R AN g5, B8 19 8 55 11 WI(1998 4F 11 ) o7 FH 050 7 2 i 2 o
Applied Mathematics and M echanics HORK B R B R

(1997 4E 11 H 13 HYk )

82 5278 bR B T 1%, F 2 TORS WK R L SO A, T TR B AL SR SRR A 1 ] R
Frp AR AEAR AR P A ANSR R T AR R I R AZ BRSO, B Creen BB B NZAR, 1531 TR E0R
T P A T v AT B A1 AT I 1) — Ml XSS A ANEL BT 17 ANRISTHR b — S A B 45 R,
(7 I A3 D9 187 P 320 5 76 1% SR Ak B 2 % P s P A o W 28 0 27 T B A3 1 R A e

JEE A MRS RO P AR
0343, 0482

§1. 3 E

ARFIT RN, LERE VS B SRR AR ER Green R IR 4 B8 IHRAT , BRI DX e ANV ] DA
KAL) IV 22 F B ()8 PRI AT, () RIS R S vk IR AR, DA SRR S 52 2% 1)t 1 16 )
%é.

B R RE TRE AR )2 R, A 5% R FEAA N 9 Green bR i) R ER SRk 5 2 A\ ATTHY
Kk SBR[ 1~ 8] 2 WIWF AL T EHL A =4k Green BREL A e SCHR[9, 10, 11145 HY T 4%
L Green BRI M)/ [RIf, BEAL, STHRT 12~ 14] 53590 3R45 718 11 ek e 25 6] & HA o3k THI AR
B TP AT I AR AR e (EL{ELTS i HE 2, 3K SR 9 342 0 TEFLARA Y SR A A A o

A N FH SR bR B 78 L T A (5L B S R 5 1) R R A, g T
TEAE R A B AEF N 4B Y Green BRELR IZAR C WL 5 I8 T FLERR SUIAFAE, 1R
BN R (SR TN R W N N W e WA s @ = VAL Ll PSRN UR S SN
T A] 3RAT kG i

[ERF, R IR BEAS AR, A SR T & —REUE B 537 5 7 10— AR, I i B 3eHIE
T INHI ST R A e h S IR e

§2. A XK

2 FE— R ) [E I R R, IS T R M TS x x5 PAT, PRI R x 1 20 °F
THT PN 4 ), ARk SCHR/ 15], v1— x 2 PN T o, A8 wi, H3%) Ei, AL F5 Di A1 E

©  FEREMEMRKS TR, A 210016
965



966 [T S ®OOOB W
®(zy) AT RN
(Op, Op, 0y ) = 2ReI:Z]:(1, - W, WD h(zh), zi= wai+ Hao (2.1)
(ur, wa) = 2Re§<pk,qk>%(zk), Iml> 0 (2.2)
(E, Ep) = 2Reki:1<k A, W di(zh) (2.3)
(D1, D2) = 2Reki:)n<llk,— 14 (z1) (24)
P(z}) = - ZReAi;Kk‘Pk(zk) (2.5)

pk = anlMi+ an— bauk, qr = (anU%c+ ax— b2 X)/ W

(ba+ bis) Wi+ by
SiMi+ O

M= K= (bis+ SuM) W, B(zi)= dB%(zi)/dzs

HAr, ay, by, & 73 AAHEVEHAL A E RO R A B VB AN SR R L B RRIE D5 R
5@#15]
73, BARLRE [ F ok AR 2R e

ZRGZ‘Pk(zk) . ftzds (2.6)
k=1 0

2Re D W %(z;) = iﬁ)tlak (2.7)
k=1

2Re P NSz = | J"‘D,lds (2.8)

Hor, v, 02 NIB R EAN T E A ERY B Da NEAIRSIRIA 0B s NI AN ) 8
Gt Z XA B (R ) RS .

§ 3. BHRBIEANMR

WE 1 PR, x1— w2 FE— BB BEE L L HI8S, A Sz 0 AR LT J) Tho+ iT20
AEE AT Qo YRR, FFA AL N E T IS U0 7830

31 -
WAL ¢ (2) A %

F(z) == 2Re%(z) (3.1) z°10—0‘Tw

o, ®o(z) NTE L PWRIRNT MRS 2 K8 ALy F - "

(ES, ES) FEAi#s( DY, DY) AT I m A 0

EY=- aa_cP: 2Re®y(z ), 1

(3.2)
EY = aa =— 2Im®o(z)



AR L B ST P A 5T T I ) A A 967

DY= 2&Red(z), D3=- 2&Imby(z) (3.3)
Hrr, g NESWAHEER, do(z) = dR(z)/dz *
S H T A
J.LD?quz ILD?dxz- D3dx 1 (3.4)
(3. 3) AR (3. 4) £330, BEREAS:
J.LD(,)Ldsz 2€Im Py z) (3.5)

