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[ Ly Liz L Lu Lis|\ uo 0
Lio Ly Lxn Lxu Los||wvo 0
EEL:P L2 L3 Lxu L3s|{|\¥ =10 (2.1)
Lia Lo2a L3 La  Las| [\ 0
Lis L»s L3 La Lss 0 *5\% | 5
Hp: L MO ET, BA Lij= Ly 5IARRE S
/2 /2
P;= 'r_h/zozz3dz (i= 1,2,6); (R1, R2) = .r_h/zzz( 0s, 04) dz (2.2)
T 2
h/2
(A, By, Dy, Eg, Fy, Hy) = | Qy(1.z 2283 24 2% ds (i,j= 1,2,6) (23)
(Aj. D, Fi) = I/Zoy(l 2% 2% dz 1= 4.5) (2.4)
ZHERI I AR R
w E‘ZQ!L,’ aw/an Ezpn,' (bn Eszn,' (bn.\' E‘Z %Eijlﬁ r J:
ZKH r BRSSPI QAR B
Mo= Mins+ M2n§/+ 2M 6nxny; Mn = (Mo2o—- M1)nxny+ Mé(n%— nyz)
4 | 0P, OPa 4
- 5 . 4 M;,- —5P; | = 2.5
Q" anx + an)+ 3h2 7‘(;_"" an s Ml 3h2pl (L 17 25 6) ( )
4 ) 0 0 0 0 0 0
Qi=x Qi- ?Ri (i= 1,2),'a_n: nx 30\ nya_y;a_sz nxa_y— ny 3.
/\qj
0., 0y 4 0d: || 02 4 | Db,
M= Dlléhem Dlza +F11—72] g #+ F12—W E+#
b, 0, 4 0, 02w 4 |0d,  Fuw
= _ = L 4 | 9%
M DIZJ% + D2 Jy =5+ F12 W2 | on + on + Fa e Jy + ay2
0, 8¢. o, 2
Me= Des al + F66 - 2 [ + 0t Zaaxgy
aw 4 %
= A S F Did - 5
Q2 44 a 12 ¥
Ouw. i Jw.
Q1= Ass| b+ o T Dss| ¢ L2 by + x] )i
09, 29, 4%, dw 4|2%y Zw
Pi= Fn ax]+ Fi dy +H11—3h2 5x+6x2+H12_3h2 gyzdk ay2
0, O by s Alloh Q% Aoy Pw
P>= Fn2 o + F» ay 7%12 32 ax ax + H» 32 ay+ ay2
_ 0d, 0, R % w
Po= Foo Oy ﬁ+H6{ 3h° [ay+ ax+2axay
Ow 4 Ow
Ry =yDus ¢y~+$+F44—W <b}.+$
dw. 1 4 dw.
Rl— D55 ¢x+ ax + 3755 - 3h2 ¢x+ ax (
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As= Azs= Dis= D= His= Has= Fis= Fas= 0
W J5 5 AT T4k e
(L Ln 0 0 0 1o 0
Ly L» 0 0 0 0 0
0 0 Lz Lxu L {dp=90 (2.1)
J
0 0 L Lu Li |9 0
L O 0 L3zs Lss Lss (wo q
TER AR i) @iy R BN E = AN R, B R /S 8
Lizb,+ Lyd+ Liswo= 0
L34¢x+ L44’“by+ L45wo= 0 (27)
L35¢x+ L45‘1’}+ Lsswo= q 4
Hrp:
8 16 0’ 8 16 0’
= | Dn- —F —H - Des— —>F —H -
L33 { 11 32 1+ e 11 ax2+ [ 66 Y 66+ oht GGJ 5y3
8 16
- | Ass— ?D55+ ?FSS]
L—[D+D—L(F+F)+—6(H+H)az "
34 = 12 66— 3,2(Fn 66) + o a(H 1 ) 3.2
8 16 0 4 4 0*
_ - & Fi- =50 &
L3s [Ass thss+ h4F55]a e { n= 3,2 1J P
N [F12+ 2Fge— 42(H12+ MHey) —L—b 2
3h O0x 0y
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_ 8 16, 0% 8 16,
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16[ Gl 0! !
H 2(H 2H H
+ o 3 S 4+ 2(Hn+ 66)8 a 5+ 225y4 )
(2.8)
M N— R D(x, y ), i
b, = (LssLau—- LusL3i) @
b =~ (LssLss~ LusLz) @ (29)

wo= (L3slzs— Lasl ) ©
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0 >
+Clza7+ CISax_z'l' Cl4ay_2 ®= ¢ (2.10)

