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wik (X, y)

Nait, (%, y) + W ouieji(X,y) + uii(%,y)] =— 8x,y) 6
(i,j, k= 12)° (2)
[1~ 2]

* k()
up(x,y) = 2—11[— kilnrGr + r i k], (3)
* kO a_r
pik(X,y) =-— - n[kgSik+ 2r ir k] — ka(rime— roeni)(, (4)
ko= 1/(41-V)), ki= 3- 4V, k= 1- 2W
1 u= (uiuz) Q (1)

[ ceran= 0 (i= 12 [1xpae)- xpixan= o
pil) = N s mi(x)+ Wi (x) () + il ()

2 u= (uyuz) Q. (1) , x
o ui(x) = lim Ci(Ci ),
J‘Fpk(x)de: 0 (k=12 (5)
» R Br(0), B, Br(0) D & Q= Q
N B, Q u= (ui ua) v = (1,0) o= (01 Betty
( )s
J‘Fpk(x)dF = LB pi(x)d T (k= 12)° (6)
R~ o , 0Bk  pi(x)= o(l/R),
jagpk(x)drfo (k= 12)° (7)
(7) (6). (5)°
3  &(x) (k=12 T i (3)
Ui(y) = J.Fd%(x)ufk(x,y)drx (i=12), (8)
y oo L U(y) 0 Ld%(x)drx: 0(k=1,2
i=1 (3)
B(x)ui(x, y) = éﬁ_ﬁ[— kidi(x)inr+ di(x)rii+ da(x)raro.
r= J(xi— y1)*+ (x2- y2)% ra= xl—_rﬂ ra= “—_rﬂ
y oo
1 Axy)  Lxl?
Inr=Inly I+ 2ln[1— |y|2+| |2}—
(x,y) 1 xI® 1
Ity l="om oyt O[Vly| ’

Ui(y) = L h(x)un(x,y)dlx =
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kok koki 1
- Supnlyl J.F¢1(x)df‘x+ 2u|—ylzj‘r¢1(x)(x,y)df‘x+ o[Tl]+

ko [(x1= y1)° yi ko _yi
=2 - ro4+ =2 r
2“.[1" d)l(x) i r2 y%+ yi-l d xt 2”y%+ y%IF d)l(x) d xt

@J’ [(x1— y1)(x2— y2) ylyzj
21 rd)z(x)_ r2 - y%+ yz dlc+

ko yiy2
21’1 y%+ y%-

.F%(x)df‘x' (9)

y [e.e]

(x1- y1)® yioo o (xi— y)(x2- ¥2) yiy2 -
2 - 2 2 O: 2 - 2 2 O
r y1+ y2 r y1+ Y2

y o L U(y) 0 @Ld%(x)dn: 0(k= 1,2 i= 2 .

2 Q

C

[2- 5] Q. . Hilbert

W(Q) = u= (u,u)l w € Wy Qc)} fr/(QC)=
u €W Q);ulr= 0,

; = u E D/ Qc N U E L2 Qc, )
W) { () N1+ rzln(2+ r2) (1)
% €LY Q) i= 1,2r= [xi+ xg}

W Q) (& Vw = (@, 0)n + (9 B)w, Nolly = Iy ||W(1)+
||Uz||w(‘)'
uo € (H”*(1))°,
Jouwo | v = uo, ©= u- Fu, ® .
Aw=—- A( Jw),
(10)
(l)ll‘: 0’ r ®

%uo E W( Qc);

D(®, V) =- D( Fug V), VAVES &/(Q(.),
D(o,v) = IQ[)‘Ekk( ©) &(V)+ 2Hg( ©) &( V)]dx*

Cauchy_Schwarz , D( w, V) W Q) , D( Zuo,
v W(Q) . Ko (4=
cjg (v g(wde 2 vlly  (c> 0 )

D(Vu, V) >2L1L g(Vg(vdx 2 | i,

D(w, v  W(Q) . Lax Milgran L4 (10)
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W( Q) .
(- xx1) EW(Q), , .
{cl, C,| c,,czeR}”]- w(x) EWY Q), x_ o ,w(x)= oflnr)e ,
., o Lui(x)= G+ O(1/r)(C )e
Aucz 0, QC s
uc|r= Uo, I B
u$(x) G+ O(Ur), o
3
Q . Q
oQ=R-(oUD) . «
Q Au‘= 0,
r.: ur = ui,
o ui= Ci+ O(1/r),
Wi(y)= limui(x), wi(y)= limui(x)* ,
xfog(: fE%z
L y€o 0 y€aQ
S(y) - {07 y E Qp, S (y) - {1, y E Qc.
Q (Xk, uk, pt) = (0, uk,pk), Kelvin
(Xk, uk, pr) = (6(x,y) Grei, Wi (x,y)ei,pjk(x,y)ei), Beit i
S(y)ui(y) = L[u?k(x,y)p%(x)— wh (x)pir(x,y)]dI
(y € Qi= 12
, R , Br(0), B, Br D Q
Q. N By, Q (X, wkpi) = (0, uk, pk ); Kelvin
(Xi w, pi) = (8%, y) Grer, wix (X,¥) e, pa( %, ¥)ei), Betti :
S(y)ui(y) = - L[uz-(x, Y)pi(x) = wh(x)pir(x,y)]dT+
LB[uZ-(x,y)pz(x)— wi(x)pik(x, y)jdle,  y € o
R
(13) (14 ,
Vi(y) = Iru?k(x,y)[pi(x)— ph(x)]dly +
LB [uwi(%,9)ph(x) = wi(x)pa(x,y)]dT,,
R

