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v, N 12(1=vY) .. @ ,_ 0t 8
va-}‘l /ZR \/'P'— D s (v -"axz_*_ayg) (1.1)
(L. 1) A, AR, i=~N =1, RJgERGSpmEimig, v WIREN Ak, DlRkny

BUERIEE, g st LiEm M MT S, wh Bk, ¢ ik s, Elyi
g e A B, R L
w(x, y)y=w(x, y)+i ™ L gy (1.2)
E sk R (L D) SRR R R LS, G SR SR N Bl B Bhik, RERL
WA TR R 2R A EE, 2 BN T, WRUNERG W (101) S PRy E i Bnth
FEE RSB R RS, WERRR S, o B RE T S R,
9 VL v B i Oy R
Dyiy*wi(x, y)=q(x, y) : (1.3)
A (1.3) 0, wi R ERARE. ROBEL L) ML 3)E XS MHSCEH W Fl R &
MAFEME R B, (1.3) (L DB R, W2, (1.3) X8 i L AN
(1.1l e AR, ST AR (1.3) AR Ak sK (1.1) XA, b it &40
(1, 1) 30w 55 i g 9 38 455
w(x, y)=w(x,y)+wy(x, Y) (1.4)
AL 4) Ao (%, y) (1.3) 008, BRI EE " RLLHOAQ. D)
VAV w.(x, y)+iad(x, y)1+ATwi(x, y)+w,(x, y)+iad(x,y)1t=0  (1,5)
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#(1.5) A b, a=n/ 12(1—*) JEW, 12=iEah/R o O (1.8)
% n(x, y)=w,(x, y)+iad(x, y) (1.7)

WAL, 5) AU KRIES @By R AIE S, S »(x, y)RE—E SRR,
WA BT A KD R R, W(1.5) R
vin(%, y)+An(x, y)=x(x, y)—Aw(x, y) (1.8)
(1.8)UBLA (1. 1) SRR RS M AR, B3 (1.1) A5 1D I By R
B, AKHER T H BT M. EP(1.8) KIS T A G 1 Helmholtz J7 2, 4 BUH M
BF,

n(M)=} [[ i Grun) o (PY = 2un(P) Moy (1.9)

£(1.9) 1, SRREAHU R ANE XHLHE KK, MAPRES AR ® M, He (Arye)
SN Arup BB 05 =2 Bessel ti%, dop AP i SRR S i B

Bk, AR 9B R, R R E B RE(1.8): 75, XA AN
EIE. —BE 2GR RS R, 9) 8%, I8 R A RN A E B R (1. 8) .08
He EARBI R ESLEERE(L DT EE L.
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EER RIS, DR,

IS 0 'n mn-ch, ‘n n‘n'y
, oy vV 16g, S S
wy (%, U)—n_;—;’_” = .. 1D - ( m? +" )z (2.1)
2 bz

DREMH: 4 x=0, x=a; y=0, y=bW©,

w=w,=w,=Vyw=yw=yw,=90=y¢d=0 (2.2)
DI, (1.5) 8 ATE B NI R, Wl EXONE, U R ERs s P 1)
JEB(1.8) iy x (%, y)=0.

1% n{x%, y)= 2 P (@mn+iBmn)sin X Sin ™Y (2.3)
n=193%c0 m=198y s a b
fR(2.3)A(1.8), HE&EH x(x, y)=0 3 6 Pom R A 5 i 15
16Eaq,
Rh f m? n \* Fa
Borepyes

R};VJVI‘V‘;Dmn< 21: +. Zi A)z[

App=—

16q (2.4)
Bun=— 3D “mt nt \% ’R;:’ ‘m ot \*  FEa
T mn(a"+bz)[Ea<02+bz)+Rh]
. 3
wy(x,y)= 3. Y. Qmn sin "% sin mgy
n=198ye.0 mpm=1939e. a )
(2.5)
(]S()C,y): ! >_: )...4 ﬁmnSiﬂ X snm;y
an=1’3’-- m=113
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Bl2. EpEERERRE, BRYE e, EAE LEELONcH - 5B LER A%
WP, 1 EARN T ISR LA R LUS R R e B R 4B, LR
B3 4 1

