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w= Nu")-1 Tul’, (x,t) € R" x (0, o) (1)
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N K [4] () m 21 - (1 u
R" x [0, o0) \{(0,0)}
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1983  Brezis  Friedman"' I< p< 14+ 2n Ve> 0 u = Au-
u , u(*,0)= cd(*); p 21+ Un . , Brezis Lo
1< p< 1+ 2n .
w= Nu")- u’, 0< m< oo g> 1,
w = div(| .".umlp_z.".um)— u, 0< m< o© p>1, ¢g> 1
) ( [7] [10])~ ,
Cauchy , [11] [ 14]

&= (3—- m)p- 2, b= 2/(1- m)> n,
0= (1- m)p/m, = P- (B+ 1)p < C
(1) ;
{(U’")H n= 1 e By r w-1d 1" =0,  r> 0,

' , (6)
v(0)= a> 0, v(0) = 0O

1 (1- 2n)+r< m< 1< p< 2 a>0, wv(r;a)= v(r) (6)
, R(a)> 0 (O, R(a) wv(r;a)> 0, v (r;a)< 0 ,

(1) nB 2a, (2+ mn)/(1+ n) Sp< 2 R(a)= o limr""v(r;a)= kla)
> 0;

(I)  nB< a, 1< p< (24 mn)/(1+ n), a’ >0 A= (0,a" ),
“= (a , )

1) a €. 4 ,R(a)< oo v(R(a),a)= 0,(v")(R(a);a)< O;

2) a=a ,R(d )= o rli,lgra/%/(r; a )= 0;

3 «€% ,R(a)= o k(a)> 0 limr%(r:a) = k(a);
(11 (1) (I)3) k(a) a limk(a)= 0 limk(a)=0,
ligh(a) = o
, (1) u(x,t) =t "l x| t_B;a*) nB<
e
1 (6)
a> 0, Banach (6) v, wv(r) rE€
(0,1 ) v(r)> 0,0 (r)< 0, o<1 o 2r L v(re)> O, P>
ro (0,7] v(r)> 0,9 (r) < 0 R(a)= sup{r> 0, I v(s)> 0,5 E[O,r]},
[0, R(a)) v(r)> 0 , (0, R(a)) v/_(r) < 0w € cf(o,Ria))-
1.1 v (6) R(a) = oo r o v(r),v (r) O
v> 0 ; limy (r) = 1 > 0r E(r) = (172) 1 (J") 1%+
(ma/(m+ 1))p™", r>0 E(r)< 0, 0SE(r) <(mo/(m+ 1))a™"

lim:™ (") (r)= 11 <O° (6) I=1li=0  m< 1 lim ot (r)= 0
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- 0
1.2 v(r; a) (6) , Iv/(r)l<(a(1)Vp,rE(O,R(a))‘
lim~o(v") = = a0/n< 0, is>0 () <o r €0, 7]
(6) [0, 7] w(r)-1v(r)1” 20, [0, #] ; P> f
(")'(F)> 0 ro () (re)=0  r€(ror) (")(r)> O | v/ (ro)
| <(aw)” (") (ro)< () (F) < O Lo (7)< o (ro)] S(aa)”’s - 0
(6), V(r)=- (oa/(mn))d "+ O(r), r<l o(r) =
a- (a/(2mn))a”"r*+ O(r’)e (6)
a aa”"(2B+ a)rt mpgt2
()= a9 a8mri(n+ z)) - (mn)g?an+ ;))(p+ 2)}+
0(r’)+ O(F*)e (7)

w(r)= w(r;a)= (ruv)m(r;a), v = (ruv)m(r; a) (5)
P+ (n= 1= 2mWm' + m¥ B= njw— (BU— a)w"/™+

’%wl/m_lw,— #%% n = mbo 17 = 0 (8)
Bu— a= 1/ (1- m), w,= Ow/0a, w,

Awa):= rwa + (n- 1- ZmU)rw;+ mb(B— n)w.- meWIWa+

—l_szrwl/m_zw,wa+ ﬁrwl/m_lw;— ﬁ,r%o_ll w — mbw [P, —

m '

| = mbo 17 - mbw)(rw, - mho,) = O (9)

1.3 (0,r1) w >0, ri< R(a)* Vr €(0,r1) Hav,> no
wae(ri) > 0
r(rw’) = i), r(d/dr) (8)
') = (Vi) Wl nd — mbo 1" < 0, Vr € (0, R(a))*
(0, r1) wa(r)= C(r)m (r), r <1 (7)

2m\mn) (n+ p)(p+ 2)
C(0)= (M)’ r<1 C(r)> 0 wi= C(r)r (9) C(r)

C(r) = (Lh)“{1+ _§_[ a]”&ﬂuz_‘_ O(rp+3)}.

