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¥i)= Ayx(t)+ Byu(t)+ Dyyu(t- T),

, x(t) € A2 su(t) € A ,
L2, ---,N§ {AuB. D i= 1, . N) ’
sr(t) =i Ly (Ai, B, D;) « T> 0
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3 ) A1, Ay € 227", B\, B, € 77",

(A1| B+ Al Bz>+ <A2| Bz>= <A1| B1>+ <A2| Bz>’

4 Al’ T AN E %I'x” Bl) R BN E %lxma

N L.
{x > = Z.[f exp(Ai( = s))Biu(s)ds, V¥ u}:
(A1l Bi+ -+ Ay | By)*

(3)

0<io< i<+ oo

(6)
{xl x= ijexp(Al(tf— s))Biu(s)ds, V u}: (A1 Bi)e (7)
5 Aux T> 0, we 72,
A1 ) = (exp(AT) | ) (8)
) [1~ 21]°
1
: = {(1 hi)s o (N, )
1.1 1
(1L ) () 1_ , X0, Xf
uo(t), t € Leo— T tq, u(t) x(to) = xo
x(iv) = xp, In= to+ th
(1), xo, wo(t),t € [to- Ted, 1, = 1o+
Z”(m - 1 ) )7 H Xf
He p( Aihi) xo+ ZHeXp(Alhl)I eXpl:A(tL— )] (Biu(s) +
Di(s— T))ds+ _[ expLAN(tv—= s)) (Bvu(s) + Dyu(s— T))ds (9)

N-1

J:[ expl:Ai(ti— s):l (Bi(u)s+ Diu(s— T))ds =

K 1

) 7Texp|:Ai(ti— S)] exp(— AT)Du(s)ds+

71___11

expl:Ai(ti— S)] (Bi+ exp(— AU)D;)u(s)ds+

-1

7[
Texpl:Ai(ti— s)] Biu(s)ds =
-

[, 1,
; expl:Ai(ti— s):l Bi(u)sds + L expl:Ai(ti - s):l Du(s- T)ds =

(. -T
; expl:Ai(ti— s):l Biu(s)ds + th 7Texp|:Ai(ti— S)] exp(— AT)Du(s)ds =



(1) — 931
exp( Aihi) lef]_Texp[ Ai(tio1— s)] exp(— AiT)Diu(s)ds +
J:i_ expl:Ai(ti— s)] (Bi+ exp(- AT)Di)u(s)ds+
J:I_ Texpl:Ai(ti— S)] Biu(s)ds,
.(9)

¥ = ZXP(AJL ){xo+ JzoiTeXp[Al(IO— s)] Evuof s)ds}+

Zﬂexpmm){f’ ol Ai(ti= 5] Fia(s)ds +

F T(exp[Ai([i— s)] B; + exp[Ai+1(ti— s)] Ei1)u(s) ds}+

X explAn(tv = s)] (Byv+ Ex)u(s)ds+

| explav (= )] Byu(s)ds, (10)
E; = exp(— AiT)Di, F,= B+ E; (i: 1, ---,N)‘ (11)
7 = {xl x = ,__Z”Hexpm,m){f expLAi(ti= )] Fau(s)ds +

2

) S(expl Ai(ti— s)] Bi+ explAui(1i= 5)] Ea 1)u(s)ds}+

01

" explAn(tv - s)] (Bv+ Ex)u(s)ds+

-

o Texpl:AN(tN — s)] Byu(s)ds v u}. (12)
1 () 1L Zi= A

() L X0, Xf  Uo, u(t) (10) :

ZG= g (Q.E.D)
1( ) () L :
ZlHexp(Alhz) (Ai| FiY+ Ay | Fy) = 7 (13)
C = {xl x = ZHeXp(Alhl)I expl:A(lz— S)] Fiu(s)ds +

J: expl:AN(tN - s)] Fyu(s)ds, V u}- (14)

zic o :

- ‘Zi_[exp(Alhl){xl x = j expl Ai(ti — s)] Fu(s)ds, V

-1
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{x | x = .[ef_Texp[Agv(l;w— S)] Fyu(s)ds, V u}-

