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Qc R :

(1) u= (u,u2),p,T 1> 0

w—- VAu+ (ue Ju+ “p= ¥ ((x,y,1) € Qx(0,11)),
divu= 0  ((x,y,t) € Qx(0,11)),

Ti— AT+ s “T=0 ((x,y,t) € Qx(0,11)),

u=0 T=0 ((x,y, 1) €0Q%(0,11)),

w(x,y,0)= 0, T(x,y,0)= f(x,y) ((x,y) € 9,

u , P , T , b= 1/Ra> 0 , Ra  Rayleigh , A> 0
Groshoff ,j = (0,1) J(x,v) .
(1) ,
5 , NS ,
( [1~4])- .
* ;200109 18; ;20030328

( 10071052, 49776283) ; ; «

; ; ( K2952 51 .434)
(1958—), >
(E_mail: luozhd @ mail. cnu. edu. cn)*
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N_S (

Sobolev ( [5])°

(1) (u,p,T) €ELL70, ¢ X) NH'(0, t1; V)] x L0, t1:M) x H'(0, t1; W)

(W, v)+ Ya(u,v)+ ai(u,u,v)- b(p,v)= ¥(T,v) (Vv €X),
b(®u)y=0 (VPEW),

(T, $)+ d(T, ¥)+ M(u, T, ) =0 (Vo EW),

u(x,y,0)= 0 T(x,y,0) = f(x.y) ((x,y) € Q),

X = Ho( 9
W= Hi Q.
V:{VEX; divy = @,

M= Ly Q=9 *ELY Q);IQ@Mdy= %

afw,v) = ("u, "v)= Jg[ax ox ' Oy ay+ ox Ox Oy ay] drdy,

0 0 0 0

ai(u, v,w) = J‘o u1£w1+ u1§w2+ uzaLylw1+ uzaiyzwz drdy,
or or

ai(u, T, ¥) = L ui ax¢+ u2 aytb dxdy,

b(® v) = jo@divvdxdy,

. . ¢ ¢
wr = (o1 o= [[E8, T 0.
[6] (1) .

*

(1) :
. Ih Q

X = {(w,,m) €L( Q% yuk € Py(K) NH'(K) VK € T, vmni | o=
gl e e= 0Kt NOK2C © i lo= O COK NOQij= 12,
M= PEM: ®Plx €Py(K), VK € 14,
Wy=14 PE W, ¢lx €P\(K), VK € I,
P.(K) <m ,m= (nl, nl) K €1,
Xn CX{( [6])° [7] , X My inf_sup

wp L) S ple (v €M),
neR 1 o

B> 0 h ok . L k= /L (M =

(5)
nk, 0
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Sn SL;(ubph, Th) € X x My x W,
y (1)
(14#)

kar( ul ', ui ', vn) (Vvn € Xn),
b( % u)=0 (V% €My,

Ti= Pf, ul= 0,

Pf f Wi L' e
[4] (11)

(ui,ph,Th) € Xn x Mv x Wi, 1 Sn <L,
(uh, vi) + kYa(pi, vi) — kb(ph, vi) = kNJTh vi) + (ui ', vi) -

(Th, o)+ kd(TF, &)= (TF", %)= Xear(uh ', TH', &)

(u(t"™ ), p(¢e'™), T(t'"))

= (un, pll, Tll)

(Vb € W),

(

kl/Z[ DU = T o+ D "(u' = uh) o+ Nlp"= pih |I(J+
i= 1 i=1

la"— willo+ IT"= Thllo SC(h+ k),

C h K .
2
(1i)
I, K 123
1 .