(rPw )c(r)+ [JC (r)+ C(r) L(rd) = 0

(0,r1) w >0 Z(r')< 0, (0,r1) C(r)> 0 (0,r1)
wa= C(r)rw > (M) 'm'* wa(r1) > 00 ro= min{l,rl/z}, ¢ (0,R(a))
L) =0, 9(rg) =0 V(rg)=1 (ro,ri] &> 0, )
wa . ko= C (r)rw' (r) li=r,> 0,co= C(r0), (0, R(a))
A P) =0, P= wo— koo ®(ro) = conw’ (1) 1r=ry, Y (ro) = co(rw (1)) Iz,
®= C(r)m' (r), C(r) C(r) * C(ro)= co> 0,C (ro) =
0 C'(rog>0, (ro,r1) C'(r)>0 ®= C(r)ns >0,  [ror)] we 2ko>
0° - O

1.3, a> 0, 3
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A= a> 0l Ri(a) € (0,R(a)) w/(Rl(a);a)z @,
B=qa> 0l (0, o w/(r;a)> 0 lim~ow(r;a)< oo,
z=49a> 01 (0, ) w/(r;a) > 0 lim~ wow(r;a) = oope

W (r;a)> 0, af 7 R(a)= o  (0,R(a)) w >0,
AR 2U BU 7= (0, e \ (6)
2 1
2.1 a> 0,
1) a € .4
2) Ri= Ri(a) €(0,R(a)) (0,R)) w(r;a)>0, (Ri.R(a))

w(r;a)< 0 w”(Rl; a) < 0;
3) nB< a  sup€oriaw(ria) < w o= [2m( B n)]™ "
4 R(a)< o (v")(R(a);a)< O

[7] a1 .
1 2.1 A . B >a = I3 50 P
= (0, oo)o
2 nB< aq, ar € (0, o) A= (0, ax )*
AFE fe e<1,
m//+ n— 1 my . B + - | /|P:O,
{(U ) . (U ) rv v (10)
v(0) = & v (0) = 0
v(r; € (10) . ze(t) = v(r;€)/8 1= M2 4
(z'g) + = l(zg)/"' Brze+ oze-— 8€/2| zel” = 0,

t
2(0) = 1, z¢(0) = C

t 20,€8> 0 ze(t) SLI(28)(t)I< (2ma/(m+ 1)) (0, Te) ze>
0 . (0, Te)  ze< Or

(11)

mv  n—1,  m ’ _

{(z)+ t(z)+Btz+GZ—0, ()
2(0)= 1, Z(0) = 0

to> 0 (12) 2(tg) = 0 (0,t0) z(t)> 0,2 (¢t)

< 0O , (0, ©)  z(t)> 0 s
(") (t)+ Bz= t,ilj‘;p“’l(nﬁ- a)z( P)dP< 0, Vi> 0 (13)

§> 0 t 21 j;p"_l(nB— a)z(P) < - 6,

(") + Pz <- &"", t 210 (14)

n <2, (14) (z") <- & " n> 2 ., Bz+ &"" >
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(Be)"7rcatm)? = BV v = (- )/ (mal) > 0 (2") < -
BrEYng¥nytm(E Ve t (1)< O . (13) (") (10) <
0-

0< e ¢ <1 0< to— t1 <1, e<(t1/12)¥m V5

(n) < o (" (1) < () (1),

15
%(Zm)/(to)wL Broo+ [m2Tal]( v %%lm’” "< 0 )
Te> t1 ze(t1) = &< &, (28) (t) < (2") (to)/2° ze,
(2" )e : (11)
1" 22) + "zg/<
t"ﬁl[(nB— a)ze — mlp[mz%al] (pil)/28€/2zg*m)(pf l)z/a] .
1 t< min{T‘a, tz} (15)
) (1) + Bze(t) <
tr 1{%(z’n)/(t0)+ Bro o + [n?inal] ' 1)/2(1— ’:zl)]pw mgg)l—m)/”'"}_.:
- 6< O
(28) + Bre< - &1’"',tE(t1,min{Ts, 12} ) (14) , Te= oo
1= 1(8 B m n) 21)=0 1€ (11, 1), . Te< o (%) (Te) < 0,
2.1 (0,8 C .4
, A - a€ . 74 w(Ri(a)a)< 0 w(R(a);a)= 0
, w (Ri;a)=0 a Ri= Ri(a)* A ,
Ri(a) 7 c'_ . a € 4 m(a)= w(Ri(a);a),
dﬂd%l (Rl,a)M+ we= we> 0
s (ai,az) C .72 ar1> 0,
E(ORP wir;a) S hmm(a) < m;azl< w',
2.1 a1 € .4 // . - O
2.2 a> 0 a € 7 asup.€o.riayw(r;a) > w
z “ Ve & SUp,€(0,R(a))W (15 a) > w' 2.1
w(r;a) (0 ) = limTew < o, ri (') 1e o,
(rzw”)lrr (8) r=r  © = w*, ﬁ)>w*, . limr™ 0w =
o0, q € 7 - [
1 a> O 5 a € B <Ssupearapw(ria) = w *
3 a’ 20 “= (a, ), a €7 k(a) > 0
lim™ eor” % (r;a) = k(a) k() a

limk(a)= 0, hmk(a)— oo (16)

aNa
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1 z . T a) v(Ta);a)= a/2
1.2 a_ © T(q) oo a w(Ta);a)= (V(a)a/2)"> v, (a,
) C 7% 2.2 7 . r, 1.
3w a , Z= (a", ), a’ = inf<a> 0l lim,” ww(r; a) > w*}'
2 T= Inre v , v vie') = v(l)exp{— J::A(S)ds}'
v (r)< 0,0 (r)> 0, VTE (- 00,00 0< AT)< B r(d/dr)= d/dT= “*”
(5) . Pk m wl/m—l(r; a)
p= J(A T= mA*+ (2- n) A+
m'[a- BA= APV et )Jw" ™ (e)e (17)
a €% T o wle) wule) 0 Ves 0, T> 0 T>