Hep: €, Coy ooy Cra REEL FENPFF T
FBHE T bR 2. 8) AN (2. 9) K, 1§
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5 s 0’ 3 o’ 0
(bx - Axla_5+ A,Cza 36 5+ A.xBa a 4+ Ax4a 3+ Axsa a 5+ A a_x D
5 3
lby: Ajl aas+ A32 aza 3+ AySa ﬁo + A)4 3+ A)SaaZa + A}6 aay}(b
o* o* o* 52 0°
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(211
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AN @B )5, TRRA - MIBRE O(x, y) RosryRIEA:

P
4 4 6 4
M= {[ D - 3,—}12F1J Aci- 3_h2F11#4wl aa_6+ [[Dn— 3,2k Ao 3 2

4 6
+ | Di2— 3?Flz Ayz— 3h2(F1114wz+ FpA 1)] Eia 5
' A4 4 _o°
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| Dy - WFII As | D2 WFIZ Ays— W(FUAM5+ FIZAM)]W
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§ 4. REWMILFFMERR

HRYE LT AFE) — I, 7T 5 H AR A =k A% 2
i 33
Hax= a1 Bax = x I, Mi= Pi= 4= w=0
fy= y1 By = yoltf, } (4 1)

2. HHia
4
Mi= Pi= O; M¢— 3?P6= 0

M= x, W= a2 M,
Q- 2R1+4 2 aPJ+ P, =0
3h L Oy Ox
‘ 4 (4.2)
My= y, By =y I, Mo= Py= 0; Me- 3TZP6=0
4., 4|0P¢ 0Py _
Qz— h2R2+ 3h2\ ax + ay =0
3. [El
M= x1 B = v B, OQw/O0x= b= b= w=20
Yy= y1 8y = y2ff, Ow/0y= b= b= w=20 (4-3)
§ 5. VUil fai SCIA FERAE T 2 A M T i
51
WRKN a, T2 b, T AFKAN:
x = 0;a; Mi= Pi= b= w= 0
y= 0;0; My= Pr= &= w = 0
BUEUALRS BREL D(x, y ) W= AL, B
CR/.’)C y) = Z _ZA mnsm(lmxsm&y (5 1)
H:  a,= mWa, B = nl/b
H M1, M2, P, P2, w, b, & BJERECERIERE, O, y) RRIHCITH L FR&1F -
BRI g, y) &%Eﬁﬂzﬁ% g, R
q(x,y) = ZqunbmamxsmBny (5.2)
m=1n=
n— C6Amna?n

F XN FTRTTFR( 2. 10) iﬁt!ﬂ, CIES:
CiAmn®S + CoAmntS B2+ C3A mn0hBh + C4A pn02BS + C5A 1B
— C1Amn@nBh— C8A mn@uBh = CoAmnBo%+ C1oA mnn+ C11A mnin B
+ CpA By — CisAnn® = Cud Bl = qun
TG AT AR BN A = qun/ F o *
Hor:
Fun= Cia5+ C208B2+ CiahBh+ ChalBS+ CsBY— Codl - CraiB3
— C3@aBh— CoBS+ Cuoam+ ClianBh+ CubBh- Cizdm - Cubl

52
W ARSI . Eyv= 25 x 10%psi(172. 35GPa) ; Ea= 1% 10%psi(6. 894GPa); G12=
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Giz= 0.5x 10°psi(3. 447GPa); G2z = 0.2x 10°psi(1. 379GPa); Vip = Viz = 0. 25

FINTEN

I &AW a) B = AN 41
EFEEEWR(CIO/0) &, & ZEEE, ZIEZD MM q(x, y) =

1

Vizenl ™)

T

wl a/2 b/2 E2x 10°h°/( qoa”)

qosin( T/ a)sin( T/ b) AEH, THE R S0 LU ILER 1 Fios:

(0/90/0) , w
FSDT
a/h Reddy!® AL
Ki=K3=1 K3}= K3= 5/6 K3= K3=3/4
4 1. 9218 1. 9218 1. 5681 1.7763 1. 9122
10 0. 7125 0. 7125 0. 6306 0. 6693 0. 6949
100 0. 4342 0. 4342 0. 4333 0.4337 0. 4340

HEEATE B A 451 5 Reddy BRASL S5 M W4, b FSDT FHE i
2 MBEW b/a = 3, HAFAEAE 1 ME, THE 4558 2o L EE 2:

2 w (b/a=3)
a/h Reddy!® KSR Pagand 3! FSDT(K 3= K3= 5/6)
4 2. 6411 2. 6411 2. 82 2. 3626
10 0. 8622 0. 8622 0. 919 0. 803
20 0. 5937 0. 5937 0. 610 0. 5784
100 0. 5070 0. 5070 0. 508 0. 5064