w(a, 0)=0 '
A dw —0 (2.6)
R’ R or r=a~—
0. 0
I a Bt 8%
‘ | [63+(2+ ») ar2a0 ]M,:o
(2.7)
3% —o
@ 1 6?‘09 rga—
SEI B Rl (r, 0)Ffig ™
P R’ ¢
w(r, 0)= ¢ p [—Rzm et (az R'*—R )J (2.8)
Wk R=n c*+ri—2crcosf , R'=n/ag*+c*r*—2da’crcosf /c
- _ P ~/at+ ¢*r*—2a*cr cosl
el wi(r, )= 8D [ (c*+r*—2¢rcosf ln G/ S P — 207 oS
1 2
+ 5 (a—=e) (1= 7. )] (2.9)
[N oNwy(r, 0)Rw,(r, 0)50 WEEE, SE1.8)NF Al x(r, 0) 78 % K 0 B {He8
. KL x(r, 0)=:§0A,.r”cosn6 (2.10)
ik rup=nE*+rt—2r cos(0—p) (2.11)

A (2,11) 30, M AER i (r, 0), SPHH AR NG, B).
B SCERI6 1A T A2 5

H¥ (Aryp)=J (Ar)H3P (AE) +2 )__,J (ﬂr)H*”(Ag)cosn(G ) (2.12)
——;ln(cz—{—rZ—ZcrcosG) —Inc+ }_J(n+1) ‘( )“H cos(n-+1)0 (2.13)

2

nt+l
%ln(az—!— -22 r*—2cr cos 0 )—1na-— Z(n-i—l) ( ) cos(r+1)8 (2.14)

n=0

IZ”HV(Z)dz:(u+v—1)sz(2)Sﬂ_1,v(Z)—sz-l(z)Sp,,(z) (2.15)
(2.15) Xy Sy, (2)0 i Rommel ¥ L0 FIstH A (L. 9) R TTE.

ina

n(r,0)= 22 AH P (Aa)], (Ar)—}—ma > ﬂ.ﬁl [ZnH,‘,”(ia)S,,,,,l(/ia)

n=1
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—H{E, (30)S0s1,0(40) [ a(ir)cos n)— f {(cz—az+02 o & H® (Ja)]o(r)

2
+ 5 (14 g )[2}152)(2(1)52,,1(Aa)+H‘I”(Aa)Ss,o(/ia)]Jo(/lr)

2ac

+ 4% In [H‘L(Aa) Spo(da)—H it (Ga)S, ,,(/a):l ,(Ar)cos 0

e ¥ (““‘ )"[z(n—l)H;ﬂ;lma)sﬂ,l,,._:ua)

Aa’c

—Hs () S, (ha) [aar)cosm+20 32(< 2 ) ] 20
n=1 B

1) H S (2a)Sai, atha) — Hky (Aa)Sar,, n+1(Aa)]Jn+l()~r)

of costma 00 cos(n=100 53] (1=

0 (n#1)
n41 n—1 {

) (2.16)
1 (n=1).

R(2.16) AN YA (2,6) Je (2,7), RIMA 25 /e Mof 1 30 M T2 HY & S 800

A‘ZP 2 /'LZP 2 2 .

CL2H 2 (Ja)S,, (Aa)+ Hi2'S,,(ha) ] C(2.17)
5 2 2
A= éUBA"”LZnH"z (0)Snn 1(70) = Hity (0)Sar,atia) 17 { (%26 )

-[2(11—1)19\"2:1 (76) Sa1rny(26)— H ', (46)Sa, . l(ﬁa)]

1 o s !
-, 1ng[ZH‘12(ZG)SI,D(ZG)——HO“(}ua)SZ,l(/’ua)](5{'}

Aar
(n=1,2,3,-) (2,18)
MAERN2.16), (2,17), (2.18) JA I L0E B2 ITe AL A LT 24,

B R AT SR

el Ja(Ar)=ber,( —kr)—ibei,( —kr) (2.20)

H@¥ (Aa)=her,( —ka)—ihein( — ka) (2.21)

