-»
0 0 0
0 CyWy 0
-8 AnVy 0
()" - V- Wi 0
0 0 Ov- 250K~ 5
By . o8 2
0 Ty-2SQ
0 0
Cy Wy 0 +
AyVy 0
- W- W 0
0 Ov-250Q) o

<

0.

(31)



452

SR
0
Cy
sym 0 | Viei/O 0 0 0 0 0 I/7< 0,
0
A
L — I
(- Y71 AN-> D\.1 Dy By Bi-,
Ay, =TI+ Jy,SIv, O 0 0 0
Dy 0 -1 0 0 0
Dy 0 -1 0 TyvW
By 0 0 -S AW
By, 0 0 )" )t - w- W
L On-2 On-28TN-» ()" 0 0 ()"
, (32) 2 N
-y DI DY DY DY B} B, B!
D, -1 0 0 0 0 0 0
D, -1 0 0 0
D; 0o -1 0 0 0 . T Vs
: : : : : / :
Dy 0 0 -1 0 Ty Wy 0
B, 0 - S A, 0
By e ()T ) - B= W
: : / : : -
B, 0 ()" 0 S A
B, 0 ()" 0 0 ()"
L o (+)" o 0 0 0 0
,  Schur , (33
(- v bl DY DY DY B} BY | B!
D -1 0 0 0 0 0 0
D, 0 -1 0 0 0 0 0
D, 0 -1 0 0 0 GV,
: : : : : / :
Dy -1 0 CyVy 0
By 0 0o -5 AWy
By, 0 0 0 e ()N )Y - V- W 0
: S A
B, 0 (+)7 0 0 0 - V- W
B, ()" 0 0 0 0 ()"
0 ()7 o 0 0 0 0 0
L o 0 0 0 0 0 0 0

Ol 2
T
Jy-280n-»
Ch- 1 Vi
< 0.
AN V-
- Vioi— Vioi+ Qn2SQN- o
(32)
2
B! 0 7
0 v,
T, v, 0
0 0
0 < 0.
0
0
ALV, 0
Vo— V‘z AV,
()" - Vi- Vi+ &
(33)
Bl 0 0]
0 TV, 0
TV, 0 0
0 0 0
0
0 0]<0
0 0 0
a,v, 0
V,- W A,V 0
)" -vi-V s
0 ()" -4l

(34)



453

> 0(i= 1, ... N)

W - MT2 R
()" T, 0 |<0
()" 0 T,

A< 0.

3, (21) %
1 S, Vi, v, a
minimize ¥

subject to > 0, Y> 0, a> 0 A< O(Vi€ .7)

(21) L Y.

(24) T . (21) Y , T<0

[ Hy 0 0]
H— [H H H] _ 0 H2 0
= N cee 2 1 = 0 0 Hl ,
0 0 0
L 0 0 0]
0 0 G
. . . . 0 ... G 0
G=[Gy . G G]= L :2 °l
Gv ... 0 0
N N
M= [My My, .. M]J,R'=/R\v R\.1 -- RiJ,
- YT Ap Ap
T (35)
w= )" T A
A ()0 ()h T
) Eia Tl (6) P Ti’ A07 AB’ A (25) . (3)7 (34)
il m
Wt Z‘[Mi IR+ (M;TiR;)"] < 0. (36)
i=1
1, (36) rn<Ii= 1 ..N) i ai
N |
Wy Z[aiMiML ;RTR,]< 0. (37)
i=1 4
Schur s
.



454

4 (22) (16) 7 v
S, Vo Fi, &> 0Vi=1 -,N)
A= [ Ay Ay < 0 .
()b 7T

Ac Ag 0
0 0 0 C\Vi+ Di,F; 0
0 0 . C2Vat+ Do, Fy 0 0

Ac= | | . . ) >
: : / : : :
0 CyW+ DyFy o - 0 0 0

(18) , A, Ao, Mg, Ar, Ae (25)
K = F, V', i= 1, ., N. (39)
A, E; (20) , Ci= Ci+ DK,

- Yzl Ap Ap
W= | ()" -1 A
()" () Ts

3 A. Ci., V. E A, Ci, WE(Vi= 1, - N),
Fi= KV .
4, (22), S
2 S, VL', FL', Y, Q;

minimize Y>
subject to > 0, v> 0, >0 A< OVi€.T),
K= FiVi'(i= 1, ..,N) (16) (22)

B

1 (7= {12,
0.1 0 0.2 1 0.3 O 0.1
A= , Bii= , Bi2= , C1= , Dy = ,
0 0 0 1. 0

2] 0. 2] 0.1
D],ZZ , H]: , G]: 5 Elz [002 003], Tl,l: 1 5, TI,ZZ 1;
LQ L 0 L 0
-3 0 0 0 - 1.5 0 0
A2= , B21= , B22= , C2= , D2y1= ,
_0_ - 0. o 0. - 0 0. 0.
D H 0 G 0 E [0.15 0.1/, T 2, T 1
2,2= , Hx= , G2 = , E2= . .1/, 1= 2, 2= 1.
L1 LO. 3 LO. I ’ :
. w(t) =0, (5) : 1, (4)