I

¥ 0.5
4]

1 2

, (1) K
J ulhvhdxdy+ kllJ. Sulp e Sopdedy - kJ-ph

.[u]h vpdedy — k‘[ win ! u;h vpdady —

kJ. uszla“ dedy  (Von € Py(Ki)),

Uh

= dxdy

n son - n aﬂ
J‘Kluzhvhdxdy + UkJ.Ki Su2h e ondedy - k»[gph dy dxdy

6)

(7)
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n— 1

j u2h vhdxdy+ k)\j Thwndx dy — kj u’llh1 vhdxdy—
n— 1 auZh
k| uzn vhdxdy (VYor € Py(K;)),

8 0

J Ty dyda dy + k‘[ ST ddady =

n— 1

I T ‘bhdxdy— k)\j uin' = dndw dy -

TIL—
k}»J usn' 0 tbhdxdy (Vo€ Pi(Ki))*

(8)~ (11) (Li) . Ki , ujh, pi
wh= wil N+ wpp A+ uiz X (j= 1,2),
Th= Tih+ Thk+ Thh,

n o_ LJ‘ n
Ph = X Klptdxdy,

Mh N ( [8 [9). &= h/2 K;

O0x ~ h 0N Oy h|OX O\
N+ h+ b= 1
oM _ 0k 2 0dh_ 2
Ox  ~ O0x  h’” Ox  h’
O __ 2 0k_2 0N
- _ , — , = 0,
h’> Oy x

(11)

oy _ 0lnodN ONhOl 2 n  m
A x+a)\2 Ox h(Tl3 T2),

—r - __‘)\2_ ; n n
o~ 0 oy on oy = w(Te T

(TL3 72; 12 - :ll)

b‘l\)?

_[K (Thi M+ Thl+ T M) Audxedy +
k([ o) O
h_J.Kl[(TB T?) ot (TH- Th) E] dxdy =

L(T'zzlm o'+ T %) ddedy -

kAL(u?alm Wi et utid h) (T T ) Mdady -

Th

(10)

(11)

(12)
(13)
(14)

(15)

(16)

(17)
(18)

(19)
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k}\JK (urfill N+ w2 e+ ui %) %(T?_zl— T 1) Aadx dy

(m= 1273)*

26 -23 1 ||Th Fir
~23 50 - 23| Thl= | Fof .
1 - 23 26 T;L3 Fi3

Fio= 2T0"+ Th"+ T+ 2N(2ua'+ uid + ') (T - Th') +
2N (20 ui + W (TR - TR,
ThH'+ 2TH '+ T5 '+ 2N(uh' + 20 + uis') (Th'- Th') +
DM (uit+ 2uf + W (TR - TR,
Fa= TH'+ Th'+ 25 '+ 2Nu(us + u''+ 2u') (TH'- T') +

y .y 1 1 1
2M(2uin + Wi+ 2uin)(Th - T3 )

=
I

(21)

T{I, [Tr.rl n-1 - 1 n—-1 n—1 n=1 n—1 n— 1

T = 0+ Th + T+ 2M(uin+ uip + uis) (THh - T2 )+
2M(di+ Wi+ W) (Th'- 7)) 4+
(77170 + 5757 '+ 47975 ' +
2N (TIu'' + 5750 + 479 ) (Th'- Th') +
2N (T’ + S75ufn + 4794tk ) (T2 - T'5 )] /730,

Th= [T+ Th'+ 75+ 2N+ W2 + Wi (T - Th')+
2N+ e+ ) (TR - TR Y] /44
[575TH" + 675T: '+ 575775 '+
2N (ST5un' + 675U + 575uins )(TH'- T:') +
2M(575un' + 675uln + 5750 ) (T '~ T )] /730,

Th= (10 Th'+ TH'+ 2M(ui' + Wi + uin) (TH' - Th')+
2M(ufi'+ W+ W) (TR - T 744
La797i " + 5757 '+ 77175 ' +
2N (479! + 575u + 771 ) (T - TR +
2N (479u' + 575uin + TT1WiS ) (T2 = T )] /730,

(2) . (8~ (10

2+ 4P 1- 241 1 0 0 0 0
1- 248 2+ 480 1- 24P 0 0 0 12h
1 1- 240 2+ 24V 0 0 0 - 12h
0 0 0 2+ 240 1- 241 1 12h | %
0 0 0 1- 240 2+ 480 1- 24P - 12h
0 0 0 1 1- 240 2+ 4M 0
L 0 -1 1 -1 1 0 0

(20)

(21)