L2 g s, berg(—Ar), bein(—kr), hera( —ka), hei.( —ke)m|{gnfi Thomson
BOF L AR I B, HEA

h= i kel ] |e=" i (1+i)k=—exp| —

S, »(Aa) =(cos ,u;—l w41 sin llzl T )(/w)""I {14+i[(g—1)*—>*(ka)*

—{(u—1)*—v* 1 (u~3)*—»*1(ka) *—i[(p—1)*—v*]
L(u—=3)2—v* I (u—5)2—v*1(ka) "+ -}
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Bl ReS,,,(Aa)=cos[ (u—1)a/41{1—[ (u—1)2—»*I[ (u—3)*—v*J(ka)~*+---}(ka)*"!
—sin[(p—1)7/4H[(p~1)"~»*J(ka) *~[(u—1)"
—* L (p=3)*—=1* 1 (u—5)*—v*I(ka) - }(ka)" ! (2.22)
Im S, (Ae)=cos[ (u—1)a/4 W[ (p—1)*—v*](ka) *—[(p—1)"—»"]
c [(p=3)*—=v*I(u—5)"—v*I(ka) °+ - }(ka)* ' +sinl (u—1)mw/4]
AL=[(p—1)*=v* I (p—3)*—»*I(ka)*4 - }(ka)* ! (2.23)
R(2.20), (2.21), (2.22), (2.23)A(2.16), (2.17), (2.18), shfH SN L HOH
V)i
w,(r, U)=M‘2 ka*P

16xD {(her ( —ka)—hei ( —ka) Jber,y( __‘]w)

—(herl(——ka)—l—hei,(—ka)]beio(—kr)}——r—lgig (1-{— ]nz)
x {2[ hery( —ka) x ImS,,_;(Aa) —hei,( —ka)ReS,,_,(Aa)Iber,( —ir)
—2[her,( —ka)ReS,, i(Aa) +hei( —ka)lmS,,_((Aa) Ibei,( —4r)}

o ka*P
8D

. bery( —kr) +[her,(—ka)ReS,, ((Aa)+ heiy( —ka)ImS;, ((Aa)] X bei,( —kr)

(1+ In ){[herl( —ka)ImS,,,(4a) — hei( —ka)ReS,, o (Aa)]

Pa*ck 7\ 2(a*—c*)*(n—
8D nk"a*"c"

=1

1) {cos nf Lhery_1( —4a)ImS, 4, . ,(la)

—heiq_(—ke)ReS,. 1, s (Aa)Iber,( —hr)+cosnr/4[her, (—ka)

«ReSy 1,0 (Aa)+heln (—ka)ImS,_y, w_,(La) Ibeiy( —4r)
—sinnmw/4 [hery. ((—ka) ReSu_y,n_.(4a) +hein ((—ka)

< ImSn_y,n-.(Aa) Jbern(—kr)+siona /4L her,  ( —ka)ImS,_y, »_,(4a)

—hein_l(-—ka)ReS,._l,,.;z(/la)]bei,.(—kr)}cosn9—i— SJ};D (c*—a*
+c¢*lac/a) her,( —ka)ber,( —kr)—hei,(—ka)bei,(—kr)]

'2 Pad*ck 2
yv2 fae (l-an—— Z“ ){[hero(—ka)ReSZ,,,l(/la)

+hei( —kr)ImS,,_ (La)Iber( —kAr)+Lher,( —ka)ImS,,_,(/a)
—heiyg( —ka)ReS,,_ (Aa)Jbei,( —kr)+[her,( —ka)ReS,,,(Aa)
+heiy(—ka)lmS, (Aa) Jhery( —kr) +[her;( —ka)ImS;,,(Aa)

Pa*ck
&xlJ

+hei;(—ka)lmS,,(Aa) Jber,(—kr)+2[her ( —ka)ImS,,,(1a)
—hei(—ka)ReS,,,(Aa) Iber{ —hr)+2[ her,(—ka)ImS,,,(1a)
—heiy(—ko)ReS ,,(Aa) Ibei(—kr) —[her,( —ka)ReS,,;(Aa)
+heiy( —ka)ImS,,;(Aa) Jber,( —kr)—[her,( —ka)ImS,,;(ia)
—hei(—ka)ReS,, (Aa) Jbei,( —kr)}tcosd

—hei;(—ka)ReS,,,(4a) Tbeiy( —kr)}— In (Cl {2[her,( —ka)ReS,,,(la)

Pa*ck 7 k™ E‘( at—¢h)"