MEE ] Y, AR SCES TR Reddy B AL40 771 —F¢, Lt FSDT Hig i
3 IENTEHCZ B i AR, R, gun= 160/ Wmn, SUE BOT, T A Koxt
BR3¢ N ARSI

3 w
Reddy!®) AL FSDT (K 2= K 3= 5/6)
a/h
N=9 N=29 N=9 N=129 N=9 N=129
7.7681 7. 7661 7. 7681 7. 7661 7. 7170 7. 0666
2.9103 2. 9091 2.9103 2. 9091 25623 2. 5697
10 1.0903 1. 0900 1. 0903 1. 0900 1. 0244 1. 0220
20 0.7661 0. 7660 0. 7661 0. 7660 0. 7574 0. 7573
50 0. 6839 0. 6838 0. 6839 0. 6838 0. 6308 0. 6807
100 0. 6705 0. 6705 0. 6705 0. 6705 0. 6679 0. 6697

MECE ], AR S5 AT Reddy BRR A& 50 J77% W14 1911 4
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§ 6. — XL, T —WHUAERE N Levy BLfiE

6 1
BRI AN 1R, KA a, %84 b, KA
x= 0, a; Mi=Pi= ¢=w=20

y= 0, b; (E=3 b
HUS AR B O, y) N R RIN = O { :
< l
Woy)= Dh(y)sinan (@ |
My, Pyow, b BOBERIA N, S REL v = 0 af) | P
RS, FFERIR du(y). ERy WRE ERAFREER 0
EEV T TS
> 1
q(%.7) = 23Qu(y)sintu(x) (b)

FE T i (2 10) 2 A 8 B 4 R, 48 &) < (b) AR (2. 10) =, 7 15
Crautu(y) = Coan®’ (y)+ Caamdn’ (y)— Cacndh’(y)+ Csh’(y)
= Co0Sbu(y) + CrandY (y)= Csada(y)+ CoP'¥(y )+ Crodhdn(y)
- Co@® (y)+ Co¥(y)— Coanu(y)+ Cu%(y) = Qn (6.1)
B I T 5
am ' (y)+ am2 ¥ (y)+ ams® (y) + ama® (v) + ansu(y) = Qu (6. 1)

Hep:
am= Cs; ama= Co— Caln; ams= Ciom— Csam+ Ci
6 4 2 8 6 4 2
amd=— C2am+ C70m— Cuam+ Ci4; ams= Ci1am— C8am+ Ci100m— C13dm
(6. 1) RA—AEFF IR 8 B oy J7 72, SR A7 A2 A
aml}én*' am2)\?n+ (lln3)én+ am4)\42n+ ams5 = O (6 1)”

Lwm= X MALERE
Am1Xm + Gn2¥m+ Am3X o+ Gmaxm+ ams= 0
et [FBR LA am, AT A6 A:
Xt buixm+ buaxm 4 busxm+ bua= 0

ERRS THEP AR 4 MRS 24 [

bty + bm3
2 Xm Y
m m ml— m N + = 0
o * [b l-hl J8y+ b ! 4b 2] 2 * y J8_’y+ bml_ 4bm
bm1y+ bm3

2 Xm

m — m ml— m P - =0
% [b 1+ By + bmi 4b2] I R e ey

AH y & =R THE
8> = dbuoy®+ (2bmi bus— 8bua)y + bua( 4bua— b1) = bz =
T —SE AR
EFE—K, AIRAS N, 19 8 /MR, T S5 7 FE I .

Ay Ay ALy Ay Ay
qu(y) = lee ml)+ szemz}+ Cm3e’”3)+ Cm4€ "'4}+ C,nse"ﬁ’

(=)
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+ Croens’ + Cpre™d’ + Cpgens’
BEAEFFRITRERIRHE N Q m (v ), DR 425 4050 TR OB A
bu(y) = Coren’+ Cpaen? + Cpze™? + Cpae™n’ + Cpsens
+ Cmee'nd + Cure” + Cuse™s + Qm(y) (6.2)
Hrb: Cmi, Cma, -y Cms & 8 AN SEH SE (1) B, IR R R I AN AT kA kg« b T4
A 4 A FAINAERILE 8 A2, IEAFADRAFIX 8 A Rl I8 = A HEER IR LR R
Y x,y) BB FIEA

(o=}
Ay Ay Ay ALy Ay .
Fx,y)= 2L Cnie + Core™? + Cpae™ + Cpae™+ Cpses 7

m=1

+ Cuge™ + Cnre™+ Crse™ + Q0 (y)] sinau (6.3)
6 2
AT KU F R DT VAR TR, AE TR B S, BT R R A U (6 90°/ O°) A %,