4,

N-1 i+1

= ZHexp(Azhz) (Ail FiY+ (A | Fy),

i=11=N

o = A A= Fe

1 (), T=0
(1) = Agyx(t)+ Fult),
[1] (15 Sy
P ) () L
N-1 i+1
ZHexp(Azhz) (A;| [Bi, D] Y+ Av| [ By, D\] Y=
i=11=N
(12), 4,

1 i+ 1

RN
=)
1

x| x= II_T(eXp[Ai(ti— s)] B; +

expl:Ai+1(ti— s)] E.. Ju(s)ds, V u}+
x| x= t"“_Te;q)[AN(m- s)] (Bv+ Ey)u(s)ds, V

N-1
o

x| x= IN_TeXp[A/v(t/\’— s)] Byu(s)ds, ¥ u}z

N-1 i1

D 1 exp(Athi)({Ai | Fid+ (Ail Bi+ A1l Eit))+
i=11=N
(Av | (Bv+ Ev)>+ (Av| By)-e

N-1 i+1

Zlnexp(Azhz)((Ail Fid+ (Ail Bi+ A1l Es1)) +
i=11=N
(Av | (Bv+ Ev)>+ (Av| Byv) =

N-1 i1

ZHexp(Alhz) (A; 1 [B:, D] YAy | [ By, Dy] >

i=

. N=1, 1 2,
I 0
(A |(B]+ E1)>+ <A1|Bl>— <A1||:Bl, 1:||: I]>—

(A1) [BLE])= a1 [B, D),
 N=1 (18 =
N =2, 3,
exp(A2h2)({A1l Bi+ E)+ (A1l Bi+ A2| E2)) +
(A2] B2+ E2)+ (A2 B2) =

ZHexp(Alhl){x| x = j explAi(ti = s)) Fiu(s)ds, ¥

(Q.E.D)

(15)

(16)

(17)

(18)
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exp(A2ha) (A1 | Bi+ EV)+ (A1l Bi+ Axl Ex)+ Ayl Ex)) + (As] By)=
exp(A2h2) (A1 | Bi+ ED)+ (A1l BiY+ Azl E2)) + (Ay] By) =
exp( Asha)({A1 | [ B, El] Y+ (A1 E2))+ Azl By =
exp(Azha)(CA1 | [Bi, D] Y+ A,1 [ B2 D2 ¥
LN =2 (19
N-1,(18

N-1 i+l
D T exp(Am) (A1 Fiy+ (Al Bi+ Auil Eni)) +
i=11=N

<AN|(BN+ EN)>+ (Ay | BN>=

2
I_Hlexp(Azhz)(Mll F)+ (A1l Bi+ A2l Ep)) +

N-1 &1

Z H exp(Aﬂu)((Ai | F;)+
i=2 [= N-1
<Ai| B+ Aiii | Ei+1>)+ <A\| (B/v+ E/\e’)>+ <A/\| B/\e’>:

2

[T exp(Ahi) (<A1l Fi)+ <A\1 Bi+ Ayl Ea)) +
1= N-1

N-1 il

D 11 exp(Ak) (<A1 [Bi. D] Y+ <Ay | [Bv.Dy] )=
Hexp(Azhz)(<A1| F1>+ <A1| B+ Ayl E2>+ <A2| E2>)+

N-1

=

-1 i+

D11 expram) (<A1 [B. D] Y+ <av 1 [ By, D] )=

=2 1=N-1

2

H exp(Atht) (A1 | [ B, DY )+
N-1

-1 a1

=

D 1 exprAim) (<A1 [B. D] Y+ <Ay 1 [Bv. D] )=

i
ZHGXp(AﬂL;)((Ail [B.. D] )+ <Ay | [ By, Dv] )+
. N (18) . . N, (18) .
, L2 . (Q.E.D)
2 (16) Di= 0, [1]
3 2
1.2
2(m_ ) (1) m_ , X0, X uo(t),t €
[0o- T ul, u(t) x(to) = xo x(tmv) = xr,
N
tmN = lo+ m Z‘ﬁl'
=1
4 (1) , m m_