Vi(y)= S(y)ui(y)+ S(y)ui(y), y € QU @
Vy € aUQ, R~ o , 0Bk ,

+ - + - 1
urn(x) Ci, pr(x) o ik

L Xz Yi X 1
r.i= R+ ()[R,
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roink— Tk 0,

+ * g k C 2 1N Lk 1
ur(x)pin(x,y) - %A{k26ik+ x’R—le]+ O[E}’

[ ruiteyoicx)= i (opix ypar,
J?ko[cl(k2+ 200529) + 2Cosinfcos 0/d0 = € (i= 1),

J?ko[ZClsinecos9+ Ca kot 25n0)]d0= Co  (i= 2)°

(16) (15)
Vi) = [ xyiimice) - ptoxpans c,
y€ oUQ,i= 1,2 b(x) = pi(x)- ph(x), Vi(y)
wi(y) = JF%(x)u*k(x,y)de+ i (yeaeUQ,i=12)-
1 2 , B(x)
J.Fd)k(x)de -0 (k= 1,2
Q, , ) r
) Q ; (17) ~ (18)
(17)~ (18) ( ) ( )
3 S (1) (18 w= (ui, w)
(1) w= (u,u) ©= (b, b)) C= (CyC2)
(1) u= (lLl, LLZ), ’ (d)i: Cl) (Lz
(17)  (18) ; . (4,Ci) (i= 1,2) (17), (17)
u= (ui, u) (D
4
o Lorwi= ow, T, pi= Gin= py,
(i= 1,2 . r, T,
F= I,Ur,-
9 Q) (1) u= (ur, u)

~ (18)
L¢k(x)drx= 0,
ui(y) = quk(x)ufk(x,y)dm G (yEO Q)i= 12¢
pi= O = N+ Muijm+ ujini),
)= [ aepinyan € o ai= 12
(20~ (21), y T
J‘F@.«(x)d[‘x = 0,

(16)

ui(y) ,

1,2

(17)

(18)

Wi, pi

(17)

(19)

(20)
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ui(y) = J-F‘i%(x)u;s(x,y)drx+ Ci,

pily) = Cuhly)+ | h(x)picx y)ar,

Ci(i,k= 1,2 r oy

1 Qe B1(0) ,

Q = Au= 0,
r: uy = cosze, up = cosOsin0°

2

uz= cos0sin0

y € Iu,i= 1,2

yEFp,

I'= 0B1(0),

wy = sin26/(2r%)

{m: - (3-4V)Inr + 00529, {m = 0.5+ cos29/(2r2),

.

2 Q. B1(0) ,
Q : Au= 0,
r N upr=-— x2, U2= x1°

x1)+ o(l/r)(C , D ) s
u1=—- smt/r, uyl=- x2,
ur= cosb0/r urs= x1

Au = 0, QC s

W= u, r, ,

(1)
pi = pi Iy

lu(x) = 0(1) ©

I'= 0B1(0),

—

[ x| oo

Au= 0,

uw;, = u;+ 8”(:,
pi= Pi,

| u(x) 1= 0(1),

B

ul(y) = J‘Fqblv(x)u;»(x’y)drﬁ (y € Qi = 1’2).

(L) (1D,
fi= ui— ui,pi= pi— pi(i= 1,2)
Q At = 0,
u i = 61C,
r, pi= 0,
) I a(x) = O(1)°

?

F®)

o

8~ O

b, b(i=

,u= C+ D(- x2,

(2)
1,2),
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u= (u,u)= (C0),p= (p,p2)= (00

: L@.(x)drx: 0. k= 1,2, 3 lmuw= 0,
= 1,2, Jl,ﬁ(x)dpr Z0, k=12 limui(x) = oo, .
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Equivalent Boundary Integral Equations
With Indirect Variables for
Plane Elasticity Problems

ZHANG Yao ming', WEN Wei_dong', ZHANG Zuo quan’,
SUN Huan_chur’, LU He xiang’
(1. College of Energy &Power Engineering, Nanjing Univeristy
of Aeronautics and Astronautics, Nanjing 210016,P.R . China;
2.School of Mathematics and Physics, Northern Jiaoton g Institute, Beijing 100044, P . R. China;
3. Department of Mechanics, Dalian University of Technology,
Dalian 116023, P.R. China)

Abstract: The exact form of the exterior problem for plane elasticity problems was produced and fully
proved by the variational prindple. Based on this, the equivalent boundary integral equations( EBIE)
with direct variables, which are equivalent to the original boundary value problem, were deduced rigor-
ously. The conventionally prevailing boundary integral equation with dired¢ variables was discussed
thoroughly by some examples and it is shown that the previous results are not EBIE.

Key words: variational principle; exterior problem; EBIE