RR B AR B S RHE T

4 (0/90/0) w
Ss cc
a/b h a NS AR
Khdeil 3] Khdeirl 3
N=9 N=129 N=9 N=129
0.2 46.39 46. 34 46. 33 26. 85 26. 81 26. 80
: 0. 14 96. 63 96. 53 96. 52 47. 69 47. 59 47. 57
. 0.2 21.67 21. 62 21. 61 13. 06 13. 01 13. 01
0. 14 41.58 41. 48 41. 46 22. 54 22. 44 22. 42
s 0.2 12.20 12. 16 12. 15 7.24 7.37 7. 36
0. 14 22.05 21. 95 21. 83 12. 80 12. 71 12. 69
FF CF
a/b h a NS AR
Khdei! ! Khdeir! ¥
N=9 N=129 N=9 N=129
0.2 438.2 437.8 437.7 104. 21 104. 17 104. 16
3 0. 14 934.3 933. 5 933.3 217.9 217.0 216. 9
0.2 435.9 435. 4 435.4 55. 95 55. 90 55. 89
4 0. 14 936.2 935. 3 935.1 112. 58 112. 49 112. 47
0.2 436.2 435.9 435.7 32 31 32.27 32.26
’ 0. 14 937.1 936. 2 936.0 62. 83 62. 75 62. 73
scC SF
a/b h a NS AR
Khdei! ! Khdeir! !
N=9 N=129 N=9 N=129
3 0.2 35.22 35.17 35. 17 237. 1 236. 6 236. 5
0. 14 66. 20 66. 10 66. 08 512. 4 511. 6 511. 4
0.2 16. 95 16. 91 16. 90 191. 76 191. 73 191. 72
4 0. 14 30. 32 30. 22 30. 20 415.0 414. 20 414.0
0.2 9. 61 9.57 9. 56 157. 89 157. 83 157. 83
> 0. 14 16. 83 16. 73 16. 2 340. 7 339. 8 339.6
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Ei1= 19.2 x 10%psi(132. 36GPa); Ea= 1.56 x 10°psi( 10. 75GPa)
Gia= Giz= 0.82x 10°psi(5. 65GPa);

Gas= 0.523 x 10°psi(3. 60GPa); Vio= Viz = 0.24

w :c[w[a/z, b/2 /q° 10% a= 208in( 5. 08m)

TR L= D, —E—sinduw
m=1,3, 5

aTm

TR AR G LR 4

T 1) S FoRW LA, C FonEE L, F RomwH Bidle N RoRTiEe mR P &

(1) AR FEERRIER (N = 29) FISCHR[S] AR vk prfs s R 4am, A
B RS

(2) HEF A E T AT E H, EARADKCAEE &S (Bl a/ b= 3, h/a =
0. 2) 12 FL BRI 0 — R BN, B C C i/, FF IBILERCR, 1X SA—
LEGREYE T SR SR i

§7. 45 K ik

(1) ASTHIHRE RGN R O, y) i Reddy BB R R0 FRIESCHE &2 SR
(T 7 AR O« y ) RN —AS S i 25 #8, 49 30 1 DY 3478 SIS 30K 9 Navier
ik, AN —3XoF 18 5 55 — R IAT BB LT [ Levy ZYf# «

(2) 16 L RfR B al bR Boin B3 T 158 SR 526 X BRIE SRR AR b A

(3) WPUATR SR AR H T =AMl RS — Mo T, A H 4 R 5 Reddy Hit
R YIA, L FSDT #REE RELf EFE M, Tk o/h = 4,10, 20,100, A& 315
R 25 B0 Reddy 3104 4505 VE58 42— 3 b Pagano FUBAPEFRIG M BN, L FSDT Z55 K
EH =AM, Bk a/h= 2,4,10, ..., 100, H4EEAAFR (N = 9, BN = 29), Arfg 455%
Fl Reddy H i A% G5 15— 80 Xt LA 1 A SC BT (i v 5 5 02 IR »

(4) X=X, =X IERERIR, ARSI T B RAE S F0 i %0 T M EE s
T JH 6 M SS, SC, SF, CC, CF, FF) A&t A 3,4, 5, JBKE h/a= 0.2 8 0. 14,
HAF B 524 N= 29 i) #A Khdeir 25 N (R AHEE I, 47 50 kS