SINKE L A 21 € S AL v A1 00 OR A B S ek 2
2= Ro(%+ moC '), Ro= (a+ b)/2, mo= (a- b)/(a+ b)

M4 2l 2 Po(z ) £ L WIB AT JE N Faber é&i&llﬂ

Q¢ = ;a2(4”+ m"e") (3.6)
He, ®/z(8)] = (L), ol AEERE .
32
TEALAN, B 30 B0 o oA
Olzr) = Arn(zy - zk,) + (Pko(zk) (3.7)

Hrr, zp = xo+ Bowos B (zr) A Le( Ly FIL 2B 20 = w1+ Vo FTFR) SN0
BH @ (00 = 0:A NEHH-

R AL BR3.7) RAR(2.6) ~ (2.8), (2.2),(2.5), FFHE L 7 st — N A
by WIS ARSI S0 mﬁﬁﬁfi(fl) ds= Qo) AT B EAE S AT 130 78 A 1 (1)
oA LWy

3 3

ImZAk_ h Im Y WA, = %, Im ) My = %
= o (3. 8a~ f)
ImZK;ﬂA;,— 0, Im E,zm,, 0, Im;qkAkz 0
HLLE, 1. EBM%Z& HL 3 E’JL%Z*%#FT%%T%
2Re; G(z) = 0, 2Re;Uk‘Pk(zk)= 0
R ’ (3.9)
ZRGAZ;}\I:"Pk(zk) = 2&lm %(z)
2Re;1@;‘ﬂc(zk) = 2Re%o(z) (3.10)
PSR SELS R
2k = Rk(z.-k+ mkgﬁl), Rk: ((l— iukb)/Z, mip = (a+ il-lkb)/(a— il-lkb)
(3.11)

IYHIE 20 T _EAR AL Lk FANES, PRA WU A & P B E SR AR Y B ANER, MIAE & ST,
Do) = Alnfze( &)= 2k (G )]+ B () (3.12)
Hob, 4 Rz 0% 1 G 1> L O(&) = ()]s B (G) N v INBALE MR-



968 [ c A S S

AR v b, 4= ¢= o= o MER(3.9), (3. 10) &

3 3
2R82@( 0) =0, 2Re ZUkQ(O) =0

k=1 k=1

3 o (3.13)
2Re DNR(0) = 2elm Dual( I+ mbo )

3 oo
2Re 25K, @ 0) = 2eRe Dua( I+ mb ") (3.14)
k=1 n=1

E(3. 13), (3. 14) NI [FEBR do/ 0— &, SR JGAE AL IR L BURR 4y, B HSCHk/ 17] BT 451
LAY /N W

3

20,8 = /(Y DHD(Y= 2

=1

=

3 (3.15)

2N = f()

Zlkq%(é)—f4(€)+ Z(a,,mo+ a%)cr" (3.16)
He

(8= f3()+ ie _Z:,(a(im’é— PR

[0 _

fie ==Y Ak]n{l— i Akln{lﬁ) =

fa(9 == X mad - _’;+ B 15

a9 == X ka1~ Yo Kyl 15 ﬁ] &
PN

1 1
By W5 A= Cg= [ M)
)\1 A N
M 20 3. 15) i3

(8= ZAkjfj+ 1€ Ap3 Z(agmg— a_(n),) " (3.17)
NHIE ay, %Eim 17) ﬁ)\ﬁ(?’ 16), %%Uﬁﬁ?ﬂa@%

INJe LLARL ¢ 1 R EAS

aOml(1- igP)+ a1+ igf) = ¢ (3.18)
Hr
P = ZKkAk, ZZKg Ni fin= [4n (3.19)



AR L B ST P A 5T T I ) A A

(3. 18) FHILHEAX T o) KRN

n 0 n 0

= mbed+ igo(SP— mbchPy)
A

0_
all_

=

A= (1= m3")(1+ &P Po)— 2€(1+ mi") ImPy

0 0
Eé\ Bn = anms_ Q n, U]\]Jﬁ
2n .

o _ 2mben- efis md'— im P(1- mi")]
n — A

(3 17) RN 3. 12), FATH AR Green K%L

3

3 oo
B &)= Ablnfzk(G) = 2 ()] + DiMgfi+ i) Ma D Bu "
j=1 n=1

§ 4. A IRZRGUA iR

4.1
7R(3.22),(3.23) F4 mo= myp= L NUFH
. 0
tIme,
A=— 4801mp0; Bn = Solmp()

(4 1) FRN(3. 24) 15
Ap3

3 oo
Q&) = Addn[zi( &) = zi(G)]+ DAy fi= Tooim Deng "