- At Zin-1,,.n-1
8x ‘= na ¢

{Z(n—-l)cos n:2 af her,_;( ~ka)
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xImSa_i,n_o(A8)—hein_y(—Ra)ReS,_;,a-5(Aa) I x ber,( —4r)
—2(n—1) cos[(n—2)x/4her,_;(—ka)ReS,_;,n_.(Aa)

+hein_( —ka)ImSs. ;,n-5(Aa) Ibeig( —kr)—2(n—1)sin[ (n—2)x/4]
X[ hern_y(—ka)ReS._;,n_,(Aa)+heiq (—ka)ImSa_y, s, (4a) Iber,(—&r)
—2(n—1)sin[ (n—2)x/4Lhetn_,( —ka)ImS,_;,._.(Aa)
—hein_;(—ka)ReS,_;,n_s(Aa) Jbeis(—kr)

+cos[ (n—2)n/4 hery ,(—ka)ImS,,,, 4. (Aa)
—hein_,(—ka)ReSn,,,n.1(Aa) Ibern( —&r)

+ cos[ (n—2)n/41 hern_,(—ka)ReSa,,,n, (1)

+hein_,( —ke)ImSa,;,n. (Aa) Jbeig( —&r)

—sin[ (n—2)n/41 her, ,(—ka)ReS,,,,n,1(Aa)

+hein_,(—ka)ImSa,,, n.1(Aa)]Ibers(—kr)
+sin[ (n—2)x/4  hers_,( —ka)ImS,,,,q. (4a)
+heiz_y( —ka)ReSs,,, 0. (Aa) Ibei( —kr)}cos nf

P 2 k 0 2__p2 nkn~2 -2
+ 4?15 > (g az—',,c'c—,,),y—- {2(n+1)cos~vﬂ—4r—~~ nfhern y( —ke)ImS,,y,x(Aa)

—heis_( —ka)ReSu, 1, a(Aa) ] xbera( —kr)

—2(n+1)cosf (n—2)x/4 her,_y( —ke)ReSn.1,n(Aa)

+hein ;(—ka)ImSa,,,n(Aa) Ibein( —fr)—2(n+1)sin (n—2) 7 /4]

x [ her,_y(—Aa)ReS,.q,a{Aa) +heis_1( —ka)ImSs, 1, (4a) Ther,( —Ar)
—2(n+1)sin[ (n—2)n/4[hery_ | ( —ka)ImSa, 1, (4a)
—hein_;(—ka)ReSx, 1, n(Aa) Ibein( —kr)

+ cos[ (n—2) w/4 1 hern_,(—ka)ReSn,;, nys( Aa)

+heis o —ka)ImSn,,, a1 (Aa) Tber,(—kr)

+sinl (n—2)x/41 hery_,( —ka)ImSy,,;, n.1(Ac) —hei,_( —£ka)

cos(n+1)0 n 1-47

. ReSn+2»ﬂ+l(la)]bei"(—kr)}[ ﬂ+1 ﬂ_l

cos (n—l)@*] (2.24)

o(r, 0)=N;‘zn§;l;1?{[herl( —ka)+heil(—ka)]bera(—kr)—[her;( —ka)

3
—hei (—ka) Jbeig(—kr)}+ 8k;DIZr (1—{- In Z){Z[hera( — ka)

x ReS,, .1(4a) +hei,( —ke)ImS,, y(Aa)Iber,(—kr)

+ 2l her,( —ka)ImS,, _{(Ae)—hei,( —ka)ReS,, (Aa) Ibei(—kr
+[hery(—ka)ReS;,(Aa) +heiy( —&a)ImS,,( Aa) Jbei ( —kr)
+[her,( —ka)ReS;,o(Aa) + heiy( —ka)ImS;,,(Aa) Jber,( —&r)
+[her,( —ka)ImS;,,(Aa) —heiy(—ka)ReS;,,(Aa) Ibeiy(—kr)}

Pa*ch & (d*—c*)*t _ n—2
+ 8Da Enknazm—ncn—l{z(" 1)cos 4 alhera_y(—ka)

x ImSa_,a_p(Aa) —hein_(—ka)ReSa_y,n_;(4a) Iber (—kr)
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+2(n—1)cos "% alhera ,(—ko)ReSy_y.n..(20)
+heiny(—ka)ImSy_y,._,(Aa) Ibein( —kr)
—2(n—1)sin "% alhers (—ka)ReS_1.n_.(Aa)
+hein_y(—ka)ImS,_y,n_,(Aa) Jber,(—kr)
—2(n—1)sin "zz alher,_,(—ka)ImS,_;,4_,(40)
—hein_j(—ka)ReSa_y,n-.(Aa) Tbeig( —4r)

