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Tai(Too)= 5% (0, 0) = f(0) = BT o)+ ofb(To) = a(TT) (1)

o Il = [ZHE(U) 13 ]”, 1Ty [||T||5,Q+ it ||divr||aK] 2
K

a(0< a< 0) ; V= Vet UL U q° , U1
> “ bubble 7 ; TE y-=
H 1 'K 'Tl Q ;
AD, (div:K) ;T
a(o) T) = J‘QO. D_leQ’ bz(T’ 1j) = Z,[KT. 8(1})(1 Q,
bi( T v1) = Zfakt-n-mds,
d(u,v) = ZLﬁ(u)'De(v)d Q f(v) = Lf'vd Q,
&v) c§(v) = Q500" /0xj+ 0" /0x;), D S .
[2,3].
u E Uc
- divo= f, 0= Dgu), Q (2)
w= 0, r=o0Q |, (3)
C_{E(H(Q)) v|1_(}H(Q) Sobolev .
vix Ut cvx U, U= U ©U, Ui(K) = span{bubble}
(Oh’ uh) E th Uh
(0, u") = inf sup Thu( T v), (4)
vEUh TeV
(I ") Ten( T, v) .
(4) . (Oh’ LLh) E th Uh
(9, T)= ab(Tu")+ bi( T dl) = 0 VTE V, (5)
aba( ", v) = by( P o)+ (1- a)d(d"v)= f(v), Vo € UM (6)
1.1 [3]
Vhix pyh inf_sup . ,
[2.3],
1.1 vix U (5) (6) (o' u") € vhx Uyt
172
oo @ loo+ | —3 (1=2v7 " llu= "Il 4 <
Clafl- a)]l/z{ ienfh lo- Tlly+
TCV
T
(1-2v)! |:||u—1)||U+ supl)—ﬁ(ﬁl]}<
Z/Ell TELh Vv
172, -
- fllo- TIl 1- 2V f Hu- ol
Cla(l- a)] {]élu v+ ( )~ ! Eincl u-— v } (7)
) hk ., a< 1 Poisson V ,
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[ 3] , a= 0.5

1.1

1.2 : a hubble

| Tou( 9, o) = Th(w) 1< mi | Th(u) = Th(u) |, | Th(u)— Th(u3) |},

T( 0", u') = Tu(0, u) = Th( u),

Th(v) = 0.5d(v,v)—- f(v), u} € U L €U OU

Qi

K €T
P(xi,yi),1 =1, .-, 4
0" = U= {v € Ui v1x € sparl 1LE L EY2° Fi', VK € T;},
Vi= VR=X TE V;Tlg € const, VK € T/},
Fx:K = [- 1,L1J* T K

[ﬂ = F(&M) = i:Z[H &) (1+ rm)[;j,

{aazaaa [_1 I 1_1}.
n T, I r|4\:|: -1 -1 1 1
(5) (6) c(dut) € Vyx Ul
aa(OIi , D)= abo T, u’i) = 0, VT E Vi,

ab2( O v )+ (1- ajd(ut.v) = f(v). Vo € UL,

Ty( o, u' )= inf sup Thu( T, v):=

h h
vEu T€ Vy

inf sup[%d(y,u)— Sa(T T+ abyT U)—f(u)]:

ch h
vEUl e Vo

. g g _
lenfh Ib(v)+ Tseuvpt},[— 2d(v, v)+ b TLv)- 2a(T, T)]}_

v ll
inf{ Th(v) - inf[ﬂa(T— DE(v), T- Dﬁ(v))]}‘
vEuh eyt 2
1.2,

2.1 a,

| Tl (0, uh ) = Thiu) l<| Th(u)- Th(ul)l,

(8)

(9)

(10)
(11)

(12)

(13)
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| Tku(h,0.5) + Tkn(h/2,0.5)1 /2