3 ) (D m_ ;
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i [LH exp(Aihiﬂ (75T LH eXp(Aihiﬂ ety

N-1 il
7= D ] exp(Ahi) <A | FiY+ Ay | Fy)
=T =N
1 )
5 [3] (15)
6 m > n, (1) m_
€ Hexp(Aihi) 71y = A
A ) () m

1

H exp( Aih;
=N
i+ 1

1

i+ {

Y e |

i=N

N-1
i= 11

i

1 )
7 (21) Di=0 [3]
8 m 2 n, (1) m_
<‘Hexp( Ahy) |50 = A2
9 (1) n
10
2
3 ) (n, X0
xf (x(), uO)_ s
u(t),t € [to, tu] x(to) = xo
4( ) (1) )
uo(t),t € Lto- T, 1], X7 (xo0, uo) _
2.1
( ) (D, X0
M= {(im, hm)},,ﬂf: n xo uo(t)
I (xo, uo)_ , 7z

uo(t),t € [t0-

X0

1

y= [lexp(aih)

=N

H exp( Aih;

Hexp(AghU((AH [B. D] Y+ Ay I [Bv. D] )) -

T, (19)
. (Q.E.D)
(19
(20)
m—-1 _
)] Ci= e (21)
. (Q.E.D)
(22)

uo(t),t € Lto- T td,
= (i )P

x(tn) = X,

M
tm = to+ th °
1

m=

X0

B

uo(t), t € [to- T, td,

T

I = {(im, hm)};y: 1

(xo, uo, 7)*
T:- t0:| >

{x0+ ﬁo_ Texp[Ail(t()— 9)] Ei]uo(s)dS}+
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ML oml T
Z H exp(Ai[hl){'[ exp[Aim(tm - 5)] Fimu(s)ds +

m=11+M M-1

7}4 A ([. — ) A (l _ )
- T( expl: i (b — s ] Bim + exp[ i [(Im=s ] Ei’m) u(s)dsyy

& - T
" expl Ai (= s)] (Bi + Ei)u(s)ds+

M-1

K TCXP[ AiM ( tn=s ):I BiM) u (S) ds, ( 23)

M

= tot S, By = el Aih)D, Fi = B+ B,
=1

(m=1, ... M), (24)
5 (1), X0 uo(t), t € [to- T 1,
= {(im; hm)};ll: 1> T (xo0, uo) _ A xo, o, 7
7 (xo0, o, ) = Ja(xo, wo, M) +
M-1 m+1
S 1 exp(Aih) <A 1 [ B D] D+ (A 1 [Bi, Dy ], (25)
m=11l=M m M

B

In(xe wo, M) = /H eXp(Ailhl){xo+ J:O_ Texp[Ail(to— S):I Eiluo(s)ds}. (26)

Xo= 0, Uy = 0 ,
M-1 m+1

7(0.0.m)= D [lexp(Aib)<A;i 1 [Bi-D]>+ 4,1 B, Di]) (27)
m=1i= M " b
, Z(me
2 , . (Q.E.D)
Ay .
6( ) T = {(im, hm)}%: 1 L= {(jm7 gm,)},ﬁ: b
A T2 (i by o Cins ) (1 20 - (s 1)) (28)
m I .
(JTI/\JTZ)/\JT3= JTIA(T[z/\ T[3), T[]/\T[z/\:r[}.
7( ) m,
\ n /
An &f
"2 WA A Te (2)
T °
8 ) = {Cim b))
1
&f
exp(1) = []exp(Aihn). (30)
]'[ .
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C(M AT = ep(T)Z(M)+ (T)e (31)
(Q.E.D)

7 m,

(") = lexp(T) | Z( M) (32)

