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el = gup, L ®(1) 1 V®E€ Cre  Cr  Banach . x € C([- T,
17,R), x(0)= x(t+ 0), VOE/- T0], ,xm €C, Ve €/0,1]° @
> o ®0), VOE/[-TO0, V¢ ¢E€Ce
2 ) (Hh~(2)°
[Hi] f(t,x, ®y,w, € [0,1]xRx Ctx R x [0, &] . %1, ¥
[- T,0] %[0, &] € LA(E) [0, &) , & . d(x,
y, € R*x[0, & x . C Qx,y, 8 Lo, Fay, € y
, o
[Haf

Sltx(t), x, [Tx](t),x (1),0) = 0,
x(t)= 9t,0), t € [- T,0],
Y1) w(t) €Cruay
[H3] f(t,x, By, w, € ? y
f;l:(tx @y, w, € >m> 0, (t,x, ®y,w, € € Q

m Q= {(tx "waﬁ)ltE[Ol]lx—x(t)l d, 1e- x, 1l <d, | y-
[Tx](1) | Sd, | wl< oo, €€ [0, 8)]} d=1900) - x(0)1+ &85>0
[Ha/ Vr> 0, [0, ) h(s)

J;w1+ his)ds=

| f(tx, €y, w, €| Sh(l wl),
t €701, lxl <r, 1@ <r, 1 ylI<r,lwl< oo e€[0, &

1
Volterra
& (t) = F(t,x(t), % [Tx](t), x (1)), t €(0,1), (3)
x(t) = Ht), t€[- T, ®(x(1).4' (1)) = A, (4)
F(t,x, ®y,w) [0, 1]xRx CtxR? , y(x,
y) R’ , ® € Cre
[12]
) Fi(t,x,y) [0,1] xR? ., Vr> 0, [0, o) hi(s)
JO - Zlmds: o | Fi(t,x,y) | <hi(lyl), t€70,1, lxI<r, |yl< o

2 a(1).B(1) € Clay
alt) SB(1), t €70, 1],
a(t) 2Fi(t, alt), d(t)), t €/0,1/,
B (1) <Fi(t, B(1),B(1)), t €0, 1]
a(0) <A <B0),a(1) <B <B(1),
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X(t)= Fi(t,x(t),x (1)), 1 €(0,1),
x(0) = A, x(1) = B,

x(t)
a(t) Sx(t) <B(1), t €/0,1)°
1
) Vr> 0, [0, o) ha(s) , J?H 22(5)(13: oo, | F(t,

X, Py w) l Shoflwl), €701, 1 2l <r, 1P <7, 1 yI<r, lwl< o
2) F(t,x, %y, w) ?y
3 a(1).B1) € Cry N Cray
alt) SB(1), t €[~ T, 1],
a(t) 2F(t,a(t),a[Taj(t),d(t)), i €70,1],
B (1) <F(t,B(t), B,[TB](t),B (1)), t €701
Vi) € CT A ER
alt) <@t) <B(1), t €/- T0/; a(l) SA <B(1),

{E‘x”(t) = F(t,x(t), %, [Tx](t), 5 (1)), t €(0,1), (5)
x(t)= Ht), t €/- T0/, x(1)= A (6)
x(t)
a(t) Sx(t) <B(1), t €/0,1)°
uo(t) = B(1) :
W)= Fat,u(t), u (1)), t €(0,1), (7)
u(0) = %0), u(l) = A, (8)
Fi(tou(t),u (t))= F(t,u(t),B,[TBI(t),d (), t €[0,1] 1 2)
3), BVP(7) ~ (8) wi(t) aft) Sui(t) <Bt), t €70,1] ¢
i wi(t), t €70, 1],
W=, €T
, ui(t) EC/ 7,1 mC/Ol] {it}loo
wilt) = F(t ui(t), (uii), [Tul-l](t) w(t)), t €00, 1), (9)
wi(0) = 90), ui(l)= A, (10)
i= 1,2 .., o k, alt) Sur(t) Sup(t) Sui(t) Suo=
Bre),t €(0,1),
W(t)= F(t,u(t), uw [Tur](t), u (t)), t €(0,1), (11)
u(0) = ®0), u(l) = A° (12)

d(t) 2F(t,a(1), a [Ta](1),d(t)) 2

F(t,a(t), (we)n[Tue(t), d (1)), t €(0,1),
wi(t) = F(tun(t), (wit)e [Turi](1), w(t)) <

Flt, wi(t), ww [Tur)(t), us(t)), ¢ € (0, 1)
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a(0) S Y0) Sur(0), a(l) SA Su(1), (11) ~ (12) wps (1)
Sur(t), t €70,1]
uks 1(t), t €/0,1],