Ha( 0, b )= Thu( 0, u) = Th(u), (14)
uh1 E U1h °
: (2) (3
(0, w) = Th(u) = jpf Th(v) < Tiélglh Th(ve) =« Th(ut)® (15)
(T, T 20 o Zpgdl ), (12
Tar(0h b ) < inf Th(v,)" (16)
| (0/2) infa(T- De(v), T- DE(v))
a -
(0, u) < Ten(d, ub) laos, (17)
(16) Hai( 7T, v) (0 u)
R a= 0.5 a= a* < 1
inf sup Tku(T v)la=a = Tku( 0 u)* (18)
v€ UI‘ T€ A
, qa, a= 0.5 a 1, a 1, ,
inf sup Tkn(T, v) Tku( O, u)* , ® € (0.5 1)
vETh TEV!
Toa( 0%, ub ) laza, < Ton( 0 u) < Thu( 0, ub ) laose
, Tu( 0, u) a= a a= 0.5 , a ,
ax € (0.5, a) (18) .
(3
Ti( 0, u) 2 Ten(d, ub ) laeos
. (10
i, wt ) Lomos S Tn(0 ) < inf, Th(v), (19)
a a € (0,0.5] (18)
, (18)
a Ty
s a= 0.5
, h h/2 ,
Ton( dt, u? ) : ’ 21 ’
(0,1) - a= 0, ho k2, ,
a 1 . , d=0.5 Qo
(0,0.5) (0.51) . , d a
[4]:
a= 0.5+ Aq, A= Co* €, € = u(h, @) = Tkn(h/2 d) ()
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Ti(h, a)  Ta(h/2, a) , Cq .
2.1 a 2.1 QA
3 Vo x Ul =: CHQa( a) .
of = Dpe(ul )e (21)
(20) a_ Qa_
3
CHQ4 (0. 5) a CHQ4 a)
, a= 0.5+ Aq, Aa
sign(€) x 0. 1, | &1 <0.20,
Aa= { sign(&) x 0.2 | &1 € (0.20,0.30/, (2)
sign( &) x 0. 4, | €1> 0.30,
& (20) ,
1, x >
sign(x) = {0, X =
-1, x <
3.1
1 \ 14
_ ﬂ[ _ 12]
O;\yl)c:L— 2H: 1 4[}]] s
L H )
E =30 000
¥y, UM v=0.25,t=1.0
B
H=12|}——>=.u W=40 L 4
/]
L=48 4x1 P
8x2 Mk
1 (4x 1) (8%x2) I( Tken Ip) vA
B Op « CHQ4(0.3) (22 \ Qs CHQ4O0.5)
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1 T o Ocp)
4% 1 8x2
Q. 0.242 4 0.316 1
v CHQ4(0. 5) 0.4715 0.3758 0.3573
CHQ4(0. 3) 0.3406 0.3493
Q4 - 43.6 - 55.7
0, CHQ,(0. 5) - 87.3 - 66.9 - 60.0
CHQ4(0. 3) - 62.3 - 619
Q. - 4.849 - 6.324
I CHQ,(0. 5) -9.430 - 17.50 - 7.114
CHQ4(0. 3) -6.812 - 6.988
i 2 y’[‘ wE1 W2
T150
150) B 1000 E=1500
H=_2L 4 N v=0.25
150
. f 1o ]
i L=10 )
5x 1 Rk
10 x 2 R#%
" 2 1.1, 4 -
T = =t 1
Fl?l 2 t 3 t 3 1
Mk (a) M (b)
2
3.2 Y 48 T
,o> 2 | 2 16 7
3 A ]L
B . (5%x1) “
(10 x 2), CHQ4(0. 3) (22 s Q4 A A
CHQ4(0.5) - (a) J_
x
(b) , CHQ4(0.5) . (22)
a_ CHQ4( 0. 6) (a) (b)