T, A €(0, (a- €/8] JOAT)> 0 T> T, A€[(a+ €/B L) J(A T)< O
lime o A(T) = a/Be

6o mipg (e=lla  (l=mla
= mm 28 1T 28

NT) T /B , N (D= (a/B)(1- (1/2a)e"™7), T> T
AT (17) . T >1 T2T ") < /(4w
< MU< Fe 3B B (18)

(K (T)e?v el <
T
upe—pTvp— l(eT)eXp _ (P _ 1)J.TA(S)dS} < %eU(T" T)7

wl/m—l( T)_ V’"”(J)exp{f(z— (1- m) A)ds} >

l/m 1, T O(T—T)

(¢ )e
(a- BN (T = (A ()" (e’
T>T T >1

Vm-1, T

) et 2 e )

dA_ J(A T) B(2n+ O) — —m Vm- 1( T) < 0 (19)
(18) (19) AMT)> N (T),T> Te T A (T) =
(/B)(1+ (1V20)(B=- (o/B))e"™ ) (17 . AT - asBl <o,

r(ro(r)) = 0(r°),

ra/ﬁv(r) = v(1)exp)— J;m As) - %]ds}_>
U(l)exp{— J() A- % ds}_-: k(a) > 0

3 (16) -+ r€(0, 0 (v")o= r™w.> 0, k(a) (a ,
L3 (o(r))e 28l 0m /B ()4 (7 o(r)) )

*
a < a1 < ay
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k(az) - k(a1) = rungjfr“/%a(r; a)da >J:2 ”‘T“/Bk(a)dw 0,
k(a) .
limgn o k(a) > 0,  supr€jo,r(a" jyw(r; a’ )= supre(o,R(a*))rmuvm(r; a)> w,
a €7 © limea k(a) = O . K(r)= “(r) n
K(ri)=0K(r) <0 B (r)+ w(r)=0 ' (r) <((a+ B)/B)aw(r)e
(5) K(ri;a) <ko(m, n,p)* K(ri;a) > ko, K (ri o
. 1 a>1 ™Na)u(Ta);a) > ke limg, wk(a) 2
limas oo/ © (a)v(T(a); a)] = o

- O
4 nB< a = {a*}: {a*} lim;~ oora/Bv(r) =0

>

2 3 B=[a+,d ], us /B 1
. , a €75 lim,~ eorw (r;a) = O (i) (2B-
(V= n)- mb= 0 (i) (2B- 1)( = n)- ml Z0 .
(i), 3 ,  T= lnr, v(eT) = v l)exp{— J.:/\(s)ds}, A (17)
0< A< He 0< €< (H= n)/m, AT = B-"¢ (17)
o , T
d—ﬁ%u— JOA, T < - ’"782+ NeP e ) w' ™ (ef) < O
v (3¢ wm~u 1 no e < AT
< U AMT T W' = (U Nw 0 (ii), > 1 )
lim~ o’ (r)= 00 ¥Yr>»Lrd (r, ®) o oo .
o’ npon e 0= (nd) 1= ('), () == (n)
(8) lim;~ or’ (1) = A ((2B= (M= n)— mM) A= 0, lim~ww = A= O
., T=lnr,w = w T (9) z
L) = b+ [b+ o)) b [t of1)] 9
b ,e=2(M-n)>0 T o ol 0 T>1 , (T,
(b)= 0, H(T)= 0, $(T)= 1 (T T oo oo ,
1.3 (r0, )  wa> ko®> 0 b w, ,
. r o w. oo a* < a , Fatou

0= rhrrgo(w(r,’a*)— w(r;ax)) = rljngojla wae(r; a)da >

J." lim infwa(r; a)da = o0

*
a = ax* - O

1 2 4 1 - O
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Self Similar Singular Solution of Fast Diffusion
Equation With Gradient Absorption Terms

SHI Pei hu, WANG Ming xin
( Department of Mathematics, Southeast University ,Nanjing 210096, P.R . China)

Abstract: The self similar singular solution of the fast diffusion equation with nonlinear gradient ab-
sorption terms had been studied. By a self similar transformation, the self similar solutions satisfy a
boundary value problem of nonlinear ODE. Using the shooting arguments, the existence and uniqueness
of the solution to the initial data problem of the nonlinear ODE had been investigated, the solutions are
classified by the region of the initial data. The necessary and sufficient condition for the existence and
uniqueness of self similar very singular solutions is obtained by the investigation of the classification of

the solutions. In case of existence, the self similar singular solution is very singular solution.

Key words: fast diffusion equation; gradient absorption; self similar singular solution; very singular

solution