—cos "Z [hern_,(—ka)ImS,,, 4(1a)
—hei,_,(—ka)ReS,, ,_y(Aa) Iber,( —Fkr)

—cos "Z [hern_,( —ka)ReSy,q_s(Aa)
+hein.,(—£a)ImS,, . (Aa) Ibein(—kr)

+sin ”Z [hera_,(—ka)ReS,, n_y(Aa)
+hein_,(—ka)ImSa,»_(ia)Iber,( —kr)

+sin "f Chern_,(—ka)ImSy, .- (1a)

—heis_,(—ke)ReS,, s ;(Aa)Ibei,( —&r) }cos nf
_ Pd’ck
87 Da

+hei1( —'ka)ImSl,o(Aa)]beil( —'kr)+2[:her1( —ka)ImSI,O(Aa)
—hei;( —ka)ReS,,(Aa) Iber,( —kr) —[her,( —ka)ReS,, (Aa)

In gr{ZEherl(—ka)ReS,,o(/la)

+heiy( —ka)ImS,, (Aa) Ix bei,( —kr)}cos §— 7335)5 (cz—a2

+c*ln z)[herl(—ka)beio( —kr)+heiy(—ka)ber,(—kr)]

2 2 2
“122552’? (1+ nf— % ){[hera( —ka)ImS,, _,(/a)

—hei,(—ka)ReS,, _;(Aa)Iber,(—kr)+[her,(—ka)ReS,, _,(Aa)
+heiy(—ke)Im S,, _;(Aa)] x bei,( —kr) +[her,( —ka)ReS,, _;(1a)
+hei,( —ka)ImS,, _,(Aa) Jbery( —kr)—[her,(—ka)ImS,, _,(Aa)
—hei(—ka)ReS,, _(Aa) Ibei,( —kr) +[her,( —ka)ReS;,,(Aa)
+heiy(—ka)ImS,, ,(Aa) L bery(—kr)—bei( —kr)]

—[her,( —ka)ImS,, ;(Aa) —heiy( —ka)ReS,, ,(Aa) L ber,( —kr)

2
—bei,(—kr)]}t— —gggfgln vg—{Z[her,( —ka)ReS), (La)

+heiy(—ka)ImS,, (As) Jbery( —kr) + 2L hery( —ka)ImS}, ,(4a)
—hei;(—ka)ReS,, (Aa) Ibei;( —kr) +[hery( —ka)ReS,, (Aa)
+heiy(—ka)ImS,, (Aa) Ibery( —kr) +[hery( —ka)ImS,,(Aa)

4+



—hei,( —ka)ReS. . (Fa)Ibei,(—fr)}
Pd*ck \11 k"2 (@t —c?)?

SHD(Z A naZ/n—hcn—l
n=1

. ReS,._,,,._z(la) +hein_1( —ka)lmsn-Jx R—Z()'a)jberﬂ( —kr)

{z(n—l)cos nzz s [her,_(—ka)

—2(n—1)cos "EZ Al hers_( —ka)mSn_y,n_s(Aa)
+hein_((—ka)ReS, _,n_,(Aa) Thein(~Fr)
—2(n—1)sin "12 alhera. (—ka)imSa_y,a ,(4a)
—heip.y(~ka)ReSa_;, n.a(4a)]x bera( —kr)
+2(n=1)sin "% afhers (—ka)ReSy 1.u 1(%0)
+hein y(—ka)(mSa_t.n_o(2a) Thein( —kr)

—cos "Zz ax[her,_,(—ka)ReSq,.,n.1(A0)
+hei,_,(—ke)ImSs .z, ney(Aa) Jbera(—kr)

+cos "12 Al heta. ,(—ka)ImSn, s 1(Aa)

—hein ,(—ka)ReSa, s, n,(2a) Ibein( —kr)