W Ve, et
alt) Sur(t) Sup(t) S Sui(t) SKBr), 1€/~ T 1 (13)
(13)
r= max{é}la%cl]l a(t) 1, gﬁa%(ul B(t)l}‘
1 1) Ro> O
Ry sds
. m> 2r, (14)

| F(t,x, "wa)l ho(l wl),

t €01, lxl e, 1@l <r 1zl Sry lwl< o o (15)
, EC(01) w(E = ui(l)— wi(0) r
L u(g 1 <are 10 € (0, 1) w(T)= 2r,ui( D)= Ro 2r< w(t)
<Ry tE€ (Tl D) (13)  (15)
r ul(tful( )
17 hz( 7= e T hotaae))

J'[z w () F(twi(t), (i) [Tai] (1), ul(l))d <
T 1+ ha(wi(t))

2~’_ h( LLL(t)) 2~" _
J:lul(t) 1 hz(;“(t))dz< J:]ul(l)dt—
ui(B) = ui(T)e
L u( D)L Sy L u(T) 1 Sre LR L ——qs <2r, (14) « wi(t)<

1+ ho(s)
Ro. t€/0,1] -« ,w(t)>—Ro, tE€[O1 - , i,
| ~u}(t)|< Ro t€/0,1], (13) {“ui(z)}i"’ xo(t), t €70, 1]
Lebesgue , xo(t) (5) ~
2

) 1 )~ 2)

2) a(t),B(t) € Croryy N Cloy 1 3, )< Bl

3) ®(x,y) oy L @afl), d (1)) A, B(B1), B (1)) <A-

Vi) €ECt AER
a(t) S®1) <B(1), t €/- T0/, al) <A <B(1),
(3~ (4 x(t)
a(t) Sx(t) <B(i), t €70,1] ¢
Ve €a(l),B(1)], 1
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X (1) = F(t,x(t), x, [Tx](t), 5 (1)), t €(0,1), (16)
x(t)= Ht), t €/- TO, x(1)= ¢, (17)
xe(t) a(t) Sxe(t) <B(t), t €/- T, 1)

c= afl), x(l) <d(1)-

R xe(1), x0(1) = B(a(l),xe(1)) 2 d(a(l), d (1)) 2A- (18)
c= B(1),
Qo xe(1), x(1)) < @(B1), B(1)) <A (19)

leéc | e €L a(), B, @(xe(1), x(1)) < A},

o={clec€ral),B1)], Bx1),x:(1))> A}-
2 )
AU @=/a1),B1)], «aN &= q¢- (20)
(18) (19), &0 O Q . .ow € QL limg,
= ¢o° , xn(t)= xc(t)* s, W(xa(1), xa(1)) < A e 2

N {7 - {a(i)y - T

1 xo(t) xo(t)
xo( 1) = F(t,x0(t),(x0)u,[Txo](1),x0(1)), 1 €(0, 1),
xo(t) = (1), t €[- T0J,xo(1)= co

@ xo(1),x0(1)) <A - (21)
(21) . Q(xo(l), xo(1))< A, eco€ Qe o
Q, . (20) . 2
2

Y, €)= N(t)+ Pu(t) e+ 4 K (1) + O(E), (2)
@(t)= 91,0), 4(1) = L (230)
X(t, € = x0(t)+ x1(t) €+ -t aN(L, )€ + ot O(E) (23b)
(D~ (2 (22 (23 () (2, €
F(t, x0(t), xo, [Txo] (1), x0(t)) = O, (24)0
xo(t) = ®o(t), t€/- T0], (25)0
xer(1) = [l 0)xil 0+ fa(t)x+ f3()xi(1) +

f4(t).[0k(t,s)xi(s)ds+ Pi(1), (24)i
xi(t) = ‘Pi(t)’ 4 E[_ T7O]’ (25)1

1= 1.2 ..,N-
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Fo(t) = f <(toxoft). xo [T (1), x0(1). 0).
Sa(t) = fot, xo(t),x0i, [ Txo] (), x0(t),0),
(f/¢(t,x, ®z,w, € f(t,x, ®z,w, € ®  Frechet )e
Fot)= foltoxo(t), xa, [Txol (1), x0(1), 0),
Fa(1) = fult x0( 1), o [Txo] (1), xo 1), 0),
Pi(1) NO( L), X1(1), ooy i 1(£), %01, 11, oy Xie 11, X0(£), X1( 1), o %0 1( L)

Jék(t, s)xo(s)ds, Iok(t, s)xi(s)ds, -, J.Ok(t, s)xi—1( s)ds
[Ha] (240~ (25)0
xo(t) = x (t), t €[- & 1]

[13]

, \ (A)i~ (25)i [- T 1]
xi(t)(i= 1,2, - N)*
XN(t 8)— Zx(t)g X]\(t 8)EC?0_1]0C[T,1]
| &v(1, e) Flt Xn(t, &, Xni, [TXn](t), Xn(t, €, &1 <
M, t €10,1], (26)

M
Q = {(tx <Py)|z€[01] | x — xo(t) | d,
e xo Il <d, | y- [Tx()](,:)|<d§
! IS fa(tx @y, x0(1),0) 1, 1> K1 fo(t,x, @y, x0(1),0) 1, 1> | fst,x, 9
yoxo(), 001, (Lx ®y) €, K= mac o k(15)°