() = exp(M (Y )y 2w =
Lexp( W] 22 (T "2 )4 exp( L (T4 Z(T) = covvee=

DTexp(m] TVE (W) = Cexp( W) | £ (W) (Q.E.D)
i=1
1 m
exp( W) Z () = () (3)
(Q.E.D)
2.2
(D,
N N N
W= DAA [B. D)), = DXAN D, o W= DKAN T (34)
i=1 i=1 i=1
: T 7(m) < W
8 (D, W,
AN) = T (35)
5, (Ai, B, D), hi> T
w (A;| ) = <eXp(Aihi) [ “7///>(L =1 -,N)* s Hy oy Ty
N N
W= DUA | [Bi. D), %= Dlexp(Ahi) | %), -
i=1 i=1
N (36)
V= Dexp(Aihi) | 1)
i=1
dim( %) = d*  (36), d T U
d
%-: : :/(/'4‘9
m= 1
M
[Texp(ai i) &1 [B. D1, (37)
M < iy, oy, ] 6{1, ...,N})-
(37) )
w= {2 1. i by s (i i) (%)
M

[ exp( A,
m= 1

m n

W, .. Ty m= 1, wyd, 7 S 7( W)

d
V= DO(T) (39)
m= 1
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u .
. (W) = W = W : k€
{23 ) d};( s k: 2)
C(m)Er(m"),
(M AT = exp( W) L(T) + £(T),
(33),
Z(T AT) = exp( W) (£ (T)+ (")),
dim(Z (M A B"))= dim(2(T)+ £(MW")) >
dim(Z (")) + 1= 20
T= T, M= T, A JT)",
ey = Ty A (Tog) e
W= T,
dim( A )) 2d,
LA = Vi (Q.E.D)
P ) (1)
W= e (40)
8, M= (i b}l TN = = A
X0 uo, X,
1 t
g Hexp(Ailhl){xO‘*' Liexp[f‘h(to- )] E: uo(s)ds} € 7 (M)
=N 1]
u(t),
1 3
X - Hexp(Ailhl){xO"' JI_Texp[Ail(tO— S)] Ei uo(s)ds}:
=N 0
M=1 m+ 1 tm—'l,'
ZHGXP(AL‘I’U) J: epr:Aim(tm— 5)] Fi u(s)ds+
m=11l=M m—1
’"l
t,T(eXp[Aim(tim_ 5)] B + eXp[Aim”(tm_ 5)] Ei Ju(s)dsp+
;:1_.[
1 (exp[AiM(W— 3)] (Bi + Ei )u(s)ds+
tA_T( exp[AiM(tM— 5)] Bi u(s)ds,
tw= to+ D, Ei = exp(~ Aiha)Di, Fi = B + E;. (m= 1, .., M)*
=1 " " " " " m
! 0
X = Hexp(Ai,hl) X0+ ﬁ_TeXp[Ail(tO— s)] EiluO(S)dS +

=N
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(6]

(7]

(8]

(9]

[10]

(1]

M-=1 m+1

ZHGXP(AL hi) J.m exp[ Ai (tm— 5)] Fi u(s) ds+

m=11l=M m-1

(exp[A (tt - 5)] Bi + exp[A,,,H bm — S)] Ei Ju(s)dsp+

m

o —
M

(expLAi, (1= $)] (B + Ei ju(s)ds+

M-1

" (expl Ai (= )] By u(s) dse
/s

. (Q.E.D)
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Controllability of a Class of Hybrid Dynamic Systems( 1)

—Single Time Delay Case

XIE Guang_ming, WANG Long, YE Qing kai
( Departm ent of Mechanics and Engineering Science,

Peking University, Beijing 100871, P. R. China)

Abstract: The controllability for switched linear systems with time delay in controls is first investigat-
ed. The whole work contains three parts. This is the second part. The definition and determination of
controllability of switched linear systems with single time_delay in control functions is mainly investi-
gated. The sufficient and necessary conditions for the 1_periodic, multiple periodic controllability of pe-
riodic type systems and controllability of aperiodic systems are presented, respectively.

Key words: hybrid dynamic system; switched linear system; time delay; controllability; controllable
set; switching sequence; swit ching path