(2)

(2)

()

()

(26)

(27)
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pi =

i3 = 3(1+ 2411)(1+ 36Ll)(1+ 72u)

win fn
uin2 Sfin
uis fin
upl| = |fo| *
uin| |fiz
uis fi
pi 0

P
n— 1 n— 1 n— 1 n—1 n—1 n— 1 n— 1 n— 1
fin = 2h(2uiz + uin+ uwin)(uwin — wiz2)+ 2h(2uin + uwin + uiz) *

n— 1 n— 1 n— 1 n— 1 n— 1
(uin - wi)+ (2uin + vz + uiz),

Ffin= 2h(da+ 2ui + uin)(uin' - W) )+ 2h(dit+ 20+ us) e

n— n-1 n—1 n-1 n-1
(ui12— wis) + (witt + 2witz + wii3 ),

n— 1 n— 1 n—1 n—1 n—1 n— 1 n—1 n— 1
fiz = 2h(win + wim+ 2uin)(uin — vwiz2)+ 2h(uin + uin + 2uin

n—1 n— 1 n— 1 n— 1 n— 1
(uin - wiz )+ (uitn + wine + 2ui),

fin= N2Th+ Th+ Th) + 2h(2uiz'+ o + uin)(ui'— ')+
2h(2d + W+ W) (w2 - WiB) + 208+ W'+ uhs),

fim= NTh+ 2Th+ Th) + 2h(da + 20 + uis)(ui' = u'na )+

n—1 n—1 n— 1 n— 1 - 1 n—1 n— 1 n— 1
2h(uin + 2uin + wis) (uin — uwin)+ (v + 2u'im + ups),

fim= NThH+ Th+ 2TH) + 2h(uia'+ uin + 20l ) (ub' - u'h) )+

2h(ui?1 +outn+ 2uif3) (ui'_zz - u'i_23) + (uiil +oubn + 2ui53)'

m[%uln Wi ) (uin' - ust) + (din - uhs )
(Ui - uiz' )?+ B(u' - 24u'% + 23ui ) (u'in' - ui)') +
l«l(um - 24uL12 + 23uL13)(uL13 - u,12)+

11(73ui21 — 2445 — 495! )(um - uizz) +

11(73uL11 - 244 - A% ) (W - W )]+

—_— _ n— 1 . B
36h(1+ 36ll)|:(ul12 W)+ (uh'— uin')+ NTh- Th)
Uou' = 24uin + 23ufs )+ BNT3T]— 24ThH— 49T%) +
l‘1(73ui21 - 244 - 49 ):| ,
2h(1+ 481)

[2(uim' = u'7d)(u'% - u'm') +
(Wi — uin')?+ W' - 24ui% + 23un') (Wi - W) +
(uf - uin')?+ B(dh' - 24ui' + 23utn') (uhe - ) +

W Bu - 240 - 49u3 ) (uln' - uhd )+

VOB - 240 - 49dT ) (u'' - uhd)] +

(2)

(2)



979

n —_—
wii2 = —

n
will =

LLL23 =

1+ 481
3(1+ 24K)( 1+ 36H)(1+ 7T2H)

NTh- Th)— B(df' - 24ufid + Bufi') +
ll)\(73T?1— 24TH— 49Th) + WT3u'h)' — 24ui — 49ui' )] +

— [ 2% (i - W)+ 2hu N ui - W)+ ] +

1+ 72u
241 -1 -1 -1 -1 -1
m[%(urle +ouwin+ win)+ (uil - uin)+
1 -1 1 - 1 — 1 - 1 -1
2h(di'+ uin + W) (Wi - Whe) + (uint e+ whd + uhe )]+

241
(1+ 241 (1+ 72H)

2h(uis — Wit (uhd = W)+ Wt - '] ,
2h n-1 n—1 n—1_ n—1
3(1+ 24u)(1+ 36u)|:2(utll uLlZ)(uLZZ ul23)+