: B CHQ4(0. 5)
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Wilson  (Qs) .
2
5% 1 10x 2 (a) (b)
Qs 68.2 89.6 45.7 7. 8
CHQ40.5) 136. 4 107. 1 82.8 %, 1
v CHQ 0. 3) 97.4 9.3 - - 100
CHQ (0. 6) - - 101. 2 9.5
Qs 100 100 90.7 %.7
Q, - 2182 - 2716 - 176 -2 587
CHQ 4 0. 5) - 4364 - 331 -322 -3 128
Oup CHQ (0.3 - 3117 - 3080 - - ~ 3000
CHQ 4 0. 6 - - - 3948 -3 271
Qs - 3000 - 3000 -233 -2872
Q4 - 1.36e4 - 1. Ped — 0. 84ed - 1. 45¢4
CHQ,(0. 5 - 2.73e4 2. l4ed - L5le4 - 1. 854
I CHQ,(0.3) - 1.95¢4 - 1. 9e4 - - - 2.00e4
CHQ 0. 6) - - - 1. 84ed ~ 1. %e4
Qs - 2.00e4 — 2. 00ed - 1.78e4 - 1.97e4
K 6.0 »*
| ———— ¥ T
®) g’[
(8) E=1.0¢+7,v=0.3,¢=0.1 *ﬁ,
(b) E=1.0e+7,v¥=0.25,:=0.1 <
4 MacNeal Harder ( 6% 1)
5% 1 10x 2 (a) (b)
Qs 70.0 9.7 50.7 7.5
CHQ (0. 5) 137.5 109. 2 91 1 97. 6
vy CHQ (0.3 98.9 101. 4 - - 102. 6
CHQ 0. 6) - - 111. 1 102.9
Qs 101.5 102. 1 93.2 101.2
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3
5% 1 10x 2 (a) (b)
Qs - 2946 - 3752 - 2448 -3512
CHQ (0. 5) - 5891 - 4492 ~ 4488 -4 43
O CHQ (0. 3) - 4208 - 4163 - . — 405
CHQ 4 0. 6) - - - 5505 -4 437
Qs - 4050 - 4051 - 3208 -3919
Qq - 1.05e4 - 1. 384 — 0. 76e4 - 1. 18e4
CHQ (0. 5) — 2.06e4 1. Ghed — 1. 36e4 — 1. 47¢4
I CHQ 4 0. 3) - 1.48e4 ~ 1. 34 - - — 1. 54e4
CHQ40. 6) - - — 1. 66e4 — 1.55¢4
Qs - 1.52¢4 — 1. 54ed — 1. 40e4 - 1. 2e4
4 Cook
(a) (b)
IT ve Ot Ot IT ve Ot Ot
Q4 - 590 11.9 0.108 - 0078 -9.14 18.3 0.181 -0.143
CHQ40.5) - 752 15. 1 0.135 - 010 | - 10.37 20.7 0. 207 -0.170
CHQ,0.9) - 11.53 2.1 0.192 018 | - 11.88 23.7 0.231 - 0.205
Qs - 11.17 2.4 0.174 -0180 | - 11.74 23.5 0.220 -0.190
PS - 10. 50 21. 1 0.185 - 015 | - 11.51 23.0 0.224 -0.186
B.QE4 - 21. 4 0.1% - - 23.0 0.226 -
CH(0_1) - 11.47 2.0 0.186 ~01% | - 11.75 23.5 0.22 -0.191
5 Vip IT
Qs CHQ4(0. 5 [ CHQ4(0.9) Qs CH(01) ps
6% 1 0.010 1 0.020 1 01002 | 0.1073 | 0.1073 | 0.1073
(a) 0.108 1
2% 2 00315 | 00516 | 01058 | 0.1074 - -
fe 6% 1 00064 | 00127 | 00825 | 0.020 | 0.024 | 0.0775
(b) 0.087 3
2x2 00216 | 00364 | 0081 0.0870 - -
6x 1 - 00050[-00100]|-005%1|[-0.0537|-0.0537|-0037
(a) - 0.0540
- 2x2 | -00157|-00258|-0029|-0.057 - -
6% 1 - 00032 [-00064]|-00312[-0.0360|-0.042|-00388
(b) -0.439
2x2 | -00108|-00182|-00405|-0.0435 - -
3.3 Cook
, (3,
. . . II= - 11. 97, ve= 23.91,
Opat = 0. 236, Oping = — 0. 201°
CHQ4(0.9) (22 Qs CHQ4(0.5) -
Wilson  (Qe) Pian Sumihara  (P_S) ! Piliner Taylor  ( B_



Qa 1299

QEH!'" ZhouNie (CH(01))P
3.4 MacNeal Harder
MacNeal Harder [8] ( 4(a)) (
(b)) . * Qi CHQ4(0.5) ,
Locking . (22) CH(0.9) .
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Coarse Mesh_ Accuracy Improvement of Bilinear
Q. Plane Element by the Combined Hybrid
Finite Element Method

XIE Xiao ping', ZHOU Tian xiao”
( 1. Mathematical College, Sichuan University ,
Chengdu 610064,P .R . China;

2. Aeronautical Com puting Technique Research Institute,

Xi” an 710068,P.R .China)

Abstract The combined hybrid finite element method is of an intrinsic mechanism of enhancing
coarse mesh_accuracy of lower order displacement schemes. It was confirmed that the combined hy-
brid scheme without energy error leads to enhancement of accuracy at coarse meshes, and that the
combination parameter plays an important role in the enhancement. As an improvement of conforming
bilinear Q;_plane element, the combined hybrid method adopted the most convenient quadrilateral dis-
placements stress mode, i. e. the mode of compatible isoparametric bilinear displacements and pure
constant stresses. By adjusting the combined parameter, the optimized version of the combined hybrid
element was obtained and numerical tests indicated that this parameter_adjusted version behaves much
better than Q4 element and is of high accuracy at coarse meshes. Due to elimination of stress parame-
ters at the elemental level, this combined hybrid version is of the same computationa cost as that of
Q_element.

Key words: finite element; hybrid method, zero energy error; coarse_mesh accuracy