(4. 2) RS TRAUNE, D)5 & ok, MARAMISRES & K.
fEx1= akb,5EHETF AR RN:

i, ko, kpd = 2T lim (24— a)"* <O, Op, D)
(2 1), (2. H AKX (43) 15

A9, (1)
kv, ko, kp) = mzlim(t(zk_ a)l/2<1’_ B = M) k(;zk“
16 4 P, (4. 4) WA
3 dd (g
kv, ko, kp) = ZFlimReZﬂ, - By = N d"g A)
a & 1 k=1 h

FIHR(3. 15), WH (4. 5) 5

kv, ko, kp) = 2J;ﬂ@[lo(l),—fzo(l),—fuo(l)>
Hrp

(3.23)

(3.24)

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)



e

970 ] yea % Bk R

\gg

3
Sio(l) = limf (&)= 2Rez—k
gk f k=1 1- Z—*k

0
/ S WA,

f20(1) = limf2( &)= 2Re p, ——

% T k:ll_ ékO

(4. 7a~ b)

Foo(l) = limrfpl:(ék) = fa(1) + 2&0m Xna,

Fao1) = limfs( %) = 2Re21’f A;

FIF (3. 21), (4. 1) 15
Im Znag— 2801 Im chn (4.8)
(3. 19)4&)\53(4 8) Tﬁ

Im,;”“" = 2801mp [ thjZKkAlv'fjo(U+ f40(1)] (4.9)
Hr
fao(1) = 1me4(ck) = 2RekZl}1Kf Aé‘; (4.10)

FEREN S jo( 1), faof 1) BI85, 1700 SCATIE A %o R0R 4% i [ P 4, Z Ky Ay 49 S8 0
kA), WH4.9) 15
o Im ZKAAAI
0
lnan - 2

Im

(1) + f30(1) (4.11)
Im ZKI./\AI

k=1

(4 11) ARAK( 4 Tc)

ImeKk N1
foo(l)=— —5—F (1) (4.12)
Im}ZKk N3
(4. 12) A (4. 6) , IFH FH:
B l k, + a
1— Z_vk B 2 k - a

(4.13)




AR L B ST P A 5T T I ) A A 971

3
Im ZKk Akl
kp = —5——k, (4.14)
Im DK, Ay
k=1
4 2

M8 U E R e B T Zk, = %0 AbiF, 20 4. 13) AT N

3 3
,J‘[ ,J‘[
ki= 2 'lTReZAk{H i f‘“' x], ko=- 2 _RGZUkAl{l+ i ;&+ X
ﬁ I 1 a— x a k=1 a— X

(4.15)

4.3
R (4. 13), B )5 #1:

3 3
T T

ki=- 2 /— F* im XAk k2= 2 /— /‘” L m D Hed & (4.16)
a a— X k=1 a a— X k=1

f:0(3. 8a.b) FAA (4. 16) 17

T x + x T 1o o+ x

k= , k= 4.17
N PN T (&1
(4. 17) F(4. 14) RFALLES kp 5 BB ATTE R
4.4 ( 0%, 0%, D?)
Im ZKk Ay
ki= 10, ky= [Tadl, kp= ——— [T, (4. 18)

Im ZI% A,
MG R RIAUE S % 5 340 AT gn B

ki= k= kp=0 (4.19)
SEfR L, BERF AL = 0, HIEA D 4) = 0, RISEEAY B Fsgas 2208 28, 1 RS0 N 3
Eg = qn/a) °

45 ( o1, 931, 033, Di°, D7)
3
Im ZKk A,
I o k=1 oo
ki= J Ta0y, ky= | Ta%s, kp= 3 W Ta 02 (4.20)
Im ZKk Ak3

T SCHR 18] IS5 A kp = J TuD5°, 130(3.2), (3.3). (3. 6), (3. 21) AJF5 L 2480 Py 1
Wl

3
Im ) K, A,
k=1

DS= D5 - 055, E9= (4.21)

SIS

Im;Kk /\k3
(4. 21) RIS ITE ZBON I N HHL B8 DS 20

§5. 4 it

N2 FH SR AR R B T, R FE T WRIE L B ST L% 1 [ P s FL AR f = i) AL, 4t T



\gg

972 = yea % Bk R

Green PREL MR AN 7708 R 12k Afiffe 45 RARW:
(1) B R B PR T By 7y S ke
(2) BI5T iy 3T AN 251 3T ik, A2 ST B i 7y 57 e
(3) SRR T, BRI 5y~ %5 7%
(4) B A & (URTELLOR IR S S, T 0RO e T -
(5) AT 20, FERLLCR T B D, = 0 TTAE 25 B B4 e