Ax, Xy (1, €), €) = A(€)r (27)
Q(x,y, & < lo< 0, w(€)
Yw(€), Xn(1, 8,8 = A(€)*

w(t, € =1 w(€- Xn(l, €1 &h+?, t €/~ T 1], (2)
r éVJrlr }\);
(1.8) = ~7 (2™~ 1), t €/~ T 1], (29)
r> 0 ( ), N X - mN+ 2l M =0 (m/& k m/€
(1/m, 21/ m) , k k> 21/m* (1B,

w(t, € I'(t, €

@’ (t, € - mo (1, €+ 2ho(t, €+ zfow(.s, gds= 0 ¢t €/01] (30)

e "(1,€) - mI(1, €+ 2IT(1, € + zJ:) (s, €ds=—-2r €,
t €/70,1] ¢ (31)

3 [Hi]~ [Hd e> 0 : (1)~ (2) x(t,
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| x(t, € — Xn(t, €| Sw(t, &+ M€+, t€/0,1],
M1 € .
alt, € = Xv(t, €— w(t, € - I'(t,€), t €/- T 1],
t €[- T 1]

B(t,e) = Xn(t, €+ w(t, €+ I'(t,¢€),
, a(t, €), B(t 8) € Cr-ty ﬂC?O,U

alt, & SB(t, €, t€[- T 1],

a(l, €) SA(e) <B(1, g

0'®(1. €
(N+ 1)!0'€

= B,

1€/~ T,0/

TR Z@mé|<0“1

,r>10,

a(t, &) S Ht, e <B(1, 8, t €/- T 1]

a B(1, g, 3(1/, €),€ - A(g) <
Qq B(1, €, Xn(1,€),€—- A(€) =

W Xn(1, €+ w(€ — Xn(1,€ I+ T(1, €, Xn(1l, €, € -
Qw(€), Xn(1, €), €+ Dw(e),Xn(l, €, 8- A(€) =

ﬁ)cﬁe(w(e)+ O(Xn(l, &+ w(€—- Xn(l, 81+ I(L, 8-

w(€), Xv(1, €, €d0* [Xn(1, €+ | w(€-

Xv(1, €1+ T(L 8- w(g] <
- (L g < O

Qafl, €, d(1,€,€-A(€g> 0
t €701/,

f((t, (I(t €, a, €),[Taj(t), Cl(t €, € - 8(1(t € =
fu(t alt, €, a, [Tal(t), XN(t €+ el(a(t € -

XN(t, €), 8)((1(t, € - XN(t, €))+ fy(t, alt, €, o, [TXv](t) +
Oo([T0] (t) = [TXN](1)). X (1. €). &)([TQ] (1) = [TXN] (1)) +
fot,a(t, €, Xvi+ B(a—- Xn), [TAN](t), Xn(t, €), € (t— Xn)+

Fot.Xn(t 8+ O a(t, €) = Xu(1, 8)),
Xues [TXn] (1), Xn(t, €, €)( a(t, €) — Xn(t, €) )+

ME 'y (1, e+ @ (1,8 <

(0< B< Li= 1,234

(32)
(33)

(34)

(3)

(36)
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L
@’ (t, &) - mo (1, €+ ho(t, €+ ho, + zjow(s, €)ds +
(2
e (1,8 - mI(t,e)+ [ T(1,8+ [T+ ljor(s, g)ds+ Me*!' <
a’ (1, € - mo (t, €+ 2ho(t, € + lJ:)w(s, €)ds +

e (1, 8- mI (1, €+ 2IT(1, € + ZJ:')F(S, g)ds+ MEe™!' <

- 28 Mt
r> max{l O, M/Z} s

&l (t, € Z2f(t, aft, &), a,[Taj(t),d (t, €, €), 1 €/0,1¢ (37)
B "(1,e) <f(t,B(1, €, 8,[TBI(t), B(1, ¢, €, t €/0,1] ¢ (3)
. (32) (34) (35) (306) (37)  (38), 1 (D~ (2
x(t, €
alt, € Sx(t, & SB(t, €, t €701/,
| x(t, € — Xn(t, €| Sw(t, &+ M€+, t €701/,
My= (r/1)(2&" ™7 _ 1) € .
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Singularly Perturbed Nonlinear Boundary Value
Problem for a Kind of Volterra Type
Functional Differential Equation

LU Shi_ping
( Department of Mathem atics, Anhui Normal University,
Wuhu , Anhui 241000, P.R. China)

Abstract: By employing the theory of differential inequality and some anaysis methods, a nonlinear
boundary value problem subjed to a general kind of second order Volterra functiona differential equa-
tion was considered first. Then, by constructing the right, side layer fundion and the outer solution, a
nonlinear boundary value problem subject to a kind of second order Volterra functional differentia e-
quation with a small parameter was studied further. By using the differential mean value theorem and
the technique of upper and lower solution, a new result on the existence of the solutions to the
boundary value problem is obtained, and a uniformly valid asymptotic expansions of the solution is

given as well.

Key words: singular perturbation; functional differential equation; boundary value problem; uniform-
ly valid asymptotic expansion