-1 - 1.2 -1 -1 - 1 - - 1
(uir — uin )"+ B(uia - 24uin + 23u'is )(u'flzl— Wi ) +

[2h (i - ubal)(u'in'= wha)+

2u713+

(e — u)+ B - 2400+ 23uE) (Wl - W) +
W Buf' - 24un — 49 ) (uln' - whd )+
WO Bufn' - 2405 - 49uiis ) (u'n' - whi )] +
1
3(1+ 24K)( 1+ 36H)

NTh- Th)— Bl - 24u) + Bu'li') +
UN 73T — 24Th— 49Th) + W(73us)' — 24ui — 49ui)] +

n— 1 n—1 n— 1 n—1 n— 1 n— 1 n— 1 n— 1
2h(uin + uin + uin) (uin — winz)+ uwin + uin + wis +

[(ufn - ufid) + (uhl — uln )+

n—1 n—1 n-1 n—1 n—1
2h(win + wiz + wi3) (wiz — wid ) +

ol 2k (s - ) (- )+

n—1 n— n—1 n—1 n—
2h(ui13— uill)(uilZ— wild )+ wii3 — uin'],

n Zh n— 1 n—1
wil3 — 31+ 240 (1+ 36u)|:2(ui11 - le)(uaz - ups)+

(u’fill - u’f§21)2+ B Wl - 24di + 23us )(u'flz - u”ih) +

(uin — uis)?+ B - 24uin + 23uis) (Wi - W) +

W B - 2405 - 49ui% ) (u'h' - u'ha )+

W Buln' - 24un - 49ufis ) (uhn' - whs )] -

3(1+ 24u)1( I+ 3611)[(”121_ “fis) + (whi = wliz)+ MTh-
W = %utn' + 230 + BNTATH = 24Th— 49T%) +
11(73u'}21 - 24u'n - 49ui% )] -

n—1

[2h(uim - uio)(uim' - o)+

1+ 24u
2h(ui13 — il )(u'f?z - u'}_13) + uis - W,

16h1
(1+ 24W)(1+ 36M)(1+ 721)

n—1

(20wl = i )(u'n' = u's') +

[(urfle— u?ﬁl) + (urfill - u’fizl) +

Th) -

(%)

(31)

(32)
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n —
Ui = —

n.oo_
u;21 =

(uht — uin')®+ W' - 24ui2 + 2305 (Wl - W) +
(Wi - wia)’+ Wi = 24 + 23ufi') (ufis - W) +

W B - 240 - 49U ) (uln' - ul) +

WO - 240 - 49uTE ) (u'm' - uhd)] +

1+ 2411)(1+8L316L1)(1+ 72U)[(“'521‘ i)+ (uhn' = uiz) +
NTh- Th)— B(df' - 24ufid + Buls') +

UNT73TH - 24Th— 49Th) + W(T3us) — 24ui - 49uis' )] +

1, a1 1 1 el 1
" 7211[ N+ u's' + 2ha'5d (Wit - W) + 2hu'nl(w'n' - u'm )] +

TSN T Ths T+ 2h(uial s ud e W) (u - i)+

n— 1 n—1 n— 1 n— 1 n— 1 n— 1 n— 1 n—
2hdi'+ uin + W) (Wi - Wi )+ win'+ u'+ uin

24 1 n— 1 n—1 n—1 n—1
T! ; 2h(uin — uj 21— Ui
1+ 24Ll)(1+ 72“)[)\( 35— Ti)+ 2h(uin — uin)(unr — uin )+

2h( Ul - W) (uhd - W)+ Wi - ul]
2]1, '.l_l_ n—1 71—]_ n—1
3(1+ 24“)(1+ 3611)[2(””‘ win) (win = wiz) +

(uio' = ')+ B = 240 + 23u'n' ) (uin - W) +

2u?23+

(uhd = u'3)P+ B(uh' = 240+ 230 ) (Wi - W) +
W Buh' - 240 — 490 ) (uin' = u'hd) +
WO B - 240 - 494 ) (' - u'hs )] +

1 r_rl_ n-1 I!ﬁl_ n—1 no no
31+ 240)( 1+ 3611)[(1“12 wiz) + (w2t — wiz)+ MTia- T2)