A
3 3 3 3
ZKM/&: Z(b|3+ Suud) W Ap2 = b1z ZukAk2+ SIIZ}ch‘kAkZ (A1)
k=1 k=1 k=1 k=1
H
e O
A= [A] = IX Uﬁr— WXy M- & By- By (A2)
Hid— LA M= A B By
A= (M- M)Bi+ (M- M)+ (M- M) B (A3)
H20(A2) 5 A
Zwm 1 (A5)
ZM = (R A= BN+ (B h= By hy) = (B M M= Bdgh )] (A6)
Xﬁ?’]‘;ﬁ%%ﬁﬂ 5 & EEM*%IW\[ 15] It Fe 45 S R
Rety= Imhj= 0, Hz=- Hy A= Ny (A7)
MM (AT), :(A6), (A3) ATHL N
EMUIL-AM= LA[(UI}\1M+ WM A+ (Bad M+ Hohohg) — (Mo A+ B/ (A8B)
A= (Mbi+ MoH)+ (Mlh+ b Hy)— (ME+ MEy) (A9

s R(ALLAS, A8, A9 K DK, Ay, s ¥ie

k=1

1 B. Wang, Three_dimensional analysis of an ellipsoidal inchusion in a piezoelectric material, Int. J.
Solids Structures, 29(3) (1992),293—308°

2 Y. Benveniste, The determination of the elastic and electric fields in piezoelectric inhomogeneity, J .
Appl. Physics,72(3) (1992), 1086 —1095

3 T. Cheng, Green s functions and the non_uniform transformation problem in a piezoelectric medium,
Mech. Res. Comm ., 20(3) (1993),271 —278

4 M. L. Dunn, Electroelastic Green s fundions for transversely isotropic piezoelectric media and their
application to the solution of indusion and inhomogeneity problems, Int. J. Eng. Sc., 32(1)
(1994),119—131°

5 M. L. Dunnand H. A Wienecke, Green’ s functions for transversely isotropic piezoelectric solids,
Int. J. Solids Structures, 33(30) (1996),4571 —4581°

6 H. J Ding and B. Chen, On the Green s fundions for two phase transversely isotropic piezoeledric
media, Int. J. Solids Structures, 34(23) (1997),3041—3057



AR L B ST P A 5T T I ) A A 973

11

12

13

14

15

17

18

M. Akamatsu and K. Tanuma Green’ s function of anisotropic piezoelectridty, Proc. R. Soc.
Lond. A, 453(1958) (1997),473 —487

TRETL R GRS, B[R] e AR R 3 A, o E R (A), 26 (1996), 735 —T743

J. S. Leeand L. Z. Jiang, A boundary integral formulation and 2D fundamental solution for pieze
eledricmedia, Mech. Res. Comm ., 21(2) (1994),47—54¢

THETL . EE R BRI ER, & AR ) 8 R AR, FEEEE(E), 27(3) (1997), 224—228
Ke s R, H S, YRS A R R A AL B S 3 B R A AR, R B A %, 18(10)
(1997), 885—891

H. A Sosaand M. A Castro, On concentrated load at boundary of a piexoelectric half plane, J .
Mech. Phys. Solids, 42(7) (1994),1105—1122¢

Z. Wang and B. Zheng, The general solution of three dimensional problems in piezoelectric media,
Int. J. Solids Structures, 32(1) (1995), 105—115°

H. J Ding, B. Cheng andJ. Liang, General solutions for coupled equations for piezoeledric media,
Int. J. Solids Structures, 33(2) (1996), 2283 —2298°

H. A Sosaand N. Khutoryansky, New developrments concerning piezoelectric materials with de-
fects, Int. J. Solids Structures, 33(23) (1996), 3399 —3414¢

A S, Kosmodamianskii and V. 1. Chemie, Stress state of a plate weakened by two elliptical holes
with parallel axes, Soviet Appl. Mech., 17(6) (1981), 570—581°

AR U, &R TR e VR T & T S M ST N RO R LB S 1), R T 2 R, 10(3)
(1993),49 —57

H. A Sosa, On the fracture mechanics of piezoelectric solids, Int. J. Solids Structures, 29(21)
(1992),2613 —2622¢

The Fundamental Solutions for the Plane Problem
in Piezoelectric Media with an Elliptic
Hole or a Crack

Gao Cunfa Fan Weixun
(Department of Aircraft, Nanjing University of Aeronautics and Astronautics,

Nanjing 210016, P. R. China)

Abstract
Based on the complex potential method, the Greer s functions of the plane problem in trans-

versely isotropic piezoelectric media with an elliptic hole are obtained in terms of exact electric

boundary conditions at the rim of the hole. When the elliptic hole degenerates into a aack, the fun-

damental solutions for the field intensity factors are given. The general solutions for concentrated

and distributed loads applied on the surface of the hole or aack are produced through the superposi-

tion of the fundamental solustions. With the aid of these soltuions, some erroneous results provided

previously in other works are pointed out. More important is that these solutions can be used as the

fundamenta solutions of boundary method to solve more practical problems in piezoelectric media.

Key words piezoelectric media elliptic hole, crack, plane strain, fundamental solution