—sin "'4‘2 afhern o —ka)ImSa,,, 2 1(Aa)
—hein_o(—ka)ReSa,,, e 1(4a) X bora( —kr)

+sin nzz n[herﬂ_:( ——ka)ReS,,”,,.H(Aa)

Pa’ck

thein_o( —ka)mSa, s, n,1(Aa) Tbein( —kr)}cos nf— D

e 2__R2\nhLn-2 —_
. 2 (o afnz'nk' {Z(H-l)cos n42 alhern ,(—ka)ReSq,y,n(4a)
n=1

+hein_y(—ka)ImSa, 1. a( 1) Thera( —kr)—2(n—1)cos "‘4‘2 -

«[hera ( —ka)ImSa,q,n{Aa)—hein_;(—ka)ReS,,y,(Aa) Ibei(—Fr)
+2(n+1)sin "ZZ mlhery y(—ka)ImSn,y,q(Aa)]
—~tein.1(—ka)ReSn. 1, n(4a) Toera(—kr)

~a(nt Dsin "% alhers,(—ko)ReSa 1, n(Aa)
+hein_y(—ka)ImS,, s, n(Aa)Ibein( —kr)

—cos ”zz L hera o(—ka)ReSn, . ms1(Aa)
+hein_o(—ka)ImSa,z,nei(4a) Ibera(—kr)

+cos ‘."E?-—n[heru_z(—Ea)ImS.+z,n.r,(Aa)
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—heiy. ,( —~ka)ReSn.y, n,1(Aa) Jbein( —kr)
—sin "12 AL hern o —£a)ImSn,,, nes(Aa)
—hein ,( —ka)ReSn, s, 1(Aa) Ix ber,(—&r)

+sin nzz al hern_,( —ka)ReS,, ;. ne1(4a)

+hein o(—ka)ImS, ,, 0. (Aa) Ibei(—Fr)}

[ cos(n+1)0 n 1—6"

nt 1 r—1 Xcos(n——])@*] (2.25)

(2. 24)F1(2,25) AT -TUE « B, Y n=1 N8 L'Hospital M) 5 FiE0] HAE N
z. |
—an 1

=NE NI

KFEAE, FRBO8 AR 5 R ST 5 BT LS R

Dy*yiw— é Vid=q , . (3.1)
1 5 . T,
gp V'V 5 Vw=0 (3.2)
FEXED S TR TN T BRE TR LEBRRER .
Eh Eh
Dy*vivié+ mvié=— paq (3.3)
p=vp=y'd=0" " (3.4)
LK
Dy*yiw+ g,j w=gq (3.5)
(I:J}_J.'ﬁ‘[
w=v2w=() (3.6)
CHRC3IHE(3.3) N A BHATE T A 5t SR
s e e Eh 4/ FEh
VZ(V2+2z/tZ)(V~_21N2)¢=_ DR* q, (/‘=\/ 4DR* . (3.3),

R, Gk TTRL(3.3) A A RIE R AR 2 A0, i (3.5) 50 4k Winkler 25 44 2k
BURAE  EXFEBEM- AR DU RRE S TR, AR T IERERES.
FESCWRL 4 TR — MM T A, WS- e F(x, v), 4.

Eh

w=y'V'F, ¢= "5 v'F (3.7)

W (3. 1)F0(3.2) BB EI T AN T i /B R 5 5 B s
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VVVIYF + 12(,112132" L yrgrr= g (3.8)

AR BT i R ER (1. 8) XA W R H R, 82 (3. 8) RIB SRR Y 5 F2F%

T, KRBT HETLIE. MARGRAAHEAAFHRBRITEROREH, HEEGERS

EEMRRIEFITILR. A2 EFHIBREK, BRE  MERAFOREL, HEREPRERER
M. B2 RUE THEEMTHEET TR RN Emac L 'mZ AN T,

2 £ x M
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To Solve the Shallow Shell Equations with the Help of the
Plate’s Equation Solution (Lowering the Order

of Partial Differential Equation from 8 to 2)

Fan Ja-shen

(Architecture Engineering Department, Yunnan [nstitute of Technology, Kunming)

Abstract

If a plate solution is known which has the same boundary and loading conditions
with a shallow shell, the solution of that shell can be reduced to a non-homogencous
Helmholtz’s equation in complex domain, Two examples are given to illustrate our

method