Wou' = Auin' + 23uin') + BNT3TH - 24Th— 49T%) +
W Buln' - 24uln - 49ulzs)] + 2h(ubt + u' + utzs) (um - i)+

2h(uz'_11 + U+ uib)(uizz - ui23) +ut e u oW+

MTh+ Th+ Tl3)+ ——[2h(un' - ul') (W' - W)+

2411
)\'(TiS_ Ll)+ 2h(uL13 - utll)(utzz_ ut23) + uL23 - LLIEI B

no 2h rgrl_ n-1 njl_ n-1
ui23 31+ 24Ll)(1+3611)|:2(u‘“ uinz)(wiz - win) +

n—

(um - ulzz) + U(um - 24uL22 + 23uL23 )(utlz - um) +
(uilz - ui13) + U(Um - 24470+ 23u )(um - lLi12) +
W Buf' - 24un — 49 ) (uln' - whd )+

W B - 2400 - 49475 (ui' - uwha)] -

T 24u)1(1+ L= i)+ (u - i)
NTh= Th) - B(uh'= 24d7) + 23u’73 ) +

Ll)\(73T§‘1— 24T — 49Th) + W 73ulh' — 244 — 49453 )] -

————[ NTh- Th) + 2h(ufs - ') (v - u'in') +

12+ 2411

(33)

(34)
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2h(uf - W) (uhe - ui) + um - W] e (35)
(2)~(27) (29~ () (1) :
3 -
. (u=0v=0T=1 (u=v=07T=0) , (u
= 0= 0T(0y.t)=T(0)) (u=v=0T(Ly, t)=T(1)) .2
. ; . Q=/0,1/ /0, 1],
100 x 100 . h= k= 0.01,

Win(0,1) = Win(100,1) = ubn(0,1) = wsh(100,1)= 0 (0 <[ <
win(s,0) = uln(s, 100) = udn(s,0) = un(s,100)= 0 (0 s <100);
i(s,l) = [Wai00s-1),j, 2+ Whie 100(s= 1+ 1/, 3+ UL+ 100(s= 12 ), 1+
U2k 100- 1/, 1+ Wk 1005, j, 3+ U3 1005+ 1,5,2]/ 6
(1<s<9,1<<9,;=12;
TR0, 1) = 0; Th(100,1) = 0 (0 <1 <100);
Ti(s,0)= 0; Th(s,100) = 1 (0 <s <100);

Ti(s, 1) = [Towroors-1),2+ Tamions- 1+ 13+ T 1005- 142 1+

\

Tow100-1,1+ T2 100 + T2+ 100s+1,2]/6
(1<s <9,1<17 <99);

Rayleigh 3 5 .
Lo ===t to0 M
il Y ey N\
AT I IIEG LI ::.v‘%\\\}
' Wil A sl
y o5 o y 0.5 e "-""'1‘“}
1:‘ v NTEER Iw{iﬁ, . *‘ 'H”‘H'
C e N :
e e g
0 TTIo :__::;‘l ol e
0 0.5 L0 1] 0.5 1.0
T
x
Ra = 10 000 Ra = 100 000
3 Ra
C [ 12n ,
Ra ( , Ra = 100 000) ,
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Difference Scheme and Numerical Simulation
Based on Mixed Finite Element Method for
Natural Convection Problem

LUO Zhen dong">, 7ZHU Jiang’, XIE Zheng hui’, ZHANG Gui_fang
(1. Departm ent of Mathem atics, Capital Normal University,
Beijing 100037, P.R. China;
2. Institute of Academy Physics, Chinese Academy of Sciences,
Beijing 100029, P.R. China)

Abstract: The non stationary natural convection problem is studied. A lowest order finite difference
scheme based on mixed finite element method for non stationary natural convection problem, by the
spatial variations discreted with finite element method and time with finite difference scheme was de-
rived, where the numerical solution of velodty, pressure, and temperature can be found together, and a

numerical example to simulate the close square cavity is given, which is of practical importance.

Key words: nutural convection equation; mixed element method; finite difference scheme