(18), (16) Ki= [~ 0.09%09,



455

- 0.0155/, K= [- 0.0122,0.277 8] (17)

. ow(1) : 2 (1. Ki=[-01168
- Q0192,K,=[- 0.0163,0.2037] (22) , S Y=
1. 219 6.
5

S ,
Y- Y ,
- Y ,

[ ]

[1] Bittanti S. Deterministic and stochastic linear periodic systems[ A] . In: Bittanti S, Ed. Tim e Series
and Linear Systems [ C] . Berlin: Springe- Verlag, 1986, 141182.

[2] Bittanti S, Bolzern P, Colaneri P. Stability analysis of linear periodic systems via the Lyapunov e
quation[ A] . In: Ljung L, Strom K J, Eds. Proceedin gs of the 9th IF AC World Congress[ C]. Vol 1. Bu-
dapest, Hungary, Oxford: Pergmon Press, 1984, 169-173.

[3] KonoM. Eigenvaues assignment in linear periodic discrete-time system[ J]. International Journal
of Control, 1980, 32( 1): 149-158.

[4] Hemanadez V, Urbano A M. Pole placement problem for discrete-time linear periodic systems|[ J] .
Internation al Journal of Control, 1989,50( 1):36+371.

[5] Grasselli O M. Canonical decomposition of linear periodic disaete time systems[ J]. Intern ational
Journal of Control, 1984,40(1): 201214

[6] Bittanti S, Bolzernm P. Stabilizability and detectability of linear periodic systems[ J] . Systems and
Control Letters, 1985, 6( 2) : 14} 145.

[7] Bittanti S, Colaneri P, De Nicolao G. Discrete-time linear periodic systems: a note on the reachability
and controllability interval length[ J]. Systems and Control Letters , 1986, 8(1): 75-78.

[ 8] Bolzem P, Colaneri P. Inertia theorems for the periodic Lyapunov difference equation and the period-
ic Riccati difference equation[ J] . Linear Algebra Appl, 1987, 85(1): 249-265.

[9] Chen T, Qiu L. Linear periodicaly time varying discrete time systems: aliasing and LTI approxima
tions[ J] . Systems and Control Letters, 1997, 30(5): 225-235.

[10] XIEL# hua, de Souza C E. H  state estimation for linear periodic systems[J]. IEEE Transactions on
Autom atic Control, 1993, 38( 11): 1704-1707.

[11] Farges C, Peaucelle D, Arzelier D, et al. Robust H » performance analysis and synthesis of linear poly
topic discrete-time periodic systems via IMIs[ J] . Systems and Control Letters , 2007, 56(2): 159-166.

[12] Boyd S, Ghaou L E, Feron E, et al. Linear Matrix Inequalities in Systems and Control Theory [M] .
Philadelphia: SIAM, 1993.

[13] Petersen I R A stabilization algorithm for a class of uncertain linear systems[J] . Syst Control Lett
1987, 8(4): 35£357.

[14] Khargonekar P P, Petersen I R, Zhou K Robust stabilization of uncertain linear systems: quadratic



456

stabilization and H « control theory[J]. IEEE Trans Auto Control, 1990, 35( 3) : 356-361.
[15] Skelton R E, Iwasaki T, Grigoriadis K A Algebraic Unified Approach to Linear Control Design [M].
Taylor and Frands series in Systens and Control. London: Taylor & Francis, Ltd, 1998.

Analysis and Control of a Class of Uncertain Linear
Periodic Discrete- Time Systems

SUN Kai', XIE Guangming”’
(1. LTCS, Center for Systems and Control, College of Engineering,
Peking University , Beijing 100871, P.R. China;
2. Schod of Electrical and Electronics Engineering, East China Jiaotong
University , Nanchang 330013,P.R. China)

Abstract: Feedback control problems for linear periodic systems(LPSs) with interval type parameter
uncertainties are studied in the disaete-time domain. First, the stability analysis and stabilization
problems were addressed. Conditions based on linear matrices inequality for asymptotical stability and
state feedback stabilization respectively were given. Problems of %~ gain anaysis and control synthe-
sis problems were studied. For the #»gain analysis problem, an LMEFbased condition was obtained
such that the autonomous uncertain LPS is asymptotically stable and has an #>-gain smaller than a
positive scalar gamma. For the control synthesis problem, an LMEbased condition was derived to
build a state feedback controller ensuring the closedloop system is asymptotically stable and has an

%> gain smaller than a positive scalar gamma. All the conditions are necessary and suffident.

Key words: linear periodic system; parameter uncertainty; robust stability; linear matrix inequality
(IMI); state feedback stabilization;, %> gain