(5) AR P B MS_FORTRANS % i, I7E ML _E 58 plee

1

Zal T M AR S TR A

08 ol ol 08 08 0° 2°
€%+ ¢ C C Cs S5+ CoZst C6—5—
[ ot Crarg et Gyt Cigmet Cspwt Cog ot Copg
0° 06 o4 04 o* 02 02
Cs=5—+ CoZ=+ CoZ5+ =%+ o5+ S+ cusss| o= ¢ (2,10
YO gyt Cogyet Cogat Cugiagat Cugar Cogay Cugal @= ¢ (210
Hrp
4 4 1
C)=- 32 Fu- 3h2H1J Aa =+ 9h64H11Aw1
C 30 [ Fuo+ 2Feo— ——(Hp+ 2H
2= = 5,7 n- i Ao+ 12 66 3h2( 12 66) (Aa+ Ay)
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16
+ 974[H11sz+ 2AHi+ 2Hes)Awr]

4 4 4
Gy = - 3TZ{[FH— 3_3H1 e 36k [F12+ 2F¢6 — 372(le+ 2He5) (Ax2a+ Ay2)

4 16
5 + | Fo- 37H22 Ayzp+ 97[1'1’11A1,03+ HpAyi+ 2(Hi+ 2H o) Aw2l

4 4. 4
32 /I:FI2+ ZEﬁe—%hﬁ? Fio+ 2Fe) (Ays+ Ayl){rA[Fzz— msz Ayz}

4 16
;’FH% Ayr1+ 971{22/1 w3

Cs
16 4 4 16
Ce=- h_sz ﬁffﬁ] (Aci+ Auwa)— S_Q[Fll_ mHn Ava+ 97H11Au‘4
Cre - | Ass— Epss+ A+ A Ham D= Crul (444 4
7= - ss= palss+ AN (Ac1+ Ayw2) - w= galau= gl (Ayz+ Awt)
16 4 4
—/[ H 1A 2(H A sl - Fi1- —H x
+ 9h2[ 1A ws+ 2(H 12+ Bgo) A waf 32 { -3z IJ 5 2 (
4
+ F12+ 2F66— _2(H12+ 2H6 x4+ A}5)}
B 3h
8 16 8 16
Csg= - | Ass— p055+ h_sts] (Axz+ Awd- [A44— ?D44+ “Fau (Ap2+ Ay2)
+ £4[H Apsa+ 2(H i+ 2H o) Aws] - Fzz—cinz A
94 224 w4 12 66 wS 3h2 3h2 ¥5
[ 4
+ | Fro+ AFQ- 3W(Hlﬁ 2H66)] (Axs+ Ays)
1 4 1
Co=- /A44— }?_2[&44+ h_§F44 (Ay+ Ays) - 3,_}12[1’22— R 2 Ayt #HEAM
8 16 -4 4 16
ALY - /A 55— h—21)55+ ?Fss] (Aca+ Aua)+ 3—2[F11— WH115A16+ 9?HUAM
8 16 8 16
Cih=-|Ass— FD55+ h_4F55 (Aws+ Ays)— | Aaa= ;7D44+ h_4F44 (Ays+ Aua)
6 4 4
+ 72(H|2+ 2H65)AM-6— 3? Fpo+ 2F66— :W(H]2+ 2H66) (A16+ Ayﬁ)
Cio=-|Au- h_2D44+ FFM (Aya+ Ays) - 3?[Fzz— msz] Ao+ 9%11221414:6
8 16
Cz=- | Aa- h_2D44+ ?F44 (Aot Aues)
8 16
Cuu=-|Ass- h_21)55+ FFSS (Ays+ Aws)

BHETIERRT(2 8)RAAN(29) K, 5:

o ol o 2 & o
(bx: A.tlax_5+ AZZW"' Ax3_+ Ax4_+ A15_+ Axﬁa_x @

Ox0y* 0’ 0x0y?
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An Analytical Solution of Rectangular Laminated
Plates by Higher Order Theory

Fan Yeli Lin Fangyong
(Department of Engineering Mechanics, South China University of Technology,
Guangzhou 510641, P. R. China)

Abstract

On the basis of the Reddy s higher order theory of composites, this paper introduces a displace-
ment function ®into it and transforms its three differential equations for symmetric cross ply com-
posites into only one eight, order differential equation generated by the displacement, function. When
aproper @is chosen, both solutions are obtained, namely, the Navier_type solution of simply sup-
ported rectangular laminated plates and the Levy type solution with the boundary condition where
two opposite edges are simply supported and remains are arbitrary. The numerical examples show
that the present results concide well with the existing results in the references, thus validating that
the present solving method is reliable. The higher order theory of Reddy is simpler in calculation but
has higher predsion than the first order shear deformation theory because the former has fewer un-
knows than the latter and requires no shear coefficients.

Key words laminated plate, higher order theory, analytical solution



